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PREFACE. 



This work is intended as a text-book for students wishing to gain such 
a knowledge of the principles of Practical Geometry as shall be useful 
to them in the drawing office or in the workshop. 

The subject, as a study in Engineering Colleges and elsewhere, has 
of late years received greatly increased attention, and this is especially 
to be remarked with regard to that part of it termed '' Projection " or 
" Solid Geometry," The intimate relation existing between a thorough 
knowledge of its principles and an intelligent appreciation of the 
methods adopted in preparing working drawings must in the future 
not only increase its importance as an item in the school curriculum, 
but must also cause ignorance of it in the workshop to be a fatal 
impediment to success. 

The selection of the Problems is the outcome of the Author's class- 
teaching for many years. Each solution is intended no^ only to 
elaborate a method, but also to teach a principle, and, at the same time, 
to be progressive, and therefore truly educational 

In a certain sense, the work is a sequel to the Elementary one, in 
the same Science Series, by the same writer, but it has also been made 
complete in itself, and may be read by a *' beginner " who is only 
slightly acquainted with the earlier books of Euclid's Elements. 

The general arrangement has been designed to cover the courses of 
study pursued at the Koyal School of Mines, at the Boyal Military 
Academy, and at the Engineering College at Cooper^s Hill, as well as 
to embrace the major portion of the two higher stages in the syllabus 
of the Science and Art Department 

It was originally arranged by the Publishers that this work should 
be prepared by the late F. A. Bbadlet, Esq., in conjunction with the 
present writer. But the untimely and lamented decease of the emineut 
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professor before even the commencement of the early sheets led to the 
entire duty devolving upon the Author. Under these circumstances, 
he has endeavoured to follow the plans and suggestions agreed upon 
originally, and he trusts that what has been considered a help by his 
own pupils may now be found of assistance in a larger sphere. 

His acknowledgments are due for the aid he has derived from the 
works of Bradley, Edgar, Heather, Pierce, Winter, and other writers 
on the subject. 

And, in conclusion, he desires also to acknowledge most gratefully 
the valuable assistance he has received in the preparation of the Plates 
and Figures from his former pupils, G. Goodwin, R. A. Bond, 
W. Buck, and T. Tbeeve. Their able help has much conduced to 
any merit the work may deserve. 

H. A. 
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PRACTICAL PLANE GEOMETRY 
AND PROJECTION. 



INTRODUCTION. 

Practical Geometry is an outcome of Theoretical Geometry. The 
former applies to the solutions of its Problems the Theorems which 
are proved by the latter. 

Certain properties belonging to points, lines, figures, and planes 
have been enunciated and rigidly demonstrated by geometricians. 
These are to be found mainly in the several books of Euclid. The 
practical draughtsman takes advantage of them in making his draw- 
ings. Practical Creometry is therefore an Applied Science. 

Hence, writers upon this subject do not often give rigid proofs of 
their solutions to problem& It is not considered necessary to do so. 
In fact, many demonstrations are accepted by them (and correctly 
so), which would scarcely be deemed sufficient by those who admit only 
such as are based upon the axioms and postulates of Euclid. But it is 
of course understood that although a practical geometrician may not 
desire that his proofs shall be of this exact nature, yet there is no 
real knowledge which he possesses but what is capable of demonstra- 
tion. For example, there are some constructions practically applied 
by the draughtsman whose correctness is indisputable, based as they 
are upon proofs which may be aptly termed of the common-aenae 
kmd. The construction of the curves which are required in setting 
oat the teeth of wheels may be instanced, and many others will be 
noticed by the student in tlie course of his study of the following 
pages. 

In this book, however, reference will be made at times to the pro- 
positions of Euclid upon which the solutions depend, and in some cases .4 
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the student will find — ^particularly in those problems included under the 
head of Practical Plane Cleometry — that demonstrations of the methods 
described are given in extenao. The reason for this is that the auhor 
has found in his teaching that where the methods of solution of some 
of the given problems are only dogmatically dictated to a student, he 
very often entirely fails to remember them, and always appears bored 
in striving to appreciate the meaning of the lines. 

Practical Geometry is very well divided into two distinct branches : — 
1, Plane (Geometry ; and 2, that part known as Solid Geometry, which 
is better defined as the Science of Projection. The first of these treats 
upon the solutions of Problems relating to points, lines, and figures, 
which are in one plane; whilst the latter enables one to represent upon 
a certain fixed plane or planes the relation of the points, lines, and 
surfaces of solid bodies having length, breadth, and thickness. 

It will be noticed that the aim of the author has been, in the first 
branch of his subject, to select a series of characteristic Problems, 
which shall be of a more advanced kind, rather than to give a detailed 
set which should carry the student from the elementary knowledge of 
the bisection of a line completely through the generally recognised 
course. This has been found necessary, first, because the space at 
command would be otherwise insufficient; and, secondly, because 
this volume is intended as a sequel to the elementary text-book on 
the same science, prepared by the same author, and included in the 
Elementary Science Series issued by the same publishers. Hence, 
no description of mathematical instruments and their uses (except 
scales) is given, and Problems upon the bisection of lines and angles, 
and others of a similar elementary character are omitted. Again, no 
attempt is made to give hints upon neatness of execution in the mani- 
pulation of the drawings. For all these the student is referred to the 
elementary volume previously noticed. 
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HINTS TO THE READER. 

1 . Divisions of the tncA axe given in all cases as decimals. 

2. Feet are indicated by (me dash following the figure, incAea by two; 
thus, 8' ^ means eight feet four inches. 

3. Reference to the accompanying Book of Plates is made thus : — 
Plate XII., fig. 2; and where '* ^g, 5," without the word Plate is used, 
it is intended to apply to the figures included amidst the text in this 
volume. 

4. In the second part (Projection, or Solid Greometry), the lines in 
the figures, which are called Projectors, are only partially drawn, to 
avoid complication, but sufficient of them is always retained so that 
the student may easily trace them throughout. 

5. Some of the figures are drawn to smaller scale than the sizes 
given in the data of the Problems. Where such is the case, the fact 
is indicated by the side of the figures; thus, '' \ scale,'' eta 

The student, in making his own drawings, should work to the sizes 
given, as the attempts of a beginner to execute very small drawings 
generally result in a failure, both in neatness and exactitude. 



PART I.— PRACTICAL PLANE GEOMETRY 



CHAPTER I. 

ON THE STUAIGHT LINE AND ITS FBOFOBTIONAL DIVISION. 



Fboblbh I. 

To divide a givea line AB into any nnmber (n) of eqnal parts. 

(Kg. 1-) 

At one extremity of the line as A set out a straight line AE at any 
angle, and starting 
from A, mark off n 
equal distances (of any 
length) along it, as at 
\\ 2\ etc. Join the 
last of these to the 
opposite extremity as 
n' to B, and through 

each of the other points^ ^ 2 3 ^ s 6 
draw parallels to n'B,* Pig. 1. 

Then the line will he divided into n equal parts in 1, 2, 3, etc. 

This solution depends upon the fact that in sunilar triangles the corresponding 

lides are proportionaL Hence, the triangle Al' 1 heing similar to An'B, and 

1 1 

Ar being - of An', therefore Al is also - of AB (Euclid vi. 4). 




Problem II. 

To divide a straight line AB proportionally to a given divided 
straight line AB'. (Fig. 2.) 

* Parallels and perpendiculars are to be set out mechanically by the aid of 
Tee and Set Squares. 
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Fig. 2. 



At A, in AB, set 
out the line AB', 
with its divisions as 
given at F', E', D', 
and C. Then join 
B'B. Parallels to 
this line through the 
several divisions F', 
etc., will divide AB 
in the required pro- 
portion. 

The solution of this 



problem is based upon the same proposition of Euclid as the last 

Pbobleh IIL 

To find a fourth proportional to three given dtraight lines A, B, 
and C. (Fig. 3.) 

What is required here is a fourth line o^ which shall satisfy the pro- 
portion, A:B::C*a; 
Set out at any 
angle two indefinite 
straight lines, as op, 
oq. On oq measure 
off the lengths of A 
and C, as (yn equal 
to A, and oz to C. 
Then take the length 
of B, and set it 
along the other line 
opj as at om. Join mn, and through z draw «^ parallel to mn. Then 
oy is the fourth proportional required. For omn and oyz are similar 
triangles; hence, on : OiS : : om : oy, or A : B : : : o^ (Euclid vi. 4). 

Xf it were desired that the proportion should read C : B : : A to x, then x would 
of coarse be smaller than either given line, and would be determined by joining 
* to m, and by drawing a parallel to mz through n. 

Problem IV. 
To determine a third proportional to two given straight lines A 
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What is required here is a third line 9^ such that A:B::B:a;. 
Patting it in this way, it really 
resolves itself into another case^ 
of the preyions problem, and its 
solution, as shown in fig. 4, is 
identical with that employed 
in fig. 3. Thus op and oq are 
the indefinite lines along which 
on and oz are made equal to A 
and B, and oy also to B. Then 
the parallel nm cuts off om, ^g* i> 

which is the desired third proportionaL 

The term B is here a mtan proportional (see Problem V.) between A and the 
new term foond. 




Pboblem V. 

Given two straight lines, A and B, to detdrmine (1) their Arith- 
metio Mean; (2) their Geometric Mean; and (3) their Harmonic 

Mean. (Eigs. 5, 6, and 7.) 

(1). The arithmetic mean between two quantities a and 6 is their 
average, or their sum divided by 2, and is expressed algebraically as 



a+6 



Thus, between 6 and 10 it is 



6+10 



2 . y ^^^,.w^- ^ *w . -, or 8, and the three numbers 

6, 8, and 10 form an arithmetical progression, as they proceed by a 
oommon difference, 2. 
Hence the A. M. 
between the two lines 
A and B (fig. 5) is |^ 3 
found by placing them 
in one continuous line 
and halving their sum. 
Thus Qoy and yz are 

made equal to A and ~ Fig. 5. 

B respectively, and ox is the A. M. required. 

(2). The geometrical mean between two quantities a and h is the 
square root of their product, and is expressed algebraically as ^a6. 
Between 4 and 9 it is ,^4 x 9, or ^36, or 6, and the three n5\tCL\^\% i 
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4, 6, 9 form a geometrical progression, as they proceed by a common 
ratio, f j thus, 4x^ = 6, and 6 x | » 9. This intermediate term is 
generally known in practical geometry as the mean proportional. It is 
useful to the draughtsman, as, by finding it, he determines the side 
of a square equal to a given rectangle. Thus, in the case of the 
figures quoted, a rectangle 4 x 9 is equal to a square 6x6. 

To determine, geometrically, the mean proportional between A and 
B (fig. 5), on an indefinite straight line, set off ocy and yz equal to A 
and B respectively. Bisect xz in o, and on it describe a semicircle. 
At set out op perpendicular to ocy^ meeting the semicircle in p. 
Then py is the desired m^an. 

The proof of the solution depends on the fact that if any two chords of a circle 
cut one another, the rectangle on the segments of the one is equal to that upon 
the segments of the other (Euclid iii. 35). For if the whole circle were drawn, 
and py were produced to meet it in a point g, we should have xy, yz equal to 
PVt gy* But as j?9 is perpendicular to xy, which passes through the centre of 
the circle o, therefore j9y=^ (Euclid iii 3), and a^, yz=pq*. 

(3). Three quantities are said to be in harmonical progression when 
the first is to the third as the difference between the first and second 
is to the difference between the second and third. Taking the numbers 
10, 12, and 15, for example, they form a H. P.; for 10 : 15 : : 12-10: 
15-12, and 12 is teimed the harmonic mean between 10 and 

15. In algebra this mean between a and b would be written r. 

To determine this mean 
between two given lines A 
and B by a geometrical con- 
struction, proceed as follows 
(fig. 6) :- 

Upon any straight line CE 
mark off CD, CE equal to A 
jj and B respectively. Assume 

Fig. 6. any point K, not in the line, 

and join CK, EK. Through D draw GH parallel to EK, and meet- 
ing CK in G. Make DH equal to GD, and join KH to intersect CE 
in F. Then CF is the required harmonic mean. 

Pboof. — Ab GDC and EEC are similar triangles : 

CD : CE : : DG : EK, or as DG = DH 
CD : CE :: DH : EK. 




\ 
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Again, as KEF and DFH are also similar triangles : 

.-. DH : EK :: DP : FK, 

„ CD DH , DF , . . 

Hence ^, gg* •"^l f^ *" ^'^^ "***<*» 

k6., the first (CD) : the third (CE) : : the difference between the first and second 
(DF) : the difference between the second and third (FE). 

It follows from the proportion CD : CE : : FD : EF (by multiplying extremes and 
means) that the rectangles CE.DF and CD.EF are equal, and a line is said to 
be harmonically divided when the rectangle on the f&Aofe line and the mMU, 
segment is equal to that upon the two remaining segments. 

It is interesting to prove by construction that the G. M. between 
two lines is also the G. M. between their A. M. and their H. M. If 
in each of the three cases the two given lines A and £ were alike in 
lengthy and the A. M. and H. M. being determined, ih^y were used as 
two other given lines whose mean proportional was required, it 
would by measurement be found that this latter was identical in 
length with the G. M. between the original pair A and B. 

Algebraic Pboof. — Let — o"» n/o^ "^^"TI' '©prosent the A M., the G, M., 

and H. M. respectively. 

Then the G. M. between -^r— and — -r is the square root of their product, t.e., 



-J' 



a+6 2a6 



X — — T is equal to iJcJb. 



There are other methods of construction which may be employed to 
discover the H. M., one of which is shown in fig. 7, where A and B 
represent the given terms, which, as 
before, are arranged in one line along ^^.^^^^^^^^^"'^ 

\ CE(CD = A,andCE = B). On DE _^^^^ Z^v\ 

a semicircle is described, and CG is cT D f E 

drawn to meet this semicircle in any Fig. 7, 

point G. Then when G is joined to D, and the angle DGF is made equal 

to the angle CGD, the point F is discovered, and OF is the required 

mean. 

Proof. — ^This solution depends, first, upon the fact that when the vertical 
angle of a triangle is bisected by a straight line passing through one of its 
angular points, that line divides the base, so that the segments are proportional 
to the other two sides of the triangle; and, secondly, that the line which bisects 
tlie exterior angle (formed by producing one of these sides) meets th^ base pro- 
duced, so that the whole line and the produced part are also in the same ratio 
(EocUd vi 3 and da). 
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Now, by our constraction, that is exactly what is done, for CGF is a triangle 
whose vertical angle is bisected by GD. Hence CD : DF : : CG : GF, and by 
producing CG to H, and joining GE, the exterior angle FGH is bisected. 
For DGE is a right angle (Euclid iii. 31), and CGD + EGH make one right angle 
(EucHd i. 13). But CGD=DGF . •. FGE=EGH. Then CE : EF : : CG : GF. 
Hence CD : DF : : CB : EF, or the line is harmonically divided. 

Pbobleh VI. 

To divide a given straight line A£ in extreme and mean proper- 
tion, or medially. (Fig. 8.) 

This problem is identical with the eleventh of the Second Book of 
Euclid, but the construction usually employed is not the one there 
adopted^ but a modification of it What is required is to divide the 

C given line in such a manner 
that a square built upon the 
greater segment shall be equal 
to a rectangle made upon the 
wlioU line and the lesser seg- 
ment 

At one extremity, as B, of 
'. . the given line erect a perpen- 
dicular BE, equal to half the 
length of AB. Join AE. With E as centre, radius EB, describe the 
arc BD meeting AE in D. With A as centre, radius AD, describe the 
arc DO. Then AB will be divided as required, t.e., AC^ = AB.BC. 

Pboof. — liCt the given line be 1 and the greater segnient x. Then the lesser 
segment will equal 1 - as. Then, when divided medially, the following equation 

._ n/5-1 
2 




Fig. 8. 



of the whole 



will be satisfied : — x' = 1 - x, from which it is found that a;= 

line (the negative root of the quadratic being inadmissible). 

In figure 9, AB=2BE, and AE« = AB» + BE« (Euclid i. 47) . '. AE = ^/5.BE, 

and AD= V^.BE-BE for DE=BE. Hence AD or AC = ( v^- 1) BE. But 

Jl- 1 
BE = I^AB .*. AC = -^^-^ — AB, which satisfies the equation as shown alge- 

braically. 

This problem has one application in the construction of a pentagon, 
the length of whose diagonal is known, for the aide of the figure is t/ie 
greater segment of that diagonal medially divided. Thus, AC (fig. 8) 
would be the side of a pentagon whose diagonal is AB. (See 
Problem XXII.) 
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EXERCISES. 

1. A line AB is i!* long. Divide it into three parts, in the proportion of 2 : 3 : 4. 

2. Find by construction the length of ^ of 47"^ 

3. Find the fourth term x of the proportion S'' : 1*7* : : 4" : as. 

4. Find the term x in the proportion—as 2'^** ixlixlV, What is the name 
of this term T 

5. The arithmetic mean of two lines is 3*, and the least is 1" shorter than the 
greatest. Draw the lines. 

6. Divide a line AB, 3*8" long, in C, and find a point D in it produced so 
that— 

AC : AD :: BC : BD; AC being 2-85" long. 

HiKT. — The whole produced line will be harmonically divided, and the pro- 
blem is really a deduction upon that worked in fig. 6 ; the given data being 
sufficient to enable the student, by a line corresponding to KE in that drawing, 
to find D, which is identical in that case with E. 

7. Prove by construction that when a line is divided in extreme and mean 
proportion the larger segment is a geomttric mean between the whole line and 
the lesser segment. 

8. The mean proportional between two lines is 3*6* long, and one of these is 
'5* longer than the other. Determine the two lines. 

Hint. — Take any two lines whose difference is '5^ Find their mean propor- 
tional, and, after producing the latter until 3*5'' long, draw a semicircle 
concentric with the one previously used, and passing through the upper 
extremity of the produced line. 



CHAPTER II 

ON SCALES, PLAIN, DIAGONAL, COMPARATIVE, ETC. 

It is very seldom that drawings can be made equal in size to the 
objects they depict. Sometimes, as in representations of parts of 
buildings, they are considerably smaller ; whilst at other times, as in 
the drawings of the minute details of the mechanism of a watch, they 
are larger. 

But in all cases it is necessary that every part of the same drawing 
should bear relatively the same proportion to the size of the corre- 
sponding part in the object it represents. To effect this, a scale is used, 
which consists of a line accurately divided in such a manner as to 
represent in a smaller space the standards of length used to measure 
the original object. 

As an instance, a line 6" long, divided into 36 equal parts, may be 
assumed to represent 36 feet, whilst 3 of the divisions would indicate 
1 yard. And a measurement on this scale would be y\ of the equiva*- 
lent measurement in standard length, for 6^^ is -^ of 36 feet. Such a 
scale would be a Plain Scale, and -^ would be its representative 
fraction. It will be seen at once that the expression '' 6 inches to 36 
feet,'' or '^ 1 inch to 6 feet," is only another way of indicating the same 
scale as y^. 

Scales are of no service unless they be very accurate. It is neces- 
sary, therefore, that the student should construct them with great 
care, and also that he should thoroughly test them before using them 
in making a drawing. 

Frobl£M VII. 

To oonstmot a plain scale of 7 feet to 1 inch, long enough to 
measure 40 feet (Plate I., fig. 1.) 

It is not advisable to start with one inch and divide it into seven parts, 
as the work is then so small that inaccuracies are liable to creep in. 
It is better to determine at once what the total length of the divided 



Scales. 



21 



line muBt be. Thus, as oar scale is to repreaent 40 feet, its length 
most be y inches loDft which is &'71'', etc.* 

Draw, then, a line <^ this length, and divide it carefully into four parts. 
Then each of ibese will represent 10 feet Next proceed to divide the 
extreme left of these into ten equal parta, and one of these smallei 
divisiona will indicate 1 foot. By numbering, as shown in the plate, it 
is rendered unnecessary to minutely divide the other three largu- seg- 
ments. For if be placed at the nght hand of the firet larger s^ment, 
as at A, the tens can be read from left to right, and the units from the 
same point in the opposite direction. Thus, if it be wished to extract 
from the scale the length 27 feet, then one leg of the dividero should 
rest upon ^0 and the otiier npon 7, as from ytox. It is usual to 
double the lines, and by the aid of dark and l^ht tints, to give reliel 
to the eye. 

Problem Till. 

To show by ditgooal divisioa the btmdredtb part of 1 lineu 
IndL (Fi^ 9.) 

When very minute division becomes necessary, recourse is had to 
what is called a Dia- 
gonal Scale, the prin- 
cij^e of which will be 
understood by rafei^ 
ence to fig. 9, where 
a line 1 Inch long has 
by its means been 
divided into 100 parts. 
To reproduce the drawing proceed as follows : — 

First divide the inch accurately into ton parts in the usual manner. 

At each extremity of the line erect a perpendicular, and mark oS 
npon one of these ton equal distances (length at pleasure), numbering 
them as in the figure. Through each of these latter divisions draw 
horizontal lines, and join G to 9. Then parallels to C9 through each 
of the divisions of the one-inch line will complete the necessaiy construc- 
tion, and 9;b is y^ of a linear inch. This is evidently true, for CA9 
and Od'ie are similar triangles, and their homologous sides are there- 
fore proportional. Hence, as C9' is ji^ of AG, 9'd; is -f^ of A9, wliich 

* Thi( ia qoite near enough for geoeral work ; and sltfaoagh by taking 1" at 
mat and dividing by 7 we have not Ihia aonrce. of inaocnraoy, yet the difficolty 
" a Jn that CSM ii likely to lead to so error gr«atoi thin ttua oob. 
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is itself -^ of an inch; 9'aj is then ^ of y\y, or y^ of an inch. It 
must also be noticed that, as the diagonal lines proceed upwards from 
the base AB, they recede from BD to the amount of one-hundredth of 
an inch for each horizontal line in succession ; hence the length 'pq is 
4 tenths added to 7 hundredths, or '47 oif an inch. 

KoTE. — ^Any other minute fraction of a given length can be found by this 
constraction, so long as the denominator of that fraction has two factors. 
Thus, to obtain Y^g- it would only be necessary to divide AB into 7, and to use 
16 divisions along AC, for 112= 16 x 7. 

Problem IX. 

To construct a scale of " 5 inches to 1 mile" to show (1 ) Airlongs, 
and (2) lengths of 10 yards, by diagonal division. (Plate I., fig. 2.) 

Take a line 5^^ long and divide it into eight parts. Then, adding one 

of these on the left side of the scale, proceed to the second part of the 
problem. 

We have only to show lengths of 10 yards. Now, 10 yards is -^^ of 

a furlong (220 yards). Therefore this added person must first be 

divided into two. Then, by the aid of eleven horizontals at equal 

distances, as shown on the figure, the desired division wiU be effected. 

No further explanation of the work is needful. The distance from x 

to y would be 4 furlongs 60 yards. 

Pboblem X. 

To construct a scale of English yards of ^ and a comparative 
scale of French metres. (Plate I., fig. 3.) 

As different nations adopt different standards of length, and as in 
the intercourse of trade it is absolutely necessary to use these different 
standards in compcmsonf the plan is sometimes adopted of making 
upon a drawing two or more plain scales side by side, upon one of 
which units of one standard are indicated, and upon the others units 
of the other standards — each scale, of course, having the same repre- 
sentative fraction. 

The problem before us illustrates the principle. In fig. 3, Plate I., 
an ordinary English scale of yards is shown, the representative fraction 
^^g siv' It is long enough to measure 30 yards ; hence its length 
is yJt of 30 yards, or 6 -4". 

Beneath (in fig. 4) is a French scale of metres, long enough to 
measure 30 of them. To construct this scale it is first necessary to 
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know what length in inches represents -yj^ of 30 metres. Now a 
meter is 39*37 inches long, hence 30 metres will measure 39*37 x 30 
inches, or 1181-1 inches, and -^ of this will be 5*905 inches, or 5 
inches and -^ full. 

Take this length from a good scale of inches and tenths, and divide 
it into three equal parts, each representing 10 metres. Then by 
dividing the extreme left-hand segment into 10, and numbering as 
shown, the scale will be complete, and the relation of any length in 
English yards and French metres can be deduced therefrouL 



Fboblbm XI. 

To construot a scale showing yards, feet, and inches (by diagonal 
division)^ where 7*75 inches represents 31*5 yards; also a com- 
parative scale of paces (1 pace = 32''). (Plate I., figs. 5 and 6.) 

Let us assume that the scale is to be long enough to measure 20 yards, 
the first step is to find what actual length will be required to indicate 
that amount according to the relation expressed in the problem. 

To obtain this, determine the fourth term of the proportion — 

As 31 '5 yards : 20 yards : : 7*75 inches : x. 

This will be 4*92 inches. 

Take then this length and divide it into two equal parts, and one of 
these again into ten, and number as shown in the plate. There it will 
be noticed that two more yards iu:e added on the left beyond the zero. 
This makes 22 yards, or 4 poles, or 1 chain. It is not of course neces- 
sary, by the wording of the problem, to show this, but it is sometimes 
advantageous in a scale of the kind to make its length as described. 
The nearer of these two added yards, being divided into three equal 
parts, serves to indicate feety and by the aid of twelve equidistant 
horizontals and diagonals through these three foot-divisions, we are 
enabled to measui'e off from our scale, inches. Thus, the measure- 
ment from a; to ^ represents, according to this scale, 6 yards 
2 feet 6 inches. Next, to construct the comparative scale of paces 
(fig. 6), assume that this scale is to be long enough to measure 25 
paces. Then, to discover what length of line is necessary for this 
purpose^ work the proportion — as 31*5 yards : 25 paces : : 7*75 inches. 
Bringing the first two terms to inches, we have — ^as 31*5 x 36 : 25 x VI 
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: : 7-76; or, as 1134 : 800 : : 7*75 : as. Then « will be found to be 
5*47 inches. This length, when divided as shown into twentj-fi^e 
parts, will indicate, as required,, jsoce^ to the same scale as the yards 
above it. 

Problem XII. 
How to constrnot and use the << Scale of Chords.'^ (Fig. 10.) 

The '^ Scale of Chords '' is an arrangement by which any required 

angle can be set out, depending for its prin- 
ciple upon the facts (1) that the chord of an 
arc which subtends any angle bears a con- 
stant ratio to the radius with which that arc 
is struck; and (2) that the chord of the arc 
of 60° is equal to the radius. 
Kg. 10. Thus, the chord of the angle ABC, as 

shown in fig. 10, is the straight line AC, and its ratio to BC — the 

AC 





radius — is 



BC 



^i 



this ratio remain- 



ing the same, whatever the length 
of the radius BC may be. 

1. To construct the Scale. — 

Upon any line AB (fig. 11), 
describe a quadrant ABC, and 
divide the curve into nine equal 
parts, each portion of which sub- 
tends therefore 10° at the centre B. 
Join AC, and with A as centre 
draw a series of arcs passing through 
the points of division to intersect 
the straight line AC, and corn- 
Fig. 11. plete the scale as shown. 
The total line AC is clearly the chord of 90°, and the radius with 
which each arc is struck is the chord of the angle, which is subtended 
by its relative poi*tion of the quadrant. The student will notice that the 
divisions on the scale are not equal, but get smaller as the angle ap- 
proaches 90°. TlhB chord of 60° is equal to the radiv^,* hence the fact that 
the radius of a circle steps round the circumference six times exactly. 



i 



* For chord A=:2 sin •^; hence, chord 60''=2 sin 30% or 2 x i, or 1. 
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To use the Scale. — 1st. To apply a straight line at any point of a 
given straight line, so as to include a given angle : for instance, 40^ 
With the given point as centre, and with a radius equal to the chord of 
60% as shown on the scale, describe an arc, and set off along this arc, 
measuring, from its intersection with the given straight line, the chord 
of 40° (from scale). Join the given point and the one determined. 

2nd. To discover the number of degrees in a given angle, describe an 
arc, having its centre at the vertex, and with a radius equal to chord 60°, 
as taken from the scala Next, measure the length of the chord inter- 
cepted between the legs of the given angle, and determine from the 
scale the number of degrees required. 

THE PBOTRACTOR 

This instrument, which in its most common form in the instrument 
box is a 6^^ rectangular piece of boxwood or ivory, is depicted in Plate 
IL, figs. 1 and 2. Around three of its edges on one side (fig. 2) are a 
series of 180 radiating marks, having their centre at the middle of the 
fourth unmarked edge. These indicate the degrees of two right angles, 
and enable one to set out any particular angle desired. They are 
numbered twice, once from left to right and vice ver^a, for convenience 
of reference. On the same side the standard inch is divided diagonally, 
80 as to show 01 of that length (as described in Problem YIII.), and 
the half-inch is also divided in the same way, so as to show *005, or 
y^'. Frequently these two diagonal scales are those of the half-inch 
and quarter-inch, instead of the two shown in the figure. The reverse 
fide of the protractor (5g, 1) has four plain scales upon it, of 1^, f, 
Y, and Yf di'^ded into twelve parts, so that they may be used as 
representing feet and inches. Thus the uppermost one would avail 
when a scale of ^^ to 1 foot, or ^, is required, etc. 

A scale of chords (see Problem XII.) is also given on the same side. 

It sometimes occurs that on this same face a series of scales are 
shown, to which the numbers 20, 25, 30, 35, etc., are attached. To 
use these, it is necessary to know what the unit in each case is in 
actual length. This is readily furnished by making a fraction whose 
numerator is in every case 10, and whose denominator is the particular 
number attached to the particular scale. Thus, for that numbered 
35, each principal division is ^f , or |^ of a linear incL 
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THE SECTOR. 

This instrument is depicted in Plate II., fig. 3, and attention is 
drawn to it here because there are only two scales upon it which are 
actually of much use in practical geometry, viz., the Line of Lines, 
marked L in the figure, and the Line of Polygons, marked Pol.* The 
former of these is available when it is required to determine the length 
of a fourth proportional to three given lines A, B, and C, for which 
purpose it is used thus : — 

The length of one term, as A, is taken by the dividers, and the 
sector is opened until the distance from L to L on the line of lines is 
equal to that lengtL t The next step is to discover, without altering 
the state of the instrument, where the distance from two Bwrne numbers 
upon the scale is equal to the length of B. Suppose this to occur at 
8.8. The sector is then reset until the distance from L to L is equal 
to C. Then the measurement 8.8, under the new condition of open- 
ing, gives the fourth term required. The student will see that the 
principle employed is that of the constant proportion of the sides of 
similar triangles. 

The Line of Polygons enables us to construct upon a given line a 
regular polygon of any number of sides, or i-ather, it gives us the radius 
of the circumscribing circle. Or again, it enables us to determine at once 
the length of the side of any regular polygon inscribed in a given circle. 

For instance, let it be required to construct a regular heptagon of 1" 
'side. Open the sector until the distance from 7 to 7 is 1*. Then the 
radius of the circumscribing circle is equal to the distance 6.6 (note 
that this radius is always taken from 6 to 6), or, in other words, a circle 
of 6.6 radius being drawn, the chord \" will step round it 7 times. 

When the circle is given, and the inscribed polygon is to be drawn, 
the instrument is opened until the distance from 6 to 6 is equal to the 
given radius. The length of the side is discovered in the distance 
between those corresponding figures which indicate the number of sides 
required. 

* The instruments usually sold are exceedingly untrustworthy, and the author 
-would consider it better, if possible, for a purcbaser to obtain one where only 
these two scales were accurately shown, rather than to have such a confusion of 
lines upon it as in general is the case. 

t This assumes that the term A is greater than B. When this is not the case, 
the jzz&tbod of procedure is reversed, t.e., the term B is taken first. 
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EXERCISES. 

1. Draw a scale for a drawing where 7*5 feet of real magnitade is repre- 
sented by 1 inch (long enough to measure 50 feet). (May Exam. 1870. ) 

2. Draw a scale of miles vWrvT> showing furlongs by the diagonal method. 
(May Exam. 1870.) 

3. A map is constructed so that 1 inch represents 45*5 yards. Draw a scale 
for it from which paces can be measured (1 pace =32^. (May Exam. 1873.) 

4. On a map a furlong is represented by 1 '25". Draw a scale of polu for this 
map (1 furlong=40 poles). (May Exam. 1872.) 

5. Draw a scale of miles, furlongs, and yards whose representative fraction is 
vvfrvy showing 20 yards as the smallest reading. (May Exam. 1872.) 

6. Draw a French scale to show metres, -^^ and a comparative scale of 
English yards. (Cooper's Hill Exam. 1876.) 

7. Explain the principle of the diagonal division of scales. How should a 
scale of i' = 10 feet be constructed so as to read inches ? (May Exam. 1877. ) 

8. Draw a scale of feet to measure all distances between 70' and 1' where 5} 
feet is represented by '52 inches; and, by diagonal division, make this scale 
available for reading inches. (Cooper's Hill Exam.) 

9. Draw a scale of chains j-^^ showing poles diagonally. (May Exam. 1874.) 

10. The plan of a building is an exact square of 3" side, the diagonal of which 
represents 100 feet. Make a scale from which all its other dimensions (in feet 
only) may be taken. (May Exam. 1875.) 

11. Construct a scale of ^ to read decimetres and show 20 metres. A deci- 
iDetre=0*328 feet. (May Exam. 1879.) 

12. Construct a scale of -^-^ to show 50 yards. Construct a comparative scale 
of metres. A decimet):e= 0*328 feet. (May Exam. 1878.) 



CHAPTER III* 

ON THE CONSTEUCTION OF THE TRIANGLE AND THE REGULAR 

POLYGONS. 

Before commencing the study of this chapter, the reader should recall 
to his mind the following facts, which will materially assist him in 
comprehending the solutions of the problems it contains : — 

1. A triangle has three sides and three angles, any three of which 
(except the three angles) being known, the figure is determinable. 

2. The three angles together make two right angles (Euclid L 32). f 

3. The altitude of a triangle is the shortest distance between the 
base and a line parallel to the base drawn through the vertex. 

4. The perimeter of any rectilineal figure is the sum of its sides, 

5. Similar triangles have equal angles, and their homologous sides 
are proportional (Euclid vL, Definition 1). 

6. A line bisecting any angle of a triangle divides the opposite side 
into segments, which are in the same ratio as the remaining sides of 
the figure (Euclid vi 3). 

7. All itie internal angles of a regular polygon are equal, and if 
they be added together, their sum will equal twice as many right 
angles as the polygon has sides, less four (Euclid i. 32). 

Thus, in a pentagon the sum of the degrees of the internal angles is 

90^ = 640^ and each angle is y or 108^ 

8. Lines which bisect and are perpendicular to the sides of any 
regular polygon meet in one point, which is the centre, both of the 
inscribed and circumscribing circles. 

9. One rectilineal figure is said to be inscribed in another when aU 
the angular points of the former are contained by the perimeter of the 
latter. 

* The remarks in the latter part of our Introduction apply generally to the 
problems in this chapter : very elementary cases are omitted, 
t From this it follows that the three angles of an equilateral triangle are equal, 

snd each contains -^ =60** 



{ 



On the Construction of the Triangle. 



29 



Problem Xin. 

To construct an isosceles triangle, base 1*25'' long, the angles a( 
the base to be doable that at the vertex. (Fig. 12.) 

Draw the base AB 1*25'' long, and at one extremity A, erect a per 

pendicular AD, and describe the quadrant 

BD, radius AB. Divide this quadrant hy 

trial into 5 equal parts, and draw the side 

AC through the fourth division E, counting 

from the basa The apex C is vertically 

over the centre of the base, the triangle 

being isosceles. Join BC. This triangle is a 

similar one (i.6., it has equal angles) to that 

formed by joining one comer of. a pentagon 

to the extremities of the side opposite to 

that comer. 

By the solution it is seen that the base angle 
CAB is ^ of a right angle, and this shows the 
triangle to be that which is required, for the 
second base angle and the vertical angle, when 
added, sum together i+f +{, or 2 right angles. 




Problem XIV. 

To constmct a triangle whose perimeter (8-5''), altitude (2-5"), 
and one base angle (50''), are given. (Fig. 13.) 

First, draw two parallel straight lines AD and MN at a distance 
apart equal to the 
given altitude of 
the triangle. At 
A, make an angle 
of 50° (the given 
base angle), and 
produce the line 
AC until it cuts 
MN in C. Con- 
sider AC as one 
Bide of the 




re- 



B D 

Fig. 13. (i scale). 

quired triangle, and AD as the indefinite direction of the base. Make 
AD equal to the remainder of the perimeter after having subtracted 
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the length of the fixed side AC. Join. CD, and at E, its centre, draw 
BE perpendicular to it, and meeting AD in £. Join BC. Then 
ABO is the required triangle. 

CB is equal to BD (Euclid i. 4), therefore AC + BC + AB=AC+AD, which 
gives the correct perimeter. 

If the hase were given instead of the altitude, a construction similar in prin- 
ciple to the above would solve the problem (see Problem xzziii., Elementary 
Geometry). 

Problem XV. 

To constract a triangle whose altitude (2''), vertical angle (42''), 
and base (2*5''), are given. (Fig. U.) 

All the angles in the same segment of a circle are equal 

(EucHd iii. 21). That con- 
tained by a semicircle is 
a right angle; whilst a 
segment less than a semi- 
circle subtends an angle 
_ll greater than a right angle, 
and vict versd (Euclid 
iii. 31). 

Hence, assuming A£ 2*5" 
long, as the chord of a seg- 
ment which contains angles 
of 42°, we shall, when this 
segment is determined,haye 
Fig. 14. (i scale). a locus which must contain 

the vertex of the required triangle. Bisect AB perpendicularly by 
ED, and at H set out the angle BAE of 48° (a right angle, less the 
given angle);* then E is the centre of the required segment. The arc 
ACB must therefore contain the apex. Now, MN drawn parallel to 
the base, at a distance from it equal to the altitude, is also a locus of 
the apex; and and G, which are common to both loci, are two 
points, either of which being joined to A and B, determines the 
required triangle. 

* Note that the angle at E is therefore 42^ or equal to the vertical angle, 
because AED is a right-angled triangle; and if E were joined to B, AEB would 
be double the angle at the circumference. Hence, by Euclid iii. 20, E must be 
the centre of the segment. 
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Pboblem XVL 

To constmct a triangle whose perimeter (9'^, altitude (2*75'') and 
vertical angle (50°) are given. (?ig. 15.) 

Make the indefinite lines AX, AY meeting in A at an angle equal 
to the given vertical angle. ^ 

With A as centre, radius 
equal to the given altitude 
(2-75''), describe an arc DE. 
Any straight line tangent 
to this arc may be the i*e- 
quired base, as its perpen- 
dicular distance from A 
measures 2*75", Next mark 
off on each of the legs of 
the angle a length equal to 
one half the perimeter, as 
at G and H. From these 
points set out GK and HK 
|)erpendicular to AG and 
AH respectively. With K 
as centre, draw the arc 
GFH. Then the required 
base is the straight line Fig. 16. (J scale). 

£0, which is tangential to both the arcs drawn. 

To prove that the perimeter ia equal to that given in the problem, it shotdd 
be noticed that AG is a tangent to the arc (centre K) at G, BC being also 
tangent to the same arc at F, and AH at H. Now, BG is equal to BF, these 
two lines being the two tangents from a point B outside the circle (£uc. iii. 8.) 
For the same reason CF is equal to GH. Hence, AB+BG + AG=AG+AH= 
the given perimeter. 

Pboblem XVIL 

To construct a triangle whose vertical angle is 50'', base T long, 
and such that the line bisecting the vertical angle divides the base 
into two segments whose ratio is 3 : 2. (Fig. 16.) 

From Euclid vL 3 it is seen that when a line bisects an 
angle of a triangle it divides the opposite side in segments which 
are proportional to the remaining sides. Hence the above problem 
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resolves itself Into a question where the base, vertical angle, and 

ratio of the remaining sides are given. At D 
(Fig. 16) set out an angle of 50% and from any 
scale of equal parts mark off, on the legs of the 
angle, lengths of 3 and 2, as at DB, DE. Join 
BE. Then DBE is a triangle similar to the 
one required. Next make BC equal to the 
given base by producing BE, and draw CA 
parallel to DE to meet BD produced in A. 
Then ABO is the triangle required. The line 
Fig. 16. H scale). AF bisects the vertical angle, and shows the 

division of the base as required 

Problem XYIIL 

To constmct a triangle whose base (2*^ and altitnde (1*8'') ard 
given, the ratio of the remaining sides (3 : 2) also being known. 
(Fig. 17.) 

Draw the base AB 2" long, and divide it internally in E in 
the itktio of the sides given (3:2). Produce it to F, making AF : 
BF : r 3 : 2. On EF construct a semicircle. Draw MN parallel 
to AB at a distance from it equal to the given altitude. This line 




-^ 



Fig. 17. (i scale.) 
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intersects the seniicirde in C and D, either of which may be assumed 
as the vertex of the required triangle. 

ThiB solution is based upon the theorems of Enclid vi. 3 and 3A. For becaose 
AF : BF : : AE : BE : the exterior angle BCG is bisected by CF, and the 
interior angle ACB is bisected by CE and AC : BG . : AE : BE, or as 3 : 2. 

Problem XIX 

To constrnGt a triangle whose perimeter (7*5'^, base (3"), and 
altitude (l-S") are given. (Fig. 18.) 

Make AB 3*^ long, and produce it in either direction. This fixes 
the base. The sum of the 
remaining sides must be 4*5'^ 
(T-S-'—S"). Make OG equal 
to one-half of this, or 2-25". 
Bisect AB perpendicularly 
by OF. With A as centre, 
radius equal to OG^ cut OF 
in F. With centre O draw 
two semicircles through G 6 
and F, the smaller of which Fig. 18. (i scale) 

will intersect MN (a parallel to AB at a distance of 1-5'' fi-om it) in K 
Join OE, and produce to D. From D draw DC perpendicular to 
MN, and meeting it in C. Join AC, BC, and ABC is the required 
tidangle. 

The solution here employed depends upon the properties of the ellipse, the 
application of which is referred to in a foot-note on page 87. The reader will 
be better able to appreciate its bearing after studying Chapter VI. 

Problem XX 

To construct a regular polygon of M sides upon a given base. 
(Rg. 19.) 

In general work^ polygons of a greater number of sides than ten are 
seldom required. 

The equiUUercU triangle is constructed by Euclid L, Prop. 1, and the 
ipMre by Euclid L, 46. 

The apex of the equilateral triangle is the centre of the circle which 
circumscribes a hexagon built upon the same base. . 

Further, the properties of the pentagon are such as to admit for 
that figure a particuhir construction (see fig. 20). Hence, the follow- 
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ing method; which is practically adopted — although it does not admit 

of mathematical proof (because 
of the division by trial) — need 
apply only to the construction of 
the heptagon, octagon,* nonagon, 
decagon, etc. 

Let it be assumed that the poly- 
gon is to be a nonagon (9 sides). 
Draw the base AB, and produce it 
With A as centre, describe a semi- 
circle through B, and divide it care- 
fully by trial into 9 (w) equal parts, t 
Join A to the second division mark, 
Fig. 19. ~ counting from K. Then AI, AB 

are two sides of the polygon. Bisect each of these lines by perpendi- 
culars meeting in 0, the centre of the circumscribing circle (see par. 8, 
page 28). The remainder of the construction is obvious. 

Note, — The accuracy of the solution depends entirely on the correct division 
of the semicircle. 




Problem XXL 
Upon a given line, AB, to constmct a regular pentagon. (Fig. 20.) 

15/ The most important property of the 

pentagon is that the diagonal, when 
divided in extreme and mean propor- 
tion, gives in the larger segment the 
length of the side, as mentioned in 
Problem VI. Hence, what must be 
done in this problem is to extend the 
given side AB, to such a point that 
the whole produced line AF may be 
p medially divided at the point B. To 

Fig. 20» do this, at B erect BH equal and per- 

* The angle at the comer of an octagon is 135^ Hence, by constructing at 
one extremity of the base a right angle and one-half, a second side can be deter- 
mined and the figure completed. This plan is perhaps best for the octagon. 

t The external angles of any straight-lined figure are together equal to 4 right 
angles (Euclid i. 32, cor.); hence in this case each one is ^ of 4 right angles, or ) 
of 180^ This is the basis of the constmctioiL 
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pendicular to AB. Find G, the middle of AB, and with it, as centre 
through H, draw an arc HF, to cut AB produced in F. Then 
AF : AB : : AB : BF, or AB« = AF, BF. Thus AF is the length of 
the diagonal. Take this length as radius, and with A and B as centres, 
describe arcs meeting in D. The determination of the other points £ 
and needs no further description. 



Problem XXIL 



Given the diagonal (2") of 
a regular pentagon, to con- 
Btruct it (Fig. 21.) 

Draw the diagonal AC, 
and divide it in extreme and 
mean proportion in H (Pro- 
blem VI.). Then AH is the 
length of the side of the re- 
quired pentagon. With A 
and C as centres, radius AH, 
describe arcs meeting in B. 
Join AB,BC. Next obtain 
the circumscribing circle, and 
complete the figure. 



EXERCISES. 




Fig. 21. 



» 1. Draw an equilateral triangle having the same perimeter as a square of 
l-Tside. 

2. Make an isosceles trianj^le, altitude 2^, perimeter 6*75". 

3. The base of a triangle is 3". Its vertical angle is 40% and it is isosceles. 
Construct it. 

4. A certain circle passes through three points, A, B, and C, which occur 
npon two parallel lines, 1 *5" apart. A and B are upon one line, and 2" apart ; 
AG+BC=6'5\ Determine the radius of the circle. 

5. Given the perimeter (7'0> base (2''), and one base angle (37*^) of a triangle, 
to construct it 

6. Construct a heptagon on a base 2* lone. 

7. To construct a triangle, whose vertical angle is 40% one base angle 60°, and 
the altitude 2*6^ 

8w To construct a triangle whose perimeter is 8", its angles being in the pro- 
portion of 2 : 3 : 4. 

9. To construct a triangle whose perimeter is 8", its sides in the proportion of 
8:5:6. 

10. Construct a pentagon having the same diagonal as a square of 2^ side. 

11. Draw a semicircle upon a fine AB, 3*5'^ long, and find a point C in the 
cimre^ such that AC+BC=4*5 inches. 



CHAPTER IV. 

ON THE AREAS OF PLANE FIGURES. 

Before commencing the study of this chapter, the following funda- 
mental principles, demonstrated in the books of Euclid, are recalled to 
the student's mind. Upon these a large proportion of the solutions are 
based: — 

1. The area of a figure depends both upon its shape and upon its 
perimeter. 

2. Parallelograms and triangles upon the same or equal bases, and 
between the same parallels, are equal in area (Euclid L 35-38). 

3. If a parallelogram and a triangle be upon the same or equal 
bases, and between the same parallels, the area of the former is twice 
that of the latter (Euclid L 41). 

4. The area of a triangle is measured by a rectangle having the 
same altitude and half the base as sides. 

5. Parallelograms or triangles on unequal bases, and between the 
same parallels, are proportional in area to those bases (Euclid vi. 1.) 

6. The squares on the base and perpendicular of a right-angled 
triangle, are together equal in area to the square on the hypotenuse 
(Euclid L 47). 

7. The principle in No, 6 applies equally to other figures made upon 
the sides of the right-angled tria/ngU^ so long as they are similar y i.e., 
have proportional sides (Euclid vi. 31), or equal angles. 

8. The areas of similar figures are proportional to the squares on. 
their homologous sides (Euclid vi. 19, 20). 

9. Circles are to one another in area as the squares upon their 
respective diameters. 

10. Perimeters being equal, the greatest space is enclosed by figures 
which have equal sides, and the area is increased as the number of 
sides becomes greater. 

11. A circle therefore holds the greatest area, with the shortest 
boundary line, called in this case the periphery, 

12. If two triangles have one angle in common, they will be equal 
in iirea^ if their sides are reciprocally proportional (Euclid vi. 15). 
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Problem XXIIL 
Given a rectangle, to construct a square of equal area. (Fig. 22.) 

Attention was drawn to this problem 
at p. 16, as the mean proportional, or 
geometric mean between the two sides ^ 
of the rectangle, is the side of the re- 
quired square. The figure will suffi- 
ciently show the application of the 
principle. 



E 




Fig. 22. 



Pboblbm XXIV. 




Given a square and one side of a rectangle; to complete the latter 
so that the two figures may be equal in area. (Fig. 23.) 

This is a deduction from the previous problem; the mean propor- 
tional and one of the tonus being 
given, to find the other one. Let 
ABCD be the square, and BE the 
side of the rectangle. Join CE, and 
bisect it by a perpendicular 'p o, meet- 
ing AE in o. With o as centre, 
draw a semicircle through C to meet ^ 
AB in K. Then KB is the second Fig. 23. 

term or length of the unknown side of the rectangle. The figure 
BEFG can Uien be completed. 

Problem XXV. 

The perimeter of a rectangle is 5*5"; to construct it, so that its 
area may be equal to a square of 1*25" side. (Fig. 24.) 

This is also a deduction from Problem XXIII. The length of two 
contiguous sides is evidently half the total perimeter. Hence we have 
to divide a line 2*75" long into two parts, whose geometric mean shall 
be 1*25" long. Make AG (fig. 24) 2.75" long, and describe a semi- 
circle upon it. At G set up GF, 1*25" long and perpendicular to 
AG. Imagine this line to move parallel to itself, the point G always 
temaining in the line AG until the upper exti*emity meets the fiAY&i<:Ax^V^ 
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in R Then B will be the position where BE or OF is the mean pro- 
portional between the two segments of the line AG. The rectangle can 
then be constructed. 




Pig. 24. 




Problem XXVL 

To determine (1) a square equal to the sum of two given sqnares 

of 1*5" and \", sides respectively; and (2) 
a square equal to their difference. (Figs. 
25, 26.) 

This is a direct problem upon the Pro- 
position 47 of the First Book of Euclid. 
Use the sides of the given squares as the 
base and perpendicular of a right-angled 
triangle as AB, AC (fig. 25), and the hypo- 
A-« — -/^f^^^^c tenuse BO gives the side of a square equal 

Fig. 25. (J scale). to their sum. 
To obtain the square equal to their difference, use the side of the 

smaller one as the base, as at AE (fig. 26), 

and draw an indefinite perpendicular AB. 

With E as centre, radius equal to the side of the 

\, larger square, cut AB in B. Then build the 

j^-— /- >B required square on AB. For BE^ = AE^ + 

Fig. 26. (i scale). AB^ .'. AB^ = BE^ - AE^. 
Deduction. — A circle equal to the sum of two circles can, he found hy 
treating their diameters in a similar manner to the sides of the ahove 
sqiuxres. 

In fig. 27, two pentagons, ABODE and FGHIK, are supposed to be 
Siven, and a third, BNOPQ, equal to the two added together, is deter- 
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mined. At A, AM is drawn perpendicular to AB, and equal to FG. 
Then AB2 + AM* 
= BM^, and as this 
principle applies to 
all similar figures, 
a pentagon having ^\ 
BM for the side 
will be equal in area 
to their sum. BN is 
made equal to BM, 
and NO is drawn 
parallel to AE, until 
it is met by a line 
through B and E. Notice that the triangles BAE and BNO are 
similar. This process repeated for the other sides enables one to com- 
plete the figure. If the newly determined pentagon were required to 
be equal to the difierence between those given, then AB must be 
treated as the hypotenuse, and FG as one of the rectangular sides of 
the summing triangle. This is readily accomplished by constructing a 
semicircle upon AB, and measuring FG along it from A or B as a 
chord. The remaining chord gives the length of the corresponding side 
of the required figure. 

This construction could be applied to the finding of any figure similar 
to a given one, so as to be twice, thrice, or any number of times 
'its area. 

Problem XXVII. 
To show geometrically J2] Js, JF, JW, JT, Js, and ^lo, to a 

given unit (1 inch). (Figs. 28 and 29.) 

Certain numbers have no square roots, and are called surds. The 
above are those amongst the first 10 numbers. Hence the side of a 
square is incommensurable with that of another twice its area, or with 
its diagonal, t.e., no scale of equal parts could exactly measure both 
quantities. But, by the aid of the principles shown in the last 
problem, the actual ratios of such quantities with a standard unit cau 
be readily determined geometrically. Thus, in £g, 28, AB being the 
standard (1 inch), and AC being perpendicular and equal to AB, BC 
represents the length of the side of a square of 2 square inches area, 
for AB* + AC* = BC*. Its length can only be written as ^i. 
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Simflarly, BD being perpendicular and equal to AB, CD represents 
^, and CE ^5, for DE is ^, and CD2 + DEa = CE2. Bj this 
means the root of any number ^ 

may be graphically represented 
in comparison to unity. In fig. 
29, the whole of the roots of the 
first 10 numbers are shown in a 
single diagram compared to l'^ 

as the standard. The construe- ^ / ^^ 

tion is as follows: (the compasses 
only being required). And it is 
well to notice that more accuracy 
is ensured by their use alone than 
by the additional aid of the ruler. 
With centre O, radius equal to 
the unit l'^, describe a circle, and c^ 
divide it in the ordinary way into 
6 equal parts in A, B, C, D, E, F. 








Fig. 29. 



With A and D as centres, radius AC, describe two pairs of arcs 
intersecting in G and H. With A as centre, radius OG, cut the 
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circamference in K. With A and K as centres, radins AO, draw arcs 
intersecting in K. With E and C as centres, radius EC, draw arcs 
intersecting in M. The necessary construction will then be complete. 

For O A = 1 or ^, 

ON = ^2 as it is = VaO«+OK« or V^T 

AC = v^3 „ „ JaD«-CD« or V'4-1; ACD being a right angle. 

(Eudid iii 31.) 

CF = Ji „ „ twice the radios. 

DN = ^/6 „ „ ^/aD« + AN* = J i+l. 

GM= J6 „ „ VOM« + OG* = sJi+2 (OM being equal to the 

radius, and OG to ON). 

FM = ^7 I* » /s/FC«+OM« = Ji+S (CM being a tangent to the 

circle).* 

GH = Js „ „ 2-OG, or 2 ON, or 2 ^, or ^/S. 

AM = ^9 „ „ 3 times the radius. 

andMN= ^iO „ „ VaM«+MN«= ^9+1. 

To determine the root of a fractional expression, as ^2|) it is most 
conTenient to find the mean proportional between two of its factors, 
^us, ^2| would be found by the constniction given in fig. 5, the two 
terms being 1 and 2f , as they are the most convenient factors. 



Pboblkm XXVIIL 
To reduce any irregular figure to a triangle of equal area. (Fig. 30.) 

It is advisable in working this problem for the first time to assume a 
figure having only five sides, 
and, when the principle is 
well understood, to apply it 
to more difficult cases. Tak- 
ing ABODE {hg. 30) as the 
given figure, produce the base 
AB in both directions. Join 
AD, and thus cut off a tri- 
angular portionADK Through 
E draw EF parallel to AD, 
and join DF. Then we may p" 
consider ADF as a compen- 

* Point C is in a semicircle on OM, whose centre is D. Hence OCM is a 
right an^^e (Eudid iii 31), 
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sating addition for the loss of the triangle ADE, for they are both on the 
same base AD, and their apices E and F are in the same parallel EF 

(Euclid i 37). After the 
triangle BDC has been 
treated in the same 
manner, DFG will result 
as the required figure. 
The student must be care- 
ful to notice that this 
principle applies only to 
the alteration pf one 
triangle at each step, and 
further, that it can only 
Fig. 31. be used in regular order 

right and left of the line which is to be assumed as the base of the 
i*esulting triangle. In fig. 31 a more complicated case is shown, but the 
method of procedure is similar to the above, except only, that in starting, 
the triangle ABC is added, and an equivalent triangle ACR is subtracted. 

Problem XXIX. 

To make an isosceles triangle with a vertical angle of 40'', the 
area of which shall be 3*5 square inches. (Fig. 32.) 

Commence by making an isosceles triangle ABC, having a vertical 

angle of 40®, the lengths 
of the sides at pleasure, 
and determine the side 
of a square BF equal in 
area to this figure by first 
constructing a rectangle 
on the same base AB, and 
half the height of the tri- 
angle, and then finding 
a LL proportional b^ 
tween the sides of this 
Fig. 32. rectangle. 

This shows the assumed triangle to be of the wrong area. Next pro- 
duce BF to H, making BH equal to J 3-5 square inches (Problem 
XXYII.). Join CF, and draw HK parallel to it to meet BC in K. 
Complete the similar triangle KLB. It is the one required. 
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The two similar triangles, ABC and LBK, are in area proportional to the 
squares on their homologous sides BC, BK, and these two lines are the sides 
of two other similar triangles BGF, BKH; therefore BG« : BK« : : BF« : BH*; 
hut BF' is the actual area of the triangle ABC; hence BH', or 3*5 square 
inches, is the actual area of the triangle LB£L 

Pboblem XXX. 

To construct a rhombus (having an angle of 60"") of 5 square 
inches area. (Fig. 33.) 

This problem is solved by first constructing a rhombus having the 
given included angle, but not 
necessarily containing the given 
area. Such is ABOD, fig. 33. 
The side of the square to which 
this figure is equal is next de- 
duced by a mean proportional 
between its base AB and its 
altitude BE. This is shown at 

BF. BF is then produced to " "" Fig. 33. 

G, so that BG shall be equal to the side of a square of the required 
area (5 square inches). Then, by joining CF, and drawing through G 
a parallel to CF to meet BC produced in H, the side of the required 
rhombus BH is deteimined. The point M is most readily obtained by 
the diagonal through D meeting HM parallel to AB, etc. 

Problem XXXI. 

To construct an isosceles triangle equal in area to any given 
triangle, and having one of its angles equal to one of those of the 
given triangle. (Fig. 34.) 

Let it be required to make an isosceles triangle equal to ABC, the 
angle at A to be common 
to both figures. Then 
AF and AG, the equal 
sides of the required figure, 
are in length equal to a 
mean proportional between 
AB and AC. For as 
AF«=-AJB.AC, therefore 
AB:AF::AG:AC,orthe Fig. 34. 
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sides of the triangles which include the equal angle are reciprocally 
proportional, hence the areas are equal (Euclid vi. 15). 

The construction will be readily understood by reference to the 
figure ; AD is made equal to AB, and AE is the mean proportional, 
giving the length of AG and AF. 

This principle would apply to solve Problem XXX., as a parallelo- 
gram with an angle of 60*^ could be drawn equal to a rectangle of the 
given area, and then the side of the required rhombus would be a 
mean proportional between those of the parallelogram. 

Problem XXXII. 

To construct a regular polygon of any given number of sides* 
which shall be equal in area to a given triangle. (Plate III., fig. 1).* 

A regular polygon can be divided into as many isosceles triangles 
as the figure has sides by joining its centre to its angular points. 
Further, a triangle can be divided into any number of equal parts by 
first dividing one of its sides into that number of parts, and by joining 
the points of division to the opposite comer of the figure. The problem 
before us may be solved by taking advantage of the above facts, for the 
nth part of the given triangle having been found, an isosceles triangle 
having any desired vertical angle (the angle at the centre of the poly- 
gon) can be determined equal to it in area by the previous problem, 
and the polygon of which this isosceles triangle is the nth part will be 
the figure required. 

Let ABC (Plate III., fig. 1) be the given triangle which is to be 
transformed into a regular octagon of equal area. 

Divide one of the sides, as BC, into 8 equal parts in 1, 2, 3, etc. 
Join 1 to A. Then AlB is ^ of the triangle ABC. At B, set out BN, 
making an angle with AB equal to the angle at the centre of an octagon. 
This is ^"^ or 45**. Through 1 draw ID parallel to AB to meet BN 
in D. Then a triangle ADB, obtained by joining D to A, will be 
equal in area to AlB (Euclid i. 37), and will have one of its angles, 
ABD, equal to the angle at the centre of the required polygon, t The 
next step is to convert ABD into an isosceles triangle by finding a 
mean proportional between its sides AB and BD. The line BH is the 

* The drawing is necessarily placed in the book of Plates, as the restricted 
dimensions of tms volume would not allow of its being made suflEiciently large 
to be clear. 

t The line joining A to D is omitted in the plate, as it is only required for 
demonstration, and may be neglected in actual construction. 
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mean reqnired, and is used as the radios of the circle circumscribing 
the desired octagon. The rest of the construction will be easily 
understood from the figure. ^«- ^ 

A modification of the 
above solution is employed 
to obtain an equilateral tri- 
angle equal to any irregular 
triangle.* This is shown in 
fig. 35y where the irregular 
triangle ABC is converted 
into the equilateral one ® Fig. 85. ^ ^ 

ODE. On one side, AC, of the former, an equilateral triangle AFC is 
constructed; FC is produced to meet a line through B parallel to AC. 
Then the mean proportional between FC and CG, t.e., CE, is used as 
the side of the equilateral triangle required. 

The student will notice that by constructing the triangle FAC and 
producing FC, the angle ACQ is 120^,' or that at the centre of the 
polygon required. Further, AGC is equal to ABC (Euclid i. 37). 
Hence CE, the mean proportional between FC and CG, is the radius 
of the circumscribing circle, as in the last case. But, not having 
divided the given triangle into three parts at starting, the inscribed figure 
(if CE be the radius) will be three times too large. This is remedied by 
making CE the side instead of the radius, as when an equilateral 
triangle is circumscribed by a circle the side of the figure is to the 
radius in the proportion of ^3 : 1. 

Problem XXXIIL 

Given a triangle ABC, the sides being as follows: AB^l-S", 
BO B 1 '2'', and AC » 1*8^ To constmct another triangle equal to it 
m area, two of whose sides shall be 2*3"' and 2*5"" in length respec* 
lively. (Fig. 36.) 

Having drawn the 

first figure ABC 

through B, set out 

BD parallel to AC, y^ ^x- ^ / ^j^ 

and with Aascentre, 

radius 2 *3^ describe A^ 

an arc to meet this ^* ^ 

* The constniotion g^ven would of course apply directly to this case, as the 
eqiiikteral triangle it a regular polygon. 
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parallel in D. Join AD. Next througli C draw OB parallel to AD, 
and with A aa centre, mdioa S'S", deecribe an arc cutting this parallel 
in K Join AE and DE. AED will be the required triangle. 

Tbe proof of the constructiou is bued on Euclid i 37, m ABC=A!DC, the 
commoii base being AC, and AC, BD the parallels. Similarly, A£D=ADC, the 

coaimon base being AD, and AD and CE the parallels, 

Peodleh XXXIV. 

To divide & given triangle into two eqo&l areas by lines dravn 
parallel to one of its sides. (Fig. 37.) 

Ziet it be required to bisect the triangle ABC by a line parallel to 
the base BC. On one of the 
other Bides, aa AC, describe 
\^' a semicircle ADC, and bisect 
> it in D. Join D to A, and 
\ with A as centre, radins AD, 
draw an arc DE, meeting 
in E. Then EF drawn 
' through E parallel to BC 
bisects the triangle. 
Fig. 37. 

Fitoor.— Join AD, DC. Then ADC is a right angle (Enclid ill. 31), and 
AD' + DC* = AC" (Enclid L 47), bnt AD=DC (Enclid i. 4), therefore AD' = 
^AC. Again, AEE and ABC are similar triangles. Henoe their areas are as 
AE'orAD' : AC, orl : 2. 

On the same figure, in dotted lines, the construction is shown for 
dividing the triangle into three parts bj parallels to BC The principle is 
the same as before, AC being divided into three parts instead of two. The 
construction b applicable therefore for any number of divisions; 



Problex XXXV. 

To bieeot a given triangle ABC, by a line perpendionlar to one 
of the sides, as AB. (Fig. 36.) 

Kseot the base AB in T, and from C drop a perpendicular CE to 
meet the base in E. Then find a mean proportional between the half 
of the base and the portion intercepted between one extremity and 
the foot of the perpendicular. This is shown at AF, which is the 
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geometrical mean between AD and AT (^D being eqnal to AE.) 
Then AO is made e;qual to AF, and GH is drawn perpendicolar to AB. 




Kg. 38. 

If it be required to divide tbe triangle into three or any other 

number (n) of equal parts, the base must be divided firat into n equal 

parts, and the mean proportional used must be token between - of tbe 
base and the intercepted portion as before. " 

taooF.— Thetrianglas EBC udOBHore gimilar. Hence BE : BG : : BC : BH, 
but by the couatruction adopted B£.BT = BG>, or BE : BO : : BO : BT. Hence 
BC : BH : : BO : BT, t.«., the two triangles BTC and BOH lutTe oae angle 
common to both, and the aidei about that angle reciprocally proportioDsL They 
ue therefore equal in area [Eaclid vi. 16). But the triangle BTC ia one half of 
BAC (Eaclid L 37). Hence BOH ia alao half of the same triaagU. 



Problem XXXVL 

To divide a ^ven triangle ABC (&g. 39), Into three equal parts, 
1^ lines drawn throngb a ^van point F in one of the aides. 

Divide the base AB into three equal parts, in points O and F. 
Join PG and PF; and through 
C draw CD parallel to PG and 
CE to PF. Join PD and PE. 

If C be jcdnad to O, it it dear 
that CAG i« one-third of the whole 
triangle, and CDO u equal to CDP. 
tor they are on the same baae CD, 
and between the same poralleU CD 
andPG. 

This solution is of course ap- 
plicable for any number of parts. 
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Pboblem XXXVII.(a). 

Oiven any triangle ; to bisect its area by a straight line passing 
throogli way given point within or without it (Fig. 40a). 

Let ABC be the triangle, and D the given point. Through D draw 

a line DE parallel to 

the side CB (the furthest 

from D), and bisect AC 

and BC. Join F to H, 

and through G draw 

GK parallel to FH, and 

KE parallel to AC, to 

meet DE in R On ED 

describe a semicircle, 

and with D as centre, 

radius DF, draw the arc 

FT. Measure the dis- 

D tance ET, and from K 

Fig- 40a. mark off KL, equal to 

it, along the side BC. J6in DL. Then the portion SL will divide 

the figure into two equal areas. * 

When the given point is inside the triangle, the same solution can 
be adopted. 

Problem XXXVII.(6). 

To divide the rectangle ABCD into three equal areas by straight 
lines drawn through the point P. (Fig. 405.) 

Divide the side containing P into three equal parts, and draw per- 
A i' P »' B pendiculars from each of the points 

of division Bisect these perpendi. 
culars, and draw lines from the giv^n 
point through each of their centres. 

When the given point D falls so 

that either of the dividing lines does 

F5g. 40&. not meet the base until it is produced, 

it will not be correct for that one. In such a case the irregular quad- 

lilateral, forming the space, containing two divisions, must be halved 

by the construction described in the next problem. 

* A proof of this construction may be found in Bradley^s Elements of Qe(h 
metrical Drawing^ Part I. 
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Problem XXXVIIL 

To bisect any irregular quadrilateral figure by a line drawn 
through one of its angular points. (Fig. 41.) 

Let ABCD be the given figure, ^ 

and A the given point. Join £D, 
and bisect it in E. Then a figure 
AECB would be half the quadri- 
lateral, tor AEB = \ ADB, and 
BEC = JBDC. Join AC, and through ^ 
£ draw EF parallel to it to meet 
DC in F. Join AF, and the figure 
will be bisected for AFC = AEC 
(Euclid L 37). Kg. 4L 




Problem XXXIX. 

To divide a given irregular figure ABCDEFG (Plate III, fig. 2) 
into any number (11) of equal parts, by lines drawn through one of 
its angular points^ as A. 

The irregular figure must first be reduced to an equivalent triangle, 
having its apex in the point A, from which the dividing lines are to 
radiate by the construction described at Problem XXVIIL In the 

plate, AMN is the triangle equivalent to the figure A K. Next, 

the base of this triangle must be divided into the number of pai*ts 
required ; and it is evident that, if two consecutive points be conceived 
to be joined to A, the triangle thus formed will be ^ of AMN, and 
therefore -^ of the given figure. Hence all those points which 
occur within EF may at once be joined to A For those which fall 
outside EF, proceed as follows: — Taking the cases of/ and ^, join EA, 
and through these two points draw /,/^ and g, g^ parallel to EA, 
until they meet ED in/^ and g^. Join these to A. It will be seen 
that the parallels to the same line through h and % do not meet ED 
until it is produced; hence it is necessary to join AD, and at h^ and 
i^ to draw another pair of parallels to AD meeting CD in W^ and t^. 
The point K, under the conditions given, requires yet another system 
of parallels, and in some cases it would be necessary to repeat the 
oonstmction many times to obtain the division points on the contour 
of the figure. 
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The principle of the coDBtniclion depends on Euclid i. 37; for, 
taking Uie case of the portion AbB/', it ia evident that p-f being 
parallel to AE, the triangle AE/*' is equal to a triangle AE^ com- 
pleted bjr joining f U> A. Hence, adding AsE to both, th& vhole 
tigiire AeE/"' ia eqnal to Aef; but <^ ia ^ of the base MN, there- 
fore AeE/" ia j'^ of the triangle AMN, or of the given irregular figure. 

Fbobleu XL. 
To divide a circle into any number of eqaal parts by ooncentric 
circles. (Fig. 42.) 

Let it be required to divide the circle, centre C (Gg. 43), into five 
equal parts, by other drclee having the 
same centre. Draw a radius CD, and 
divide it into five eqnal parts. On CD 
construct a. Bemicircle, and at each of 
the points of division in the radius raise 
. lines perpendicular to CD to meet the 
semicircle in 1', 2', 3', 4'. Then, taking 
i centre, draw a series of circles 
through these points, and the figure will 
be divided as required. 

The proof i« aualogona with tbat ezploiued. 
in the Clue of the trianele in l^blem 
Fi«. 42. XXXIV. 

pROBLElt XLL 

To ooBBtmct a parallelogram eqnal in area and perimeter to a 
given triangle. (Fig. 43.) 

Let ABC {fig. 43) be 
the given triangle. Draw 
an indefinite parallel 
. to AB, at one-half the 
"height, CH. Then ajiy 
parallelogram on the base 
AB, and between the 
two parallels, will be 
equcd to the triangle. 
Next, with regard to the 
perimeter, it is evident 
that the side opposite 
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AB being equal to it, the other sides must each be in length equal 
to one-half (AC + BC - AB). Produce AC to F, making CF = CB. 
IMark off upon AF, AK equal to AB, and bisect the remainder 
|KF in M. Then KM is the length of the remaining sides of the 
parallelogram, and BD and EA can be set off fi'om B and A to inter- 
sect the parallel EG. 



Problem XLII. 

To construct a triangle eqnal in area and perimeter to a given 
parallelogram, ABCD (fig. 44), whQse opposite sides are 3" and T 
long respectively, and which has one of its angles 50''. * 

In fig. 44, the parallelogram ABCD is that supposed to be given, and 
ABE is the triangle 

which is equal to it ^ I ^ 

in area and peri- 
meter, being deter- 
mined as follows: — 
The line ME is first 
drawn parallel to 
AB, and at a dis- 
tance equal to twice 
the vertical height 
of the given figure. 
Then the apex of 
the required tri- 
angle must fall on 
this line (AB being Rg. 44. (J scale). 

assumed as its base); and the problem resolves itself into finding a 
point on ME, such that the sum of its distances from A and B shall 
equal the sum of the remaining three sides of the parallelogram. The 
method of finding this point was described in Problem XIX. 

* It mnst be noticed here, that this problem cannot be considered general in 
its application, as it would be impossible in certain cases to iind the triangle 
which should be equxd both in area and perimeter to an assumed parallelogram. 
For instance, a square cannot be so transformed; for being a regvlar figure, it 
contains a larger area than any other figure of equal perimeter, and having a 
less number of sides. The possibility of the problem depends therefore on the 
irregularity of the assumed parallelogram ; that is why the data are inserted ot 
a proposed possible case. 
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Fboblem XLIII. 

Oiven an obtuse-angled triangle, ABC, to draw a line BP throngb 
the obtuse angle B, so that it may divide the opposite side, in such 
a manner, that the rectangle on the two segments may equal the 
square on the dividing line; or so that AF.CP may equal BP^. 
(Fig. 45.) 

First circumscribe the triangle by a circle (centre D). Join BD, 

and on it describe a circle 
cutting AC in P and P\ 
Either of these points being 
joined to B, the triangle will 
be divided as required. 

Proof.— K P be joined to D, 
and produced to meet the circle 
in M and N, and BP be also pro- 
duced to meet the circle in Q, it 
will be seen that the rectangle» 
AP.PC, MP.PN, and BP.PQ 
are aU equxd» for they are made 
upon the segments of intersect- 
ing chords of the same circle 
(EucUd iii. 35). But BP is equal 
to PQ (EucUd iii. 3), for MN pass- 
Fig. 4dL ing through the centre meets BQ 

at a right angle (BPD being the angle in a semicircle, Euclid iii. 31). Hence 

BP.PQ=BP»= AP.PC. 




Problem XLIV. 

To divide a triangle into any number of proportional parts by 
lines drawn through a point P within it (Plate II J.^ fig. 3.) 

Let the triangle ABC (Plate III., fig. 3) be the one given, and P 
the point within it, through which the dividing lines are to be drawn. 
Also let the number of parts be four, and theii* ratios 3:5:4:2. 
Divide the base AB proportionally to the given numbers, as at 3, 5, 
4, etc. Join 3 to P, and make CD parallel to 3P. Join PD. 
Repeat this construction to obtain EP. Join F4, and draw CO 
parallel to P4 to meet the base AB produced in G. Join PB, and 
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draw GF parallel to it Join PF. Then the triangle is divided as 
required by the lines radiating from P. 

The proof of this construction does not need detailing, as it is similar 
to others already demonstrated, and depends upon Euclid L 37. 



Problem XLV, 

To divide an irregular polygon into any number of proportional 
parts (aSy for instance, 5:4:7:6:9), by lines drawn through a 
given point P within it. (Plate III., fig. 4.) 

Take one side, as AB, and produce it, using this line for the base of a 
triangle GEH, equal to the given polygon in area (Problem XXYIII.). 
Next, obtain a second triangle IPK equal to the first GEH, but 
having its apex in P. This is done by joining P to G, and drawing a 
parallel to PG through E, meeting GH produced in I ; K is deter- 
mined similarly.* 

Divide IK in the given proportion, as at a, 6, c, (f , e. Join P to B, 
and draw parallels to it through c, cf, « to meet BC produced vaf^g^k. 
As /is in BC itself, join it to P. Next join P to C, and through g 
and h draw parallels to PC to meet CD, or CD produced in t and k. 
Join t to I?. From k draw a line parallel to PD, to meet DE in l. 
Join P^ The remaining points are found in the same way upon the 
other side of the figure. 

This problem depends also for its solution upon the theorem of 
Euclid L 37, and therefore needs no further detailed explanation. 



It will be convenient, at this point, to draw the student's attention 
to the application of practical geometry in the solution of certain 
algebraical equations. It is frequently possible, by a simple geome- 
trical construction, to obtain the value of the imknown quantities from 
Bach equations, supposing always that the known terms are under- 
stood to represent^ to a given unit, quantities measured in length and 
area, etc. 

Thus, in the equation x » --y-, assuming that a represents a length 

of 3% and h of 2", then x can be discovered by drawing a line whose 
total length is 3" (a) -f 3 x 2" (36) or 9", and by taking one-seventh of the 

* These linM are not shown in the Plate ; only the V|i|ulta «s% |p)«cu 
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whole. Or, assuming a to represent 2 square inches, and 6 3 square 
inches, then the value of x would be expressed geometrically by a 
figure (most easily a rectangle) equal in area to the seventh part of 
1 1 square inches (2 square inches + 3x3 square inches). 

These two very apparent cases will give an idea as to the nature of 
the few problems upon thia subject which follow. 



Problem XLVI. 

To detennine, by a geometrical construction^ the value of x in the 
following equations, the unit being one linear inch. (Figs. 46, 47.) 



(1) X = VS ; 



(2)«=^; 



(3)x 



~2~' 



(5).=^; (6)«=y|,lJ. 




1. In the first equation, the quantity expressed by oj = ^8 can bo 

determined by first drawing two lines each 
2'' long, and perpendicular to one another, as 
in fig. 46. Then, by completing the right- 
angled triangle, the hypotenuse AC will 
represent the unknown quantity required, for 
^/2H^=^/8 (Euclid 147.) 

2. To solve the second equation, find the 
value of ^3 by Problem XXVT., and one- 
half of this will be the quantity required. 

3. First find ^6 by drawing a right-angled 
triangle, base 2", perpendicular 1". The hypotenuse will be ^5. To 
this add 1% and take one-half the result This is shown in fig. 47, 

where CE represents the value of x, 

4. In this equation, it is first neces- 
sary to get rid of the surd denominator. 
To do so, multiply both terms of the 
fraction by that denominator; thus — 
_1 

n/3" 



Fig. 46. (i scale). 




Fig. 47. (i scale). 



X H.^^A. ThenfindVs by 



Problem XXVI., and take one-third 
of its length for the value of x required. 

5. In this case, as ^- = ^- x 1, find a mean proportional between 



I 
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two lines, one of which is I'' long, and the other |-'' long. This will 
be the required value of a;. 

6. This case is similar to the last, the result being the side of a square 
equal in area to a rectangle If' by 1^\ 



Problem XLVII. 

To determine, by a geometrical constmction, the value of x in the 
following equations — ^the value of a being 2% of h 1*5^ and of c 1^ 
(Figs. 48 and 49.) 

(1) a: = -^; (2) » = n/S^TjT'; (3) x = \/a*-h^'^ (4) x^s/ah; 



^/^ 



(5)x = 



V 3^ 



(6)» = 



o" +c' 



(7) a!=o« + 2a6+6*. 



1. Multiplying both numerator and denominator by ^3 to avoid 
the surd divisor, we get ^ as the algebraic value of a;, which, by 

substituting the known value of a, reads as ^-f^. Find first, then, the 

length of n/3 by Problem XX"VT., and take ^ of it to discover the 
value of Xy required. 

2. In this case x is the side of a square, whose area is equal to the 
sum of the areas of squares made upon a and 6, and this will be readily 
found by Euclid i 47. 

3. Here the value of a; is the side of a square, equal to the differ- 
ence of the areas of a square on a and another on 5. But as a^ - 6^ is 
equal to (a + b) (a -6), the length representing x can be found by 
determining a mean propoi*tional between 3-5" (a + b) and -5" (a - b), 

4. In this case the value of a; is the mean proportional between 
a and h, or their geometric mean, as described in Problem Y. 

5. To solve the equation «« \/-^» 

we must first get rid of the surd divisor, 
which we can do by squaring both 



^. Then, as ab 
3 



sides, so that x^ > 

ineans a rectangle (sides a and b respec- 
tively), that figure must be drawn first l\ 

and divided into three equal parts. * '"" 
Then, as one of these by the equation 
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will be equal to x^, the mean proportional between its sides will be 
the Talae of as. This is shown in fig. 48. 

6. The sum of the sqnares upon a and e can be determined by Pro- 
blem XXVl. Then the meaning of the equation is, that x is the 
unknown side of a rectangle whose other side is equal to h^ and 
whose area is equal to the square (a^ + e^). This will be apparent 
if both sides of the equation be multiplied bj h. It will then read 
fe = a*+c'. The construction is shown in fig. 49, where A6 
and AD, "equal to a and c respectiTelj, are drawn at right an^es. 
Then BD is the side di a square equal to a^+c^. Next, BE 

is drawn perpendi- 
cular to BD, and 
equal to it, BD being 
produced to C, so 
that BC shall be 
equal to 6. Then a 
semicircle through 
C and E intersects 
BD, produced in F. 
BF is the value of 
as required. 

ForBC,BF = BE* 
or &c = a* + c*. 

7. In thiscase, asa' + 2a6 + 5's(a + 5) (a + 6). The value of a; is 
a square drawn upon a line whose length is equal to that of a + & 




Fig. 49. 



Problem XLVrCL 

To constmct a triangle ABC, base AB= 3% and the sines of two 

!% 1 

of its angles to be "^ - and ^ respectively. (Fig. 50.) 

First determine the value of ^- and }-* as shown in fig. 50 (a). 

Then these lines will represent to radius 1'^ the relative values of the 
sines of the two base angles. Next draw the base AB 3 inches long, 
and at distances equal to the lines just determined draw MN and 



• Kote tliat ^- is equal to 'v -. 
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FQ parallel to AB. With A and B as centres, radius T, draw 
arcs to intersect these 
parallels in D and E. 
Then the triangle is 
completed by joining 
AD and DE, and pro- 
ducing these lines until 
they meet in C. For 

DG = AD sin DAG ^ , -. - ,. 

1 W V>) 

= I'' X ^2- ^* ^^^ ^ Fig. 50. (i scale.) 

noticed that the angles having these sines are 60^ and 45^ respectively. 





EXERCISES. 

1. Determine a square equal in area to a rectangle 7t' by 2", and a triangle 
3* by 2^ by 2\" added together. 

2. Given any parallelogram with sides 3 : 2, to construct an equal parallelogram 
having the same angles, but whose sides shall be as 2 : 1. (May Exam. 1871.) 

3. Divide a hexagon of 1 *5" side into eight equal parts by lines drawn through 
one of its angular points. (May Exam. 1877. Honours.) 

4 Draw a semicircle of 4" diameter, and another one-third of its area. 

6. Given a triangle ABC; AB=2"; BC=3''; AC::-2-5''. Required, aright- 
angled triangle equal in area, and having one of its angles equal to ABC. 
(Honours.) 

6. Make an equilateral triangle of 6 square inches area. 

7. Draw a square of 2*5^ side and a heptagon equal to it in area. 

Hnrr. — Convert the square first into a triangle, and proceed by Problem 
XXXIL 

8. Make an equilateral triangle equal in area to the difference between a 
square of 4" side and a pentagon of 2" side. 

9. Find the value of a? in the following expressions, the unit being 1 inch: — 



aj=/^6+l; X 



-2V3. 



6"' 



'=V5i; 



'=N^' 



«=\/2ixli- 



10. Construct a square equal in area to the sum of the areas of three squares 
<rf r, 1-5^ and 2-25" side. (May Exam. 1877.) 

11. In a square of 3^ side, inscribe another three-fourths of its area. The 
comerB of the required square must be in the sides of the given one. (May 
Exam. 1870.) 
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Hint. — Having found the 9^dt of the required square, determine the radius of 
its circumscribing circle, then describe this circle so as to cut the sides of the 
given square. 

12. Produce a line 3*5" long, so that the rectangle contained by the whole 
produced line and the part produced may equal the square of the given line. 
(May Exam. 1870. ) (Honoura. ) 

Hint.— The produced line will be medially divided at one extremity of the 
given line. 

13. In a circle of 3^^ diameter inscribe a rectangle of 4 square inches area. 
Hint. — Using the diameter as a base, inscribe a triangle in each semicircle 

equal to half the area of the rectangle, the height of this triangle being 4 square 
inches divided by 3", or IJ''. 

14. Divide a line 3*5" long into two segments, so that the area of a rectangle 
contained by these segments may be \\ square inches. 

Hint. — The \l\\ is evidently the mean proportional between the two segments. 
Hence a semicircle most be made upon the given line, and a point in it found 
which is \J\\ distant from the given line perpendicularly. 

15. Construct a square of 1*25" side and a hexagon of 1* side. Construct a 
triangle having an angle of 60"* and an area equal to the sum of the areas of the 
two figures. (Cooper's Hill Engineering College Exam. 1876.) 

16. A parallelogram, whose sides are 4t and 1*2" and included angle 50", is 
given. Determine a rhombus of equal area and having the same included angle. 
(May Exam. 1871.) 

Hint. — ^The required side is a mean proportional between the two different 
sides of the parallelogram. 

17. Draw a triangle whose sides are AB=2-5''; BCr^S"; AC = 3 5". Take a 
point P in AC, *75" from A, and divide the trian^e into 7 equal parts by lines 
drawn through P. ^May Exam. 1871.) 

18. Draw any irregular pentagon, and bisect it by a line drawn through one 
of its comers. 

19. Divide an equilateral triangle 3" side into 4 equal parts by perpendiculars 
to one of the sides. 

20l Make a nonagon equal in area to a pentagon of 2*5" side. 

21. Draw an equilateral triangle on a base 2" long, and divide it into 3 parts, 
in the proportion of the numbers 2, 3, and 4, by lines passing through P— a 
point 1" from one comer and 1*5" from another. (Honours.) 

22. Constmct a square equal in area to the difference between an equilateral 
triangle of 2" side and a scalene triangle 2' by V by 1 *5". 



CHAPTER V. 

ON CIRCLES IN CONTACT AND THEIB TANGENTS. 

The following tLeorems demonstrated hj Euclid are recalled to the 
reader's recollection before commencing the problems of this chapter, 
as many of the methods of solution employed are based upon those 
theorems : — 

1. When a straight line touches a circle, it does so in one point 
onlj, and the radius drawn through that point is perpendicular to the 
touching line or tangent (Euclid iii 16 and 18). 

2. When two circles touch one another, .they do so in one point 
only, and the straight line which joins their centres passes through the 
point of contact (Euclid iii. 11, 12, and 13). 

3» Only two tangents can be drawn from one point outside a circle, 
and the angle included between these two tangents is the supplement 
of the angle made at the centre by the two radii, dniwn through the 
points of contact. 

4. If from a point outside a circle two straight lines be drawn, one 
to cut the circle and the other to touch it, then the rectangle on the 
whole secant, and the part of it outside the circle, is equal to the 
square on the tangent line (Euclid iii, 36). 

5. From the last theorem it follows that the rectangles on all 
secants and their relative outside segments, if they be drawn from one 
point, are equal, as each is equivalent to the square on the tangent 
line through the same point. 

6. If two chords of a circle intersect, the rectangles upon the seg- 
ments of each chord are equal (Euclid iii. 35). 



SECTION I.~CIRCLES AND STRAIGHT LINES IN CONTACT. 

Problem XLIX. 

To draw a straight line tangent to a given circle, and passing 
through a given point ; (1) upon its circumference, and (2) without 
the circle. (Kg. 51.) 

1. As the tangent is perpendicular to the radius at the ^mt> oi 
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contact, the line BD drawn at right angles to AC (the radius through 

"p the given point A) will be the line re- 
quired. 

2. Assuming E (fig. 51) as the given 

point, it will be at once seen that there 

can be two solutions. Join E to the 

centre C, and describe a circle having EC 

W^ ^ / V ^x^ ^or its diameter. The points F and G, 

where this circle intersects the given one, 
Fig. 51. are the points of contact of the two tang- 

ents referred to. Join EF or EG. 

Note.— If C were joined to F, then CFE would be a right angle, as it would 
be contained by a semicircle (Euclid iiL 31.) 



Problem L. 

To draw two tangents to a given circle, 
to meet at a given angle. (Fig. 52.) 

Assuming the meeting angle as 50°, the 
contact points can be at once determined by 
drawing two radii whose included angle is 
180°, less the given angle. In this case, 
therefore, it will be 180° - 50°, or 130°. The 
required tangents are perpendicular to these 
radii 



Problem LI. 




Fig. 52. 



Given two unequal circles^ to determine the four straight lines 
which shall be tangent to both. (Fig. 53.) 

Join the two centres A and B, and describe a semicircle on AR 
On each side of K make Ka and K6 equal to the radius of the smaller 
circle. Then Aa will be the djffer&nce and Ah the sum of the radii of 
the two given oirclea Through a and h, with centre A, describe arcs 
to meet the semicircle in d and e. Join Ad and produce it to D. 
Join A6. Draw BC parallel to AD, and BH parallel to Ae. Then 
and D are the two points of contact of the tangent which touches both 
droles on the same sidci whilst G and H are the points of contact of a 
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tangent which passes between them. The two others, EF and MN, 
are shown in the drawing, and, being symmetrical about AB with 
those already determined, they can be found without further description. 




Fig. 53. 

The principle of the constmction is that the smaller circle is supposed to be 
reduced to a point B, and the larger one is diminished in radius as much as the 
smaller. If B were joined to d^ it would be seei^ at once that Be? would be a 
tangent to this diminished circle. Then, by the construction, this line is, as it 
were, removed through a distance equal to that by which the given circles were 
reduced, ie.,CD is parallel to B(2, at a distance from it equal to the radius of 
the smaller circle. The same principle applies to 6H, which is parallel to a 
line Be, not shown in the figure. 



PfiOBLEH LIL 

Oiven a circle of 1" radios to find a point in the diameter pro- 
dneedy such that the tangent from that point may be 1 '5" long. 

(Fig. 54.) 

At one extremity, as A, of the given 
<Hameter, set out AB a tangent to the 
circle, and in length equal to the one re- 
^nired« With centre and radius BC, 
describe an arc to meet the diameter pro- 
(looed in F. This is the required point, 
for the arc BF is a locus of all points, 
ftom which tangents to the given circle 
tte equal in length to AB, Fig. 54. 
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Pboblem UIL 

To describe a circle through three given points which are 

5 not in one straight line. (Fig. 55.) 

Let ABC be the given points. Join them, 
and draw two lines peri)endicular to and bisect- 
ing AB and BC respectively. The intersection 
of these two lines is the centre of the circle re- 
quired. 




Fig. 55. 



Problem LIV. 



To describe a circle which shall pass through two given points, 
and which shall touch a given straight line. (Fig. 56.) 

This problem is possible with any given relative positions of the 
points and line, so long as the former are on oim side of the latter. 
If the two points are equidistant from the straight line, then a third 

point in the circum- 
ference (the point of 
contact of circle and 
given line), is found 
by a perpendicular 
bisecting the line join- 
ing the given points. 
But if, as in fig. 56, 
they are not equidis- 
tant, then proceed as 
follows : — Join the 
given points A and B, 
Fig. 56. and produce the line 

AB in one direction till it meets the given line in C. This line AC is 
then a secant of the required circle, meeting a tangent to it' in C, and 
by the Principle 4, cited at the commencement of this chapter, AC.BC 
must equal CE*. Make CE, therefore, a mean proportional between 
AC and BC, as shown. Then, having A, B, and E as 3 points, pro- 
ceed to describe the required circle through them. 
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Pboblem LV. 

To describe a circle which shall pass through two given points 
and touch a given circle. (Fig. 57.) 

In ^g, 57 A and B are the given points, and the circle (centre C) 

tlie given one. Join AB, 

and bisect by an indefinite -^ 

perpendicular DE. This line 

is at all points equidistant 

from A and B. Take then 

any point, as F, upon it, and 

describe a circle to pass 

thix>i]gh A and B, so as to 

intei'sect the given circle in 

two points, H and K. Then 

HK produced will meet AB 

])roduced in T. From this 

point draw the tangent TM 

to touch the given circle in 

M.* From C draw CM per- 
pendicular to TM, and pro- Fig. 57. 
(luce it to meet DE in Q. Then Q is the centre of a circle ABM, 
which satisfies the conditions of the problem. There is, of course, a 
second solution, in which the required circle passes through A and B 
and includes the given one. Its centre is at P, which is found by 
drawing the second tangent TN, and producing the radius NC to meet 
BE in P. 

The property of the chord and tangent (Euclid iiL 36), described in the pre- 
^ous problem, is taken advantage of in the above solution. For it will be readily 
Ken that, as BT.AT is equal to TK.TH (both being secants of the same circle), 
tad as also TK.TH is equal to TM^, therefore TM must be a tangent to the 
paired circle. 

Problem LVI. 

In a given angle to inscribe a circle (1) of given radius ; (2) to 
pass through a given point P within the angle. (Fig. 58.) 

1. Let AED (fig. 68) be the angle in which a circle of '3" radius is to 

* The student should notice that if A and B had been equidistant from the 
given circle, the chords HK and AB would be paralleL The tangent in that 
case would alio be parallel to these two lines. 



64 Geometry. 

be inscribed. Bisect the angle as at EF, and draw a line HK parallel 
to one of the legs of the angle, and at a distance from it equal to 
the required radius. As each of the lines EF and HK is a locus 
of points, satisfying one of the two conditions of being equidistant 
from AE and DE, and of being '3" from one of them, it is clear 
that the point O satisfies both ; it is therefore the centre required. 

2. On the same figure, the solution of the second portion of the 
problem is shown. P is the given point. Any circle, as SMT, is first 
drawn, touching both legs of the angle. Then P being joined to E, 
PE meets the circle SMT in M. Then M on this circle corresponds 
to P on tbe required one. Join M to N (the centre), and draw PQ 
parallel to MN. Then Q is the centre required. This needs no 
further proof. 

A 




Fig. 68. 



Problem LVIL 

To inscribe a succession of circles in a given angle, each one 
touching two others and the lines of the angle. (Fig. 59.) 

In fig. 59, the given angle is ABC, and one circle (centre D) is sup- 
posed to be a fixed or given one, the problem being to find the centres 
of two others (one on each side) which shall touch the fixed one, and be 
inscribed in the angle. From D set out a radius DE, perpendicular to 
AB. At F draw FG, perpendicular to BQ, meeting AB in G. Then 
GE and GF are two tangents drawn to one circle (centre D) from one 
point G; hence (Principle 3, page 59) they ai-e equal Take then G for 
centre, and with GF as radius describe an arc EFH, to meet AB in H. 
Then, as GH and GF must both be tangential to the next smaller circle, 
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wcA as they must also be equal, H must be tbe point of contact, and tbe 
radius through H, perpendicular to AB, therefore discovers the required 
centre K. The larger circle is determined in the same manner. 




Fig. 69. 



Problem LVIII. 

Given a cirele and a straight line, to describe another circle of 
given radios to touch both. (Fig. 60.) 

Generally two different solutions of this problem are possible — one, 
^here the required circle touches the given one exteriorly; and the other, 
where it includes it. Both cases are shown in the figure. Further, 
the given line may cut the given circle, and with such a condition one 
of those required must necessarily he included by the given one. 

Case 1. Let AB be the given straight line^ and the circle (centre 
C) the given circle ; and let another circle be required, of radius '5", 
to touch the line and circle exteriorly. At a distance of '5" (the 
given radius) from AB, draw a line ah parallel to it. This is a 
locu8 of all points '5^ from AB ; henoe the centre of the required 
ciide is in this line. Next draw the arc of a circle, gh, concentric 
vith the given circle, but having a radius '5'^ larger, and intersecting 
the line o6 in F. Then F will be a point '5" away from both given 
ciide and line. It is therefore the centre of the required circle. The 
points of contact are B and S, R being contained by a radius FB, 
perpendicular to AB, and S being in the line joining to F. 
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Case 2. In this case the required circle (I'TS" radius) is to 
include the given circle, t.e., it must touch it interiorli/.. As before, 
draw a'6' parallel to AB, and I'TS" from it. Next draw a line yz 
through the centre of the circle, and make it 1*75^ long, measured 
from y. With as centre, radius Cz, describe an arc st to meet ab' 
in G. Note that stiaan arc of the circle, which is the locus of all 
points that are 1-75" from the opposite side of the given circle. The 
required circle is LK, centre G. 

M 




Fig. 60. 
A third case is shown on the figure, in which MN is the given line 
cutting the given circla In such a case it is evident that the required 
circle cannot indvde the given one, but may be included by it. The 
radius is taken as '4" in this instance, mn being parallel to MN, and 
the 2xcpq being '4" nearer to the centre O than to the given circle. The 
intersection of mn and pq gives X, the centre of the required circle. 



Problem LIX. 



To draw a circle of given radiusy to touch two given circles, 
centres A and I^ 0) exteriorly; (2) interiorly. (Fig. 61.) 

Case L This is a similar problem to the previous one. ^Dhe first case 
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is solved by the circle (centre 0), as mn and OD are arcs concentric 
with the two given circles A and B respectively, and at a distance 
from them equal to the given radius, which is taken as 'h". 




K 

Fig. 61. 

Case 2. The second case is satisfied by the large circle, centre E. This 
point is found as follows : — ^A being joined to B, and produced in botb 
directions, wy and r» are each made equal to the given radius (1*8^.) 
Then taking A and B as centres in turn, two arcs, yz and si^ are drawn 
through y and %. The intersection of these in E determines a point 
which is I'S'^ from the opposite sides of each of the given circles. It 
is therefore the centre required. The circle (centre D) is drawn to 
illustrate the case in which the required circle is to touch one circle 
exteriorly, and the other interiorly. The diagram explains itself suffi- 
ciently as to how the centre D is obtained. 



Problem LX. 

To describe a circle which shall be tangential to a given straight 
line at a given point, and shall also touch a given circle. (Fig. 62.) 

As in the two previous problems, so in this one, there may be several 
cases for solution resulting from the relative positions of the gjLy^YLda.\».. 
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Case 1. Here the required circle is to touch the given one (centre 
C) exteriorly, AB being the given straight line, and P the given point. 
Draw QH through P, perpendicular to AB, and take PQ ahovt the 
line equal to the radius of the given circle. Join QG, and bisect it by 
a perpendicular 'pq. This line will intersect QH in F, the centre of 
the required circle. 

Proof.— If F be joined to C, then Q/F and C/F will be equal and similar 
triangles (Euclid i. 4) ; hence QF=CF; but PQ, a part of QF, is equal to GO, a 
part of OF; therefore the remainder PF=FG. 




Fig. 62. 

Gase 2. Here the required circle is to touch the given one interiorly. 
In this case take PQ' hdmo AB equal to the radius of the given circle, 
and proceed as before. 

Gase 3. A third case is shown in the figure, where the given line 
cuts the given drcle. In this instance, the circle to be determined 
muBt be included by the given one. The construction is similar to the 
second case. 



Problem LXI. < 

To describe a circle which shall be tangential to a given circle 
at a given point, and also to a given straight line. (Fig. 63.) 

In the figure, AB is the given straight line, and C and M are two 

given circles, P and P* being given points upon their circumferences. 

Three solutions are shown, in the first of which the circle determined 

^centre O) touches the given one exteriorly; in the second, it (centre E) 
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touches it interiorlT/; and lastly, the given line is shown catting the 
given circle, and, in this instance, the one determined (centre N) is 
necessarily included in the given one. 

Case 1. As the fixed point P is the point of contact of the given 
circle and the required one, the centre of the latter must be in a line 
joining E to P produced (Euclid iiL 12). Hence a line PQ, perpen- 
dicular to CP, must be a common tangent to both circles. Then as PQ 
and AB are both to touch the required circle, the line OQ, bisecting the 
angle between them, must contain the centre. Hence O is the centre. 

Case 2. If the angle AQP be bisected by QE, the intersection of 
this line with PO produced will give the centre E of a circle fulfilling 
the conditions of the problem, and touching the given circle interiorly. 

Case 3. As before, MP* produced must contain the centre, and 
FT is a tangent to the required circle. Hence TN, bisecting the angle 
ATP', gives N, the required centre, upon MF. 



T B 




Fig. 63. 

Problem LXIL 

To describe a circle to touch two given cirele8| one of them in a 
given fixed point (Fig. 64.) 

Let A and B (fig. 64) be the centres of the two given circles, and P 
the fixed point upon one of them. 

Case 1. Where the required cirde touches both and includes 
then. — Join A to B and P to A. Through B draw BO parallel to 
AP. Join PC and produce, to meet the circle B in D* Join Bl^ %sA 
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produce, to meet AP, also produced in E. Then describe the required 
circle with E as centre. 




s 

Fig. 64. 
Case 2. Wh&re the required circle Umchee both and indudee one 
of them, — Proceed as before to obtain BC. Produce it to F, and join 
FP. Then G, the intersection of FP with the given circle, is the point 
of contact of the required circle with it. Join BG, and produce to 
meet PE in 0. Then O is the centre of the required circle. 

Proof.— The angle DGB is equal to DPE (Euclid L 29), but DCB is equal to 
CDB, for BD=BC. Hence EDF is equal to DPE, the triangle is therefore isos- 
celes, and ED is equal to EP. Further, D must be the point of contact, as it is 
in the line ED passing through the centres of both circles. A similar proof 
applies to the second case. 

Problem LXIIL 

Given a circle^ a straight line, and a point between them, to 
describe a second circle which shall pass through the given point, 
and be tangential to both line and circle. . (Fig. 65.) 

Through C, the centre of the given circle, draw EF perpendicular to 
AB, the given line. Next describe a circle to pass through P, G, and 
F. Join E to P. Then the point Q, where EP meets the circle just 
described, is a second point in the circumference of the one required. 
Proceed then by Problem LIV. to find T, the point of contact of the 
line and circle, and hence obtain the centre D.* 

V 

Note. — If HT were measured along AB on the other side of H, we should 
obtain the tangent point of another and larger circle, which would pass through 
P and Q, and touch the given circle in a point further from AB. 

* The whole of the construction lines are left in the figure. 
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Proof. -^oin ET, and draw GM perpendicular to it Then ETF and E6M 
are aimilar triangles, both being right-angled, one at F and the other at M 
(Euclid iii. 31), and having one angle TEF in common. Hence ET : EF : : 
EG : EM, or ET . EM = EP. EG. But EP. EQ = EF. EG. Therefore 
£P . EQ = ET . EM, and hence a cirde can be drawn through P, T, M, and Q 
(EucUd iii. 36). 




Fig. 60. 

Next, to prove that M is the point of contact of the given and required 
circles, join DM, MC. Then in the two isosceles triangles. ECM, MDT, the 
angle MEC=DTM. (EucUd i. 29). But EMC=MEC, and DMT=DTM; there- 
fore DMT is equal to EMC, and DC is a straight line (Euclid i. 15), and M ia 
the point of contact, as it is in the straight line joining the centres of the circles 
(EucUd iii. 12). 



Several problems have been omitted from the chapter which would 
seem to most suitably find their place at this stage. Such questions, 
fop instance, as the following : — 

a. '* To describe a circle which shall touch three given circles. ** 

& '' To describe a circle to be tangential to two given circles and a 
given straight line." 

These problems have been omitted because they are generally solved 
by methods which do not admit of mathematical proof. For example, 
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the former of the two quoted above would be determined as follows : — 
A curve would first be obtained which at all its points is equidistant 
from two of the given circles (see Problem LXXXVIL, Chapter VI.). 
Then a second curve would be found which is equidistant from one 
of these and the third circle. The intersection of these two curves 
would give the centre of the circle required, as it would be a point 
equidistant from each of the three given ones. 

There are solutions, however, to some of these problems which are 
based on the properties of the straight line and circle only, and which 
can be proved from Euclid's theorems, but thej are intricate, and, 
although ingenious, are not so suitable to the practical draughtsman 
as the methods previously refeiTed to. In the following cliapter the 
determination of these and other curves is demonstrated, and the 
student will, after its perusal, be enabled to more satisfactorily appre- 
ciate the gist of the preceding remarks. 



SECTION n.— SOLUTIONS OF PROBLEMS UNDER PECULIARLY 

RESTRICTED CONDITIONS. 

It frequently happens that the draughtsman requires solutions to 
simple geometrical problems which he cannot obtain by the ordinary 
methods. For lines may meet at points so remote as to be practi- 
cally ''out of bounds,'' or parts of circles may have to be struck 
whose centres are inaccessible. It is proposed theref6re to insert here 
a few solutions of characteristic questions of this class. 

Problem LXIV. 

Given two straight lines which are not parallel, to bisect the 
angle between them without using the angular point (Fig. 66.) 




Let AB and CD (fig. 66) be the 
given lines. Draw two parallels, ah 
and cd^ to the given lines, and equi- 
distant from them, choosing such a 
distance that the parallels may meet. 
Then bisect the angle between them 
by the line EF, which will be the 
Fig. 66. one required. 
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Problem USX. 

Given two straight lines which approach each other, given also 
a fixed point; through the point to draw a third straight line which 
would meet the two given ones in their intersection, that inter- 
section being inaccessible. (Fig. 67.) 

Let AB and CD (fig. 67) be the given lines, and P a given point. 
Draw any line ah to 
meet the given lines, 
and join aP, 6P. Next 
draw any parellel cd to 
a6, and through e and d 
draw parallels to aP and 
6P respectively, meeting 
in T. Then the straight 
line passing through P 
and T is the one required. 

When the given point 
is outside the given lines, Fig. 67. 

as at Q, the solution depends on the same principle, tmQ and KnS 
being similar triangles. 




Problem LXYL 

Given two straight lines which approach, and a point between 
them ; through the given point to draw a straight line which shall 
meet the two given lines at equal distances from the given point 
(Fig. 68.) 

Let AB and CD be the given lines, and P the given point. Through 
P draw any line GH, meeting 
CD in H. Then make PG 
equal to PH, and through G, 
draw GF parallel to CD, to 
meet AB in F. Join FP, 
and produce it to meet CD 
in E. Then EF is the line 
required. Note that the 

triangles GPF and EPH are Fig. 68. 

equal and similar. Hence PF « PE. 
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Pboblem LXVIL 

To deacrilM tlie tro of a oinle wbieh shall pasB tliTonirh three 
giren points not in the same etraight line, the centre being inac- 
oessible. (Fig. 69.) 

Aaaiiming it to be desired to dr&w tbrougli A, B, and C (Gg. 69), 
the arc of a circle, the centre being too remote to be av^kble, 
points in it can be found aa followB, and the curve can then 
be traced throagh them. Join AB aod BC, producing the lines as 
shown. With A and C as centres, radius equal to AC, describe the 
arcs AE and CD. From O and H set off along the arcs, on each 



Fig. 69. 

side of the tvo p<mite, eqnal distances, as 1, 2, 3, 4, 6, etc. J(Hn the 
points on each arc to the centre with which that arc was struck. 
Then the intersections of the corresponding lines, taken on altomato 
sides of G and H, will give points in the arc required. Thus IC bdme 
G meets lA above H in 1', and so on. The points are marked for 
obtaining the arc from B to C, bat only one pair of intersecting lines 
is shown, to avoid confusion. 

Thii congtmction depends upon the building of ■ leriei of trianglea [upon tlie 
chord. AC), >U having the Bsme vertical angle. Thug tlie angle ABC is equal to 
the angle A4,G. They can be proved to be equal thai : — Join 04 and H4, aa 
■hown by dotted lines. Then angle 0G4 = angle EA4 (Enclid iiL 27). Bnt 
the angles of a triangle together mske two right anglea. Hence the angles ABT 
+ BAT + BTA = ci,T + 4iTC + TC4'. Bat iTC = BTA (Enclld I 16), and 
therefore the angle ABT = A4,C, and aa thia oan be proved for each tiiaB^ 
A^0 curve pasaing tliroogh tlieir apices it a i^rde (EncUd iii 21). 
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Pboblem LXVm. 

Oiven tlie an of a oirole to draw a tangent to the are (1) to pata 
tluongh a point in it; (2) throagli a point onteide it; the oentre of 
the eirole not being available. (Figs. 70 and 71.) 

1. Let A£ be the arc, and C the given poinL Mark off equal dis- 
taoces on each aide of C, as at E and 
F. Join EF, and draw CG per- ' 
pendicular to EF. Then ST, the 
regoired tangent, will paas through 
C perpendicular to CO. 

2. In this case, let F (fig. 71) Fig. TO. 
be the given point. Draw through F a secant FGH. 
proportional between TG 
and FH will give the 
lengtii of the tangent to 

Ae arc from F. This ia 

ihown at FC', FG' being 

equal to FG. With F 

u centre, FC' as radius, 

deacribe an arc meeting 

Qie given one in C, and 

I draw the reqtdred tan- 
I gent through F and C. 




Fkobleu LXIX. 
fiiven tvo atraigbt lines vhioh approach, and a point between 
them; to deecribe a 
tinle Thioh shall 
I fiia thiongrh the -^"^ 
(i?en point and toach 
tie given lines; the 
tasting point of the ^H 
(fven Uses being on- 
ifailable. (Fig. 72.) 
To solve this pro- 
Uem, first find tiie line 
liJMrting the angle be- Fig. TS: 
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tween those given (Problem LXIY.). Next proceed, as in Problem 
LYI., to determine the required circle, the direction of the line PG 
being found by the method shown in Problem LXV, 



Problem LXX 

Oiven three parallel lines and a fixed point upon one of them, to 
draw an equilateral triangle having an angular point on eaoh given 
line (one of them being the given point). (Fig. 73.) 

Let AB, CD, and EF (fig. 73) be the given parallels, being th€ 

fixed point on one of them. 
Draw any line oh perpendicular 
to those given, and mark off on 
it ad equal to 5c. With a and 
h as centres, radius equal to a6, 
describe arcs meeting in c. 
Join ed. Then draw through 
a line PO perpendicular to the 
Fig. 73. "^ **' direction of erf. This is one 

side of the required triangle. 

Note. — This problem is of special value when the projectors of a vertical 
equilateral triangle are given, and an elevation of the figure is desired (see SoUd 
Geometry). 

EXERCISES. 

1. Given a point, a straight line, and a point in the line, to describe a circle 
which shall pass through the first point and touch the straight line in the other 
point. 

2. Three circles have radii *5^ '75", and *9^ respectively. Each is in contact 
with the other two. Show them. 

3. Two circles of 1 *75" and 1" diameter have their centres 1 'h" apart Draw 
a circle of Zb" diameter to touch both the former and include them. 

4 Draw any three unequal circles not in contact, and determine all the 
straight lines which can be tangential to two of them. 

5. Draw an isosceles triangle, base 1*5", sides 3" long, and inscribe three 
circles in it (not equal), each touching the other two. 

6. Take any three lines which make angles with each other, and describe a 
circle tangential to the three without using the angular points. 
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7. Draw a semicircle on a line 2.5" long. In it inscribe a circle. 

8. Two straight lines meet at 60^ Draw a touch to touch one of them, and to 
pass through the other in two points at distances of 1*4" and 2*75" from the 
angle. 

9. Draw a circle of 2*5" diameter. Through the centre draw a line, and mark 
two points upon it at distances of 1*5" and 2*25" respectively from the centre. 
Describe a circle to' pass through the two points and touch the given circle. 
(May Exam. 1869.) 

10. The centre A of a circle of 1*5" radius is 1*75" from a line; a point P in 
the line is 2" from A. Draw a circle to touch the line in P and to touch the 
circle^ but to contain it within it. (May Exam. 1875.) 

11. Draw a small portion of a laige circle, and find points in the continuation 
of the curve, not having recourse to the use of the centre. 

12. Draw a circle of 3" diameter, and two others to be included by the larger 
one, and to touch each other. The radii of the smaller circles to be *5" and 
*75'' respectively. 



CHAPTER VI. 

ON PLANE CURVES, THEIR TANGENTS AND NORMALS. 

There are certain curves, the determination of which is frequently 
necessary in preparing geometrical and mechanical drawings. Amongst 
these are the ellipse, parabola, and hyperbola, the cycloid and its 
allied curves, the spiral, the involute, etc. These cannot be drawn 
by the ordinary compass, and attempts to substitute small arcs of 
circles with ingeniously contrived systems of centreing, should be 
avoided. The draughtsman should therefore adopt the device of 
finding accurately a series of points in the line required, and should 
then trace it through these points,, either by hand, or with the aid of 
flat moulds of wood or ebonite, termed French curves. 

The known properties of the lines should form the bases of his 
constructions. These properties are demonstrated by mathematicians. 
The accuracy of the result would of course depend partly upon the 
number of points found, but greatly also upon his own judgment and I 
the manual skill shown in drawing the final line. 

It should be mentioned here, that practice will after a time enable 
one to instantly detect any imperfection in the shape or continuity 
of the curve, and it will then be found that a few points, truly 
determined, will be considered quite sufficient to obtain the desired 
line. It is of special importance, where possible, to draw some of the 
tangents to these curves,* as they are of the greatest utility in acting 
as guide-lines. A few of these can be rendered of more service than 
even many points, as, by their aid, the eye is led to picture to the 
mind the direction and sweep of the whole curve. 

The student, before commencing to solve any of the problems of this f 
chapter, should make himself well acquainted with the properties of ^ 
the lines under consideration. He will find that all of these are given ' 
which are necessary for him to know. If he desires the proofisi of ^ 
the statements made, he is referred to mathematical works upon the ^ 
subject. ^ 

* The circle is the only curve whose tangent can be drawn at once from a [ 
point upon it. In all other instances, a second point has to be determined l^ « 
conatmctionB based upon the known properties of the curves. 
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DIVISION I.— THE CONIC SECTIONS. 

There are three curved lines which are deducihle from plane aecttons 
of the right conical surface. These are termed the Conic Sections. 
They are the Parabola, the Ellipse, and the Hyperbola. 

Generally speaking, the common notion of a right cone is that of a 
pyramid with circular base. Euclid defines it as being generated by the 
revolution of a right-ai^Ied triangle about one of the sides containing 
the right angle. It is best for our purpose, however, to conceive of 
the surface being developed by the rotation of a straight line which 
always meets a fixed one at a constant angle, as in £g. 71, where the 
line CD is supposed to revolve 
about the fixed line AB, the two 
meeting in E at the same angle, 
at all periods of the rotation. By 
this conception, the conical sur- 
face becomes doubled and bisym- 
metrical on either side of E. The 
three curves are then deducible 
by three plane sections of the 
surfisce ; thus : — 

1. Th« PoroAoio.— The cutting 
plane is taken parallel to one of the 
positions of the moving line OD, 
and perpendicular to the plane con- 
taining this line and tjie fixed axis, ^- 7^ 

as at OFH. The curve thus formed, it will be readily seen, is tmlimited, 
and can have only one branch, for the conical sui-face is supposed to be 
indefinite, and the secticm plane only intereects one portion of it 

2. ?7i« Ellipse, — The cutting plane is taken in such a manner as to 
intersect the rotating line CD in all its positions. This gives the 
ellipse (ELMN.) The curve is necessarily a closed one, and limited. 

3. The Hyperbola. — The cutting plane is taken parallel to the fixed 
line AB, as at RST, The section in this case gives the hyperbola ; 
but, as the plane cuts both portions of the conical surface, the curve 
will be double, i.e., it will have two branches, and be unlimited.* 

* The atudsnt will notice that two sections oC the cone are bera omitted, one 
irhsra the unttmg plane coDtaina the axis, and the other where it i» perpen. 
dicnlar to it. In the former caie, tvo lines meeting in E, and in the latter a 
cirele, remit ai the seotioiis. It is xaaal to conaider the ^rat as a particular 
COM ol the hyperbola, and the seoond of the ellipBe. 
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The student will find that in Chapter XL, Solid Geometry, each of 
these curves is deduced from the right cone as above described, and 
the necessary constructions are there given. But it is proposed at 
this stage to treat these lines in quite a different manner. It is more 
convenient to discuss the plane geometry of them, by considering them 
as being generated by the movement of a single point under restricted 
conditions over a plane surface. For instance, the parabola is gener- 
ated by a point moving in a plane so that in all its positions it is 
equidistant from a fixed straight line and a fixed point. This will be 
therefore the definition of the curve adopted in the constructions 
described, and the other two will be treated in similar ways. * 



THE PABABOLA. (Plate IV., fig. 1.) 

The following definitions and properties should be understood before 
commencing the problems : — 

1. The parabola (TAZ, Plate lY., fig. 1) is a curve which, at all 
its points, a, 6, c, etc., is equally distant from a fixed point S, called 
the focu8y and from a fixed straight line XX, called the directrix. 
Thus Sc = ct 

2. DE is the axis ; A is the vertex ; eL and /K are ordinates of the 
axis ; LA is an abscissa of the axis relative to the ordinate eL ; GH 
is a tangent at M; MN, perpendicular to GH, is a normal; any 
straight line parallel to the axis, and intersecting the curve, as BT, is 
a diameter. 

3. A tangent meets the curve in a single point as at M, and bisects 
the angle between the two lines which measure the distances of the 
contact point from the directrix and the focus respectively. Thus 
(see fig.) GH bisects the angle SMT. 

Note. — The other two conic sections have double foci (see pp. 85 and 91); 
and if from a point in either of these cnrves, two straight lines be drawn to the 
foci, these lines are known as the "foflcal distances." Practically the parabola 
has but one focus ; but it is convenient to consider the curve as possessed of a 
second focus infinitely distant. For then the general rule can be applied, that 
the tangent to either of these three curves bisects the angle between the focal 
distances at the point of contact (MT being drawn parallel to the axis.) 

4. If the intersection of the tangent with the directrix be joined to 

* The circle is a curve traced by a point moving in a plane at a constant 
distance from a fixed point. 
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the focus, and the focus to the point of contact, the angle at the focus 
is a right angle. Thus SM is perpendicular to SH. 

5. The tangent meets the axis at a point such that its distance 
from the vertex is equal to the distance between the vertex and the 
intersection of the axis with an ordinate through the point of contact. 
Thus WA (see fig.) is equal to AP. 

6. The normal is perpendicular to the tangent at the point of 
contact, and bisects the exterior angle formed by the focal distances 
Thus NM (see fig.) is perpendicular to GH, and bisects the angle 
OMT. 

7. The axis divides the curve into two symmetrical portions. Hence 
ordinates to the axis are bisected bj it. 

8. If a tangent line to a given pai*abola be given, and a perpendicular 
to it be drawn through the focus, these two lines will meet in a point 
which is contained by the tangent through the vertex. Thus (see fig.) 
ST, perpendicular to JY, meets it in T', which is contained by AT. 

9. Any diameter bisects all lines drawn parallel to the tangent, 
passing through the intersection of that diameter with the curve. 
Thus B'B (Plate lY., fig. 2) bisects ah and cd. These lines are called 
ordinates to the diameter R'lt. 



Fboblem LXXL 
Given the directrix and focus, to describe the curve of a parabola. 

(Plate lY., fig. 1.) 

Let S be the focus, and XX the directrix. Through S draw DE 
perpendicular to XX. This is the axis. Bisect SQ in A. Then A 
is evidently a point in the curve, being equidistant from directrix and 
focus. It is the vertex. Next draw a series of indefinite lines perpen- 
dicular to the axis, and find points upon them as a, 6, c, eta, in the 
following manner : — ^Taking the line through L, for example, measure 
the distance LQ, and with S as centre, radius equal to LQ, cut the 
ordinate in e. Then the distance of e from S is equal to its distance 
from XX. It is therefore a point in the required curve. Proceed in 
a similar manner to obtain a series of points, and draw the line through 
them. Note that the ordinate through the focus would meet the curve 
at a distance from it equal to SQ. 
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Problem LXXIL 

To determine tangents and normals to a given parabola, its focus 
and directrix being known — 1. Through a point in the curve; 2. 
Through a point outside it (Plate lY., fig. 1.) 

1. From the properties of the parabola and its tangents, previously 
described, it will be seen that thei*e are several ways of solving the 
first part of the problem. 

Let M (see fig. 1) be the given point. Join M to the focus, and 
draw MT parallel to the axis. Then the required tangent can be 
found by bisecting the angle TMS (par. 3).* 

Or, from M draw the ordinate MP, and make AW equal to AP, 
and join WM (par. 6). 

Or, join MS, and draw SH perpendicular to it, to meet the directrix 
in H. Then HM is the required tangent (par. 4). 

The normal is in each case determined by drawing a perpendicular 
to the tans^ent. 

It should be noticed that the directions of the normals give the lines of the 
side joints of the voossoirs or stones forming a parabolic arch. 

2. When the given point is outside the curve, as at J (see fig.), 
the following construction may be used : — 

Join J to the focus, as JS. On this line describe a semicircle, and 
through A, the vertex, set out AT' perpendicular to the axis, and 
meeting the semicircle in T'. Then JT' is the tangent required, which, 
being produced, meets the curve in V (par. 7). 

The point V can be found exactly by producing JT' to meet the 
directrix, and proceeding by the aid of the principle described in 
par. 4. 

Problem LXXIII. 

Given the curve of a parabola^ to discover its axis, focus, and 
directrix. (Plate IV., fig. 2.) 

Let YAZ be the given curve. Draw any two parallel lines each to 
meet the curve in two points, as a6, cd. These lines may be considered 
as ordinates to a diameter which passes through their centres (par. 8). 
Bisect them in M and N. Join and produce in both directions. 

* These references relate to the principles tabulated at pages 11 and 12. 
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Then RR' is a diameter. Draw ef perpendicular to RR'. It will be 
an ordinate to the axis which therefore bisects it. Hence the point P 
(centre of «/*) is in the axis. A second point I is found by using 
another ordinate, or the axis can be drawn at once parallel to R'R 

To determine the focus, draw a tangent (parallel to ah) through T 
to meet the axis in W, and a normal TK perpendicular to it. Next 
make the angle KTS equal to the angle KTR'. Then TS intersects 
the axis in S, which is the focus. 

To determine the directrix, mark off AQ along the axis, and outside 
the curve equal to AS. Then XX drawn through Q, perpendicular 
to the axis, is the directrix required. 



Fboblem LXXIV. 

Given an ordinate of the axis and the tangent at one extremity 
of the ordinate, to determine the curve of a parabola. (Plate lY., 
fig. 3.) 

Let A'T be the given tangent, making an angle d with the ordinate 
A'B'. Bisect A'B' by a perpendicular PT. This line must be the 
axis^ of the curve. Bisect PT in A. This point is the vertex (see 
par. 5). Through A draw AT perpendicular to PT to meet A'T in T'. 
Prom T set out TS perpendicular to A'T' to meet PT m S. Then S 
is the focus of the parabola required (see par. 7), and the curve can be 
completed as described in Problem LXXI. 

The parabola is the curve described by a projectile moving in a 
vacuum when fired at an angle less than 90^ with the horizon. Hence 
this problem would be useful in determining the path of a ball fired 
from a mortar, etc., the inclination of the piece being given, and either 
the range (the length of the ordinate) or the vertical rise (the abscissa 
of the axis). 

Problem LXXV. 

To inscribe a parabolic curve in a given rectangle. (Plate lY., 
fig. 4.) 

Let ABCD (fig. 4) be the given rectangle. Bisect AB in F and 
CD in E. Join EF. Divide AD and AF into the same number (n) 
of eq[aal parts, as at 1 \\ 22', 33', etc., and number as showii) 6tftxt>m% 
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from A. Through 1, 2, 3, 4, draw parallels to AD, and through 
r, 2', 3', 4'y draw lines converging to E. The intersections of 11', 
22', 33'^ etc., give a series of points in the required curva 



The parabola is the locus of centres of circles passing through a fixed 
point, and touching a fixed straight line. The curve equidistant from 
a circle and a straight line is also a parabola. Such a curve is shown 
at HK (Plate IV., fig. 5), for at all its points it is equidistant from 
the line FG, and from the circumference of the circle, centre C. The 
focus of this curve is C, and its directrix would be a line parallel to 
FG, at a distance from it equal to the radius of the generating circle 
(CD). 

Problem LXXVL 

To determine the locus of centres of circles which shall be 
tangential to a given straight line and to a given circle. (Plate 
IV., fig. 5.) 

Through draw OF perpendicular to FG. Bisect DF in H. This 
is the vertex of the required parabola. To discover points in the 
curve, proceed as foUr>ws, a being taken as an example. On either side 
of H set off HI' and HI at equal distances from H. Through 1 
(the more remote from FG) draw a parallel to FG. Through T, with 
centre C, describe an arc to meet the parallel in a. Note that Fl 
must therefore equal Dl'. Proceed in a similar manner to obtain 
other points, and trace the curve through them. Two circles having 
their centres on this line are shown. They are tangential to GF and 
the fixed circle, and touch one another. The centre of the second 
circle (a) can be found by trial, or by tracing a second parabola equi- 
distant from the circle, centre H and the line FG. This is shown in 
the figure. The intersection of the two parabolas gives the centre. 



The student will now be able to solve some problems specially men- 
tioned as being omitted at page 71. A few of these are inserted 
here as suggestions for his practice. 

J. Given a circle of V radius, and a chord of the circle T long. 
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Required, a second circle to pass through a point within the first one 
(not the centre), and to touch it as well as the given straight lina 

Hint. — Find first the parabolic curve equidistant from the given point and the 
straight line. Secondly, determine a similar curve equidistant from the straight 
line and the circumference of the circle. Their intersection gives the centre. 

2. Draw any two converging lines meeting at an^inaccessible point, 
and also a circle between them, but not touching the lines. Determine 
a circle to touch the given one and the two straight lines. 

3. Given a circle and any two chords which would meet if produced 
outside the circle. To describe another circle to touch both lines and 
the given circle internally. 

4. Draw a quadrant of a circle A:^'^ radius, and the two tangents at 
its extremities. In the figure formed inscribe three circles — one large 
and two small, each of the latter to touch the former, 

THE ELUPSK 

It has been already shown how the ellipse can be traced by a plane 
section of a right cone. Our next step is to demonstrate how it may 
be generated by the motion of a point on a plane surfeuse. 

Definition. — ^If a point moves in such a manner that its distance 
from a fixed point is in a constant ratio to its pei*pendicular distance 
from a fixed straight line (being nearer to the point than to the line), 
the carve traced by the moving point is an ellipse. Thus, in Plate 
Na.y fig. 1), if XX represent the fixed line, S the fixed point, and A a 
second point nearer to S than to XX, if A be transferred to positions 
I, H, III, etc., still maintaining the same rdativB distances from S 
and XX, these positions will be in the curve of an ellipse. The line 
XX is a directriXy and the point S a focus. 

Propkhties, etc. — ^The ellipse has two foci and two directrices; for 
another point S' can be found on aa\ whose distances from XX and S 

are in the same ratio as j^. Hence the curve is symmetrical about 

two lines, one of which contains the two foci, and is called the conju- 
gate or major axis (A A'), and another, which is parallel to and equi- 
distant from the directrices, and called the transverse or minor axis 
(BB'). These are mutually perpendicular. The extremities of the 
major axis (A and A') are called the vertices. 

1, Any straight line perpendicular to the major axis is called an 
ordioate, as GH. 
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2. The sum of the focal distances of any point on the cnrve is always 
equal to the conjugate or major axis. Thus TS + TS^ » AA^. Hence, 
(Plate Va, ^. 3a) PF^ + PF^ = QF^ + QF^. 

This property of the ellipse is invaluable to the practical draughtsman. Many 
of the solutions of problems on the ellipse are based upon this fact. 

3. The tangent MN (Plate Va, fig. 1) and the normal RT bisect 
the angles between the focal distances at the point of contact Thus 
MN bisects KTS, and RT bisects STS^. 

4. If two lines meeting in the centre of an ellipse be so placed that 
each is parallel to the tangent at the extremity of the other, these two 
lines are said to be conjugate to one another. Thus in the diagram 
PP^ and TT^ are conjugate diameters, for PP^ is parallel to MN, eta 

Note. — ^It is highly important that this definition be understood, for in 
certain problems in Part n. (Solid Geometry) such diameters can be determined 
readily, and from them the entire ellipse. But the student is cautioned that 
although any two lines mutually bisecting may be assumed as conjugate diame- 
ters of an ellipse to be determined, yet if the figure be already known, each line 
passing through the centre has its correaponcUng conjugate diameter, which 
cannot be assumed at random. 

5. If the intersection of the tangent with the directrix be joined to 
the focus, and the focus to the point of contact, the angle at the focus 
is a right angle ; thus TS^ is perpendicular to SN. 

6. If two tangents to an ellipse meet, and lines be drawn from the 
two contact points to a focus, the angles subtended by the tangents at 
the focus are equal. Thus in Plate V6., fig. 1, the angle QF*T is equal 
to the angle QF^S. 

Problem LXXVIL 

Given the major and minor axes of an ellipse, to detennine points 
in the curve. (Plate Vo.) 

There are several methods of solving this problem, based upon the 
properties of the ellipse just described. 

let MetJiod; (Plate Va, fig. 3a.) 

Let CD, £F (fig. 3a) be the given axes. Determine the foci in the 

following manner. With £ as centre, radius equal to CO, describe an 

arc, intersecting CD in F^ and F*. Next obtain a flexible thread 

equal in laigth to CD, and fix its extremities to pins inserted at F^ 

ajid F^, aiiowing the whole to hang loosely. Then adjusting the 
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pencil BO as to sHghtly stretch the thready trace the curve, being 
careful not to allow the pencil to pa«« oner the thread, and not to pull 
it. This is a mechanical method frequently adopted in the workshop, 
etc. It is based upon the property explained in par. 4. 

^nd, Method. 

Let AA' and BB' (Plate Va, fig. 1) be the given major and minor 
axes. Describe a circle on each of these, and assume any points as 1, 
2, 3, etc., on one of them, and find by means of the radii produced the 
corresponding points upon the other, as at T, 2V3', etc. From the 
points upon the smaller circumference, draw parallels to AA' to meet 
parallels to BB' through the corresponding points upon the greater 
circumference. The intersection of each pair of parallels is a point in 
the curve required.* 

Srd Method. (Plate V6, fig. 1.) 

As the sum of the focal distances of all points on the ellipse is equal 
to the major axis, if the foci be first determined the following device 
will give four points in the curve. Divide the major axis into two 
unequal portions, and using the lengths of each of these parts in turn 
as radius, draw intersecting arcs having the foci as centres. This is 
shown in Plate Yb, fig. 1, where the major axis is divided in g; Cg 
and Ug being used as radii to describe arcs having F^ and F^ as 
centres, and meeting in a, b, c, d, four points in the curve required. 
Mere multiplication of this process is all that is necessary to obtain 
sufiicient guides to draw the ellipse. 

4th Method. (Plate Va, figs. 2 and 3.) 

Again assuming CD and £F as the major and minor axes given, 
construct a rectangle by drawing WZ and XY parallel to EF through 
C and D respectively, and WX and YZ parallel to CD through E and 
F respectively. Divide CW and CO into the same number (n) of 
equal parts, and index them as shown at 1*1', 2*2', etc. Join the 
points of division on CW to E, and through F draw a series of straight 
lines passing through the points of division on- CO to meet them. The 
intersections of corresponding pairs of lines give a, b, c, d, eta, points 
in the required ellipse. *. 

* This method of describing an ellipse is the basis of the construction for 
Problem XIX., Chapter III. 
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This construction may be applied where two conjugate diameters 
other than the major and minor axes are given. For instance, in 
Plate Va, fig, 3, MN and PQ are to be assumed as conjugate to 
each other (see par. 6). The points a, 6, c, etc., are determined by 
a mere modification of the construction just described. The drawing 
will sufficiently explain itself. In Part IL frequent use is made of 
this latter problem. 

NoTB. — The student most be very careful here not to confound the problem 
where the major axis is given and i/M, point in the curve. Those are not the 
data given in fig. 3. 

6ih Method. (Plate V6, ^g. 4.) 

A very simple plan frequently adopted by the draughtsman to 
discover points in the ellipse is as follows : — A strip of paper or card 
with a straight edge has marked upon it the lengths of the semi-major 
and semi-minor axes, so arranged as to show the difference of their 
lengths between them. Thus, in the figure, these markings are 
shown at c', d\ and e', e'd' being equal to OE and cd' to OD; ce\ there- 
fore, representing their difference. Now, keeping e and c upon the 
two given axes, the point d' must always be in the ellipse. Hence, by 
moving the paper into different positions (always under the condition 
of e and e being upon the axes), a series of points can be marked, 
and the curve drawn through them. This principle is the basis of the 
action of the carpenter^s trammel 



6th Method. (Plate Va, fig. 1.) 

If the directrices and the foci be known, the following method may 
be adopted, based upon the definition of the ellipse given at the com- 
mencement. The distance of A from S is less than its distance from 
XX in a certain ratio. At n, any point in the axis, draw an indefinite 
ordinate n\\ Then find a fourth proportional to Aa, AS, and an. This 
will give the focal distance from Fl of a point on nV. In fig. la the 
necessary lines for finding these fourth proportionals are shown. 
There ef is made equal to AS, and an indefinite perpendicular is drawn 
through /. Then eg is made equal to Aa, and the two lines are pro- 
duced. If, then, the distance of any assumed ordinate from AB be 
measured along co^ the corresponding focal distance for the points upon 
it la determinahle by parallels to^ upon cp. 
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Problem LXXVIIL 

Having given the enrve of an ellipse, to determine its msjor and 
minor axes, and its foci. (Plate Y6y fig. 2.) 

First draw two parallel lines to cut the ellipse as a6, cc?, and bisect 
each of these in 6 and /respectively. Join efy and produce it in both 
directions to meet the ellipse in g and h. Then gh is the diameter to 
which ah and cd are ordinates. If it be bisected in 0, that point will 
be the centre of the curve. Then, taking as centre, describe a circle 
of such a radius as to intersect the ellipse in four points, P, Q, B, and 
S. Join PS. It is an ordinate of the axis, and CD (perpendicular to 
it) and EF (parallel to it) are the major and minor diameters required. 
The foci can then be determined as previously described. 



Problem LXXIX. 

Given any two conjugate diameters of an ellipse^ to determine 
its m^jor and minor axes. (Plate Y^, fig. 3.) 

This problem could be solved by completing a rhomboid about the 
diameters given, and (after inscribing an ellipse in the figure) by using 
the construction of the pi'eceding problem. But a direct method may 
be employed as follows: — Assuming AB and CD (see figure) as the 
given conjugate diameters, produce OD to £ so that OD : OA : : 
OA : DE. Through D draw GT, indefinite in length, and parallel to 
^AB. Bisect OE in p, and set out pM perpendicular to OE, to meet 
GT in M. With M as centre, describe a circle passing through E, 
and intersecting GT in G and T. Each of these points is in oim 
of the required axes. Lines through TO and GO give, therefore, 
their directions. From D set out two perpendiculars (Da and D5) 
to OT and OG resj^ectively. Then the lengths of the semi-axes (OY 
and OX) are mean proportionals between OT . Oa and OG . 06. The 
ellipse is not shown in the figure, but would of course pass through 
AZCW, etc 
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Problem LXXX. 

To determine the tangent to an ellipse passing (1) through a 
point on the curve, and (2) through a point outside it (Plate Y6, 
^g. 1.) 

1. When the given point is on the ellipse, the tangent and normal 
can be found most directly by bisecting the angles between the focal 
distances of the points. This is shown in Plate Ya, fig. 1, and has 
been already described. 

2. When the given point is without the curve, as at Q (Plate V6, 
fig. 1), first determine the major and minor axes and foci of the 
ellipse (Problem LXXVIII.). Then, with Q as centre, describe a 
circle BA to pass through Fl (either focus may be used). Then, with 
the major axis CD as radius, and the other focus Fl as centre, draw 
a second arc to intersect the former in A and B. Join A and B to 
F2. Then S and T, the intersections of these lines with the ellipse, 
are the contact points of the two tangents from Q. 

The construction adopted here depends ui)on the property men- 
tioned in par. 8, proved in works on conic sections, viz., that 
the angles QF2T and QFgS are equal By the construction we 
make them so, for in the two triangles, QBFg, QAF^, the three sides 
are correspondingly equal, and hence the contact points must be in 
BFg and AFg. 

Problem LXXXI. 

Given the m^jor axis of an ellipse, and a point in the curve, to 
determine the minor axis. (Plate Y6, fig. 2.) 

Let us assume that CD and S in the figure are the data given. On 
CD describe a semicircle, and from S set out SN parallel to EF, and 
meeting this semicircle in N. Join ON, and from S draw SN' 
parallel to CD, and intersecting ON in N'. With O as centre, and 
ON' as radius, describe an arc to meet £F drawn through O at right 
angles to CD in F. This is the converse of the construction shown 
in Plate Va, fig. 1. 



In Plate Y6, fig. 5, it is shown that if one straight line is caused ^ 
to move in such a manner that it49 extremities are always in two fixed ^ 



^ 
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straight lines at a right angle with each other,^ the centre of the 
moving line describes the arc of a circle, and any other point the 
quadrant of an ellipse, the semi-major and semi-minor axes being 
equal respectively to the two portions of the moving lina Detailed 
description is barely necessary. The movable line is shown in several 
positions, and the points in the lines are measui*ed separately along 
each, and the curves traced through them. 



A curve is said to be parallel to an ellipse when all the normals 
to the latter are intercepted by that curve at equal distances. This 
figure is sometimes used in arch construction instead of the true 
ellipse, as it gives greater headway at the two vertices. It can only 
be drawn by first determining the true ellipse, and then the normals. 

THE HYPERBOLA. 

It has been already shown how the hyperbola is generated by a 
plane section of a cone, and that it is a double curve having two 
branches which are unlimited. 

Definition. — If a point moves in such a manner that its distance 
fi'om a fixed point is always greater than its perpendicular distance 
from a fixed straight line, in a constant ratio, the curve traced by the 
moving point is an hyperbola. The fixed point is the focus, and the 
fixed straight line is the directrix. 

Beferring to Plate YI., fig. 1, let us assume that point A is situated 
nearer to XX than to S, in the ratio of 2 : 3. Next suppose A to 
move on the surface of the paper, in such a way that at positions 
a, 6, Cy d, eta, the ratio of the distances from XX and S is constantly 
2 : 3. Then XJAW is one branch of an hyperbola, S being its focus, 
and XX its directrix. 

Properties and Functions. — The properties and functions of an 
hyperbola are similar to those of an ellipse. 

1. It has two foci, SjSg, and two directrices, XX and X'X'. 

2. The line joining the foci divides the curve symmetrically, and the 
portion of this line between the two branches is the major axis (A A'), 
the extremities of which (A and A') are the vertices ; MN is a tangent, 
XT' a normal; is the centre, and PQ is the direction of the minor 
axis ; oa', bb\ etc., are ordinates of the axis, and AL is an abscissa of 
the axis relative to the ordinate /L. 
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3. The tangent bisects the interior angle between the focal distances 
at the point of contact; thus STM is equal to MTS'. 
• 4. The normal bisects the exterior angle between the focal distances. 

5. The tangent meets the directrix in such a manner, that if their 
intersection and the point of contact be joined to the focus, the angle 
at the focus is a right angle ; thus MS' is perpendicular to ST. 

6. The cui*ve equidistant from the circumferences of two unequal 
circles is an hjq^erbola. 

7. If a straight line continually approaches an hyperbola, but never 
meets it, it is termed an asymptote to the curve. 



Problem LXXXII. 

Given a focnSy directrix, and vertex of an hyperbola, to determine 
points in the curve. (Plate YI., % 1.) 

Let XX be the directrix, S the focus, and A the vertex. Draw 
TaZa perpendicular to AB indefinitely. At A draw Aj9 ]>erpendicular 
to ZZ', and equal to AS. Join Op, and produce it. Next set out a 
series of indefinite lines perpendicular to TaIi^ as a,ay h,h\ etc., meeting 
Op in 1', 2', 3', etc., and ZZ* in 1, 2, 3, etc. Measure the length of 
ir, and with S as centre, using IT as radius, cut the ordinate through 
1 in a and a\ This gives two points in the curve, for by the prin- 
ciple of similar triangles, OA : Ap : : 01 : IT, or Sa. 

The radius for cutting the ordinate passing through 2 is 22', and so 
on. The other branch of the curve is the reverse of this one, and a 
method of finding S' will be described after the problem upon the 

tangent is given. 

> 

Problem LXXXIII. 

Given the curve of an hyperbola, with its directrix and focus, to 
determine a tangent and normal at a given point upon it (Plate 
VI., fig. 1.) 

The construction for this problem is shown on the left branch of 
the curve, UA'W; S' and X'X' being the focus and directrix, 
and T the given point on the curve. Join ST, and draw Sltf 
perpendicular to ST, to meet X'X' in M. Then a line through M 
and T is the tangent required, and TT' perpendicular to it is the 
normal. 
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This construction is based upon the property described in par. 5, 
and by the aid of that mentioned in par. 3 the second focus can be 
found. Thus, by making an angle MTS at T, equal to MTS', the 
point S on the axis produced is determined as the focus required, and 
the second directrix XX is as far from S as X'X' is from S'. 



Problem LXXXIV. 

Having given the double curve of an hyperbola, with its directrices 
and fod, to determine the asymptotes. (Plate YI., fig. I.) 

Let UAW and XJ'A'W be the given curve, and XX, X'X' its 
directrices, and S, S' the focL Join the foci, and bisect by a perpen- 
dicular PQ, meeting the axis in C the centre. On OS describe a semi- 
circle, and mark off SG as a chord of the semicircle equal to CAi 
With C as centre, GG as I'adius, describe an arc to meet PQ in B. 
Next draw AK perpendicular to the axis, and BK parallel to it, to 
intersect each other in K. Join OK, and produce it. It is an 
asymptote to the curve, t.&, it would never meet it although con- 
tinnallj approaching it. The second asymptote can then be deter- 
mined very readily. 

It has been already stated that AA' is called the major axis. The line 
C8 is the semi-minor axis, the whole mmor axis being BB'. These two points 
(B and B') may be assumed as the vertices of a second hyperbola, the lips 
ol which would fill the remaining angles between the asymptotes. Such a 
enrve is said to be conjugate to the first one, and the construction used for 
obtaining the asymptotes depends upon the fact that these lines are the 
diagonals of a rectangle made up of the four tangents through the vertices of 
the conjiigate hyperbolee. 



Problem LXXXV. 

Oi?eii the double carve of an hyperbola^ with its foci and direc- 
trieeSy to determine a tangent to it from a given point outside. 
(Plate VI., fig. 1.) 

Aflsximing. the carves, directrices, and foci, in fig. 1, to be those 
^ gbren, and M as the given point outside, proceed as follows : — With 
^ li as centre, draw a circle passing through S. With S' as centre, 
* ladias equal to the major axis AA', describe an arc intersecting the 
i drde in % and K. Join TS'. Then T, the intersection of thin Uxv^ 
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with the curve, i3 one point of contact, and MTN is the tangent 
required. This construction is analogous with that employed in Pro- 
blem LXXX., the ellipse and hyperbola having similar properties 

Problem LXXXVL 

To construct an hyperbola, its semi-axis m^jor AB^ an abscissa 
of the axis BC, and the corresponding ordinate CD being given. 

(PlateVI., fig. 2.)* 

Through B draw BE' parallel and equal to CE, and join DE'. 
Divide CD and DE' each into n equal parts, numbering as in the figuie 
from D. Join the division points on DC to A, and those on DE to 
B; the intersections of the corresponding lines give points in the 
required curve. The other half can be found similarly. 

Note. — A is the centre, corresponding to C in fig. 1. 

Problem LXXXVIL 

To determine a line which, at all its points, shall be equidistant 
from the circumferences of two unequal circles. (Plate YI.^ fig. 3.) 

Let the circles (centres A and B) be those given. Join the centres, 
and bisect the distance intercepted between them in Y. On each side 
of Y set off equal short distances, as IT, 22', 33', etc. With A as 
centre, draw arcs passing through 1, 2, 3, etc., to meet arcs having 
B as centre, passing through 1', 2', 3', etc. The intersections of 
these arcs, aa', hb\ etc., are points in the required curve. Yery 
little consideration is necessary to see that the points a, 6, eta, are 
equidistant from both circles. 

The line determined is the locus of centres of circles touching both of \ 
those given. Constructions similar to this one are required to solve , 
certain problems on circles in contact, which were mentioned but ^ 
omitted in Chapter Y. The student is advised to apply the principle 
of the above construction to the following : — 

1. Three unequal circles, radii *Vy 2", and 1", have their centres 
A, B, and C at the angular points of a triangle, whose sides are 3*2^, \ 
Z*f>"^ and ^ long. Describe a circle to touch each of those given > 
(1) exteriorly, (2) interiorly, or including them. 

* Jt should be recalled to the student's mind, that it is a property of tilt j;^ 
hyperbola, proved in works on Conic Sections, that CS*=AC'+BC*. i 

J 

1 
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2. Draw a triangle made up of three curved lines, and inscribe a 
circle in it. 

3. Draw a semicircle on a line 4' long, and in it place a circle of 
"S" radius, not touching either of the lines. Then determine a circle 
to be tangential to the arc of the semicircle, to the given small circle, 
and to the diameter. 



DIVISION IL— THE CYCLOID AND ITS ALLIED CURVES; 

THE SPIRAL, Etc., Etc. 

When a circular disc is caused to revolve, the centre remaining 
stationary, any point in the circumference, or on the disc, or outside 
of it, and rigidly connected to it, traces the curve of a circle. 

Again, if the disc be moved forward without rotation, so that its 
centre is constantly in any given line, then either of these points traces 
a line similar and corresponding to the motion of the centre, i.e., if 
the latter moves in a straight line, any point in the disc, or connected 
with it, will do the same. 

But if these two motions be combined, then the curve traced by the 
point is compounded of the two directions, and a line is generated, 
depending for its form upon the nature of the movement of the centre 
of the disc. 

Several curves, much used in mechanical construction, are produced 
in this way. It is to their consideration we now proceed. 

THE CYCLOID. 

Definition, — The cycloid is a curve traced by a point in the circum- 
ference of a circle, which rolls along a fixed straight line, the motion 
being in one plane. 

The moving circle is the generator, and the fixed line the director. 
The point tracing the curve is the generating point. 

Problem LXXXVm. 

Given the generating circle and the director, to determine points 
ia the cycloid corva (Fig. 75.) 

Let the circle centre C be the generator, the line AB the director, 
tnd P the generating point. Through draw CCg parallel to AB. 
Hub line contains the centre in all positions of the geneitditox. ^^:g\ 
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draw the diameter PQ, and from Q measure along AB a distance, QP^, 
equal to vr (r being the radius of the generating circle). This distance 
being equal to the semi-circumference, it is evident that the point P 
will reach the line AB at P^, after half a revolution.''^ At P6 raise a 




Q<- 



^6 B 



Fig. 75. 
perpendicular to AB to meet the locus of centres in 0^. Then C^ is 
the position of the centre of the generating circle, when P is at P6, or 
after half a revolution. 

Divide C.Cg into any number (6) of equal parts as at Cj, Cg, eta 
Also divide the semicircle PEQ into the same number of equal parts, 
in points 1, 2, 3, 4, 5, etc. 

Through these points draw parallels to the director AB, and with 
C^, Cg, etc., in turn as centres (radius equal to that of the generating 
circle), describe arcs to cut the parallels in P^ Pg, eta, thus deter- 
mining points in the required cycloid. 

The principle of this construction is not difficult to understand, for 
it is self-evident that when the generating circle has performed one- 
sixth of a revolution, its centre will have advanced one-sixth part of GC^. 
Hence the point P will have lowered toward AB so much as to be on '' 
the horizontal through 1, and the arc (centre C^) represents part of ; 
the circle in its new position after having completed one-sixth of its ^ 
journey. The intersection of the two lines must therefore be a point ^ 
in the curve. 

The semi-cycloid must then be traced through Pj, P2, eta The other ^ 
half of the curve is similar, and therefore can easily be completed. ' 

* Practically, it is found sufficient to take 3^ for the distance QPq. This it ^ 
better than meaBunng short chords of the circle along the straight line. \ 



r 
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To determine the tangent and normal to the curve at any point T, 
proceed as follows : — Draw TT' parallel to the director AB, until it 
meets the generating circle in T. Join TT and TQ. These chords of 
the generator are parallel to the tangent and normal at T. Make, 
therefore, MN parallel to TP,. and S'T pai-allel to T'Q. 

Note. — In all curves of the cycloidal cUuu, the taogent and normal are refer- 
able to the chords of the semicircle in the generator, which meet in the point 
corresponding to the point of contact. This will be noticed in future problems. 



Problem LXXXIX 

Qiven two pointB, A and B^to determine the sami-cyoloid joining 
them. (Fig. 76.) 

Join AB, and on it describe' a semicircTe-.. From a scale of equal 
parts mark off on AB, or AB 
produced, twenty -two parts^ 
as at AC. At O erect a. 
perpendicular, making it in. 
length equal to fourteen 
parts on the same scale. ^ 
Join A to D. Then AD^ or 
AD produced, meets the semi> 
circle in E. Join E to B, and 
on it describe a cirde; Thea 
AE is the director, and EB Fig. V5. 

the diameter of the generator, and the semi-cycloid required can be 
dra¥m bj the construction described in the previous pix)blem. t 




THE TROCHOIDl 

Definitum. — ^The trochoid curve ii» traced by a point rigidly con- 
nected to the circumference of a eirde, which rolls along a straight 
line. (Plate VIL, fig. K> 

* These lengths should be as -^ ; I ; but 22 : 14 ijei practically near enough. 

t This curve (the semi-cycloid) is the line of quickest descent from A to B 
(see woriLB on Theoretical Mechanics). 

The cycloid is also the curve described by the centre of oscillation of au 
isochronoot simple pendulum. 
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Problem XO. 

Oiven the generator, generating pointy and director, to determine 
points in the trochoid curve. (Plate YII., fig. 1.) 

Let AB be the director, PQ the generating circle, X the point 
connected with it, but not in the circumference. Draw 00^ parallel 
to AB. Join C to X, and produce to Y. With C 9& centre, draw a 
circle through X, and divide one-half of it into equal parts in points 
1, 2, etc. 

Along AB from Q, set off a distance, QP^, equal to half the circum- 
ference of the generator ( ~2 )> ^^ described in the case of the cycloid, 

and make CG^ equal to it. Divide 00^ into the same number of 
equal parts as the semi-generator. With Gj, Gj, etc., as centres, 
describe arcs to meet parallels to AB through 1, 2, 3, 4, etc. The 
intersections of these straight lines and arcs give X^, X^, etc., points 
in the curve. When the generating point is outside the circle, as 
at X, the curve is called the superior trochoid. K the second half 
be drawn as in the figure, it forms a loop dipping below the director. 
But if the generating point, as X', be within the circumference, the 
curve traced is called the inferior trochoid. In this case no such 
loop is formed. 

The tangent and normal at any point T are determined as follows : — 
The point T is referred (by a parallel to AB) to the circle through 
X at T'. Then T being joined to the contact point of the generator 
and director at Q, T'Q gives the direction of the normal at T. Then 
ST drawn paiullel to TQ, and MN perpendicular to ST, are the two 
lines required. A second tangent is shown in the figure, the construc- 
tion for which is analogous to that already described. 



THE EPICYCLOID. 

Definition, — ^The epicycloid curve is the line traced by a point in 
the circumference of a circle, which rolls upon another circle, and 
outside it, the two circles being constantly in the same plane. 

The rolling circle is the generator, and the fixed one the director. 
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FfiOBLEH XCL 

Given the generator^ director, and generating pointy to determine 
the epicycloid curve. (Plate YII.^ fig. 2.) 

Let the circle (centre C) be the generator, and the larger circle 
(centre O) the director, and P the generating point. 

It is first necessary to cut off from the circumference of the director 
an. arc equal to the semi-circumference of the generator, tie., 6Q must 
be made equal to P, 3, 6. The angle which this arc subtends at the 
centre O, bears the same ratio to 180^ that the radius of the generator 
does to that of the director. Galling the former radius r, and the 
latter B, the proportion would read thus: As R :r :: 180^ :a;^, the 
angle to be set out at O. In the drawing shown in the plate, the 
radius of the generator is l'^, and that of the director 3^ Hence, to 
find the angle 60Q, the proportion reads: As Z" \Y v. 180° : 60^ 
The arc 6Q is therefore equal to half the circumference of the generator, 
and, after a semi-revolution to the left, the point P reaches Q. 

A circle drawn through C, having O for its centre, is the path of 
the centre of the generator as it rolls round the director, and Cq (the 
intersection of this line with OQ produced) is necessarily the position 
of that centre when P has reached Q. Divide CG^ into any number 
(6) of equal parts, and consider the points obtained as the positions of 
the centre of the generator at successive stages of its revolution. 
Divide the semicircle PQ into the same number of equal parts, and, 
with centre O, describe indefinite arcs through the points of division. 
Next take points G^, Gj, etc, in turn as centres, and, with a radius 
equal to that of the generating circle, describe small arcs to meet the 
larger ones just drawn through 1, 2, 3, eta Thus, the arc through 1 
meets that having its centre at G^ in Pp a point of the curva The 
principle of the construction is therefore similar to that described in 
the case of the (peloid. 

The tangent and normal at any point (T) can be determined as 
follows : — Befer the point of contact T on to the original position of 
the generator by describing an arc through it, having its centre at O. 
Then TT is the proportionate amount of the revolution which P has 
made when it has reached the given position T. Join T'6. With T as 
centre, radius equal in length to T'6, cut the circumference of the 
director in R Then RT is the direction of the normal, and the 
tangent MN is perpendicular to it. 
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THE HYPOCYCLOID. (Plate VIL, fig. 2.) 

Definition, — The hypocycloid is the line traced by a point in the 
circumference of a circle which rolls upon another circle and inside it, 
the two circles being constantly in the same plana 

The hypocycloid differs from the epicycloid in its generation in one 
condition only. The generator rolls on the concavity of the director. 
In form it is a flatter curve than the epicycloid, and when the 
diameter of the generator is equal to the radius of the director, it 
becomes a straight line. The method of obtaining points in the curve 
is analogous with that used in the case of the epicycloid and in the 
figure, the same letters are used in both cases, those appertcdning to 
the hypocycloid being accompanied by a dash. It is, therefore, un- 
necessary to describe the construction in detail. 

It should be noticed that the same curve, QP', shown in the figure, 
would be traced if the generating circle were in diameter equal to the 
difference between the diameters of the two circles employed. In 
other words, if the director were completed, and a generator were used 
which touched the director at its lowest point (in 60 produced), and 
passed through P', the rolling of thia circle would cause P' to trace 
exactly the same curve. 

THE EPITROCHOm AND HYPOTROCHOID. (Plate VIIL, figs. 1 and 2.) 

These two curves bear the same relation to the epicycloid and 
hypocycloid that the trochoid does to the cycloid, t.e., the point whicli 
traces either of these trochoid curves is not on the circumference of 
the generator, but is within it or withfMit it, the terms inferior and 
superior being used to distinguish between the two cases. Thus, the 
superior epitrochoid is traced by a point outside, but connected with 
the circumference of a eircle rolling upon the convexity of a second 
circle, like the extremity of a pointer attached to a pinion which gears 
with a large fixed wheel. In Plate YIIL, the superior epitrochoid, 
with its tangent and normal, is shown in fig. 1, and the snpeiior 
hypotrochoid in fig. 2. 

The construction in each case is only a modification of that adopted 
to obtain the trochoid. The director has its centre at O, the generator 
at C, and the generating point is P. 

As the hypotrochoid is perhaps the more difficult of the two, it is 
advisable to describe the construction in detail, it being understood that 
£lie method adapted to determine the one is applicable to solve the other. 
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Keferring then to %.fi^» 2, it is first necessaiy to determine tbe arc 
QQ', equal to half the circamference of the director. The proportion 
R : r= 180® : oj® gives in the fourth term, as described in a former 
problem, the angle to be set out at 0, so as to determine Q'. Then 
COg is the path of centres, the equal divisions along it marking the 
positions of C at successive stages of the revolution. 

With centre C, a circle drawn through P gives the path of the 
generating point when C is stationary. Half of it should be divided 
into tbe same number of equal parts as CC^ in points I, 2, 3, 4, etc., 
and with as centre arcs should be drawn through the division 
]>oints. Next, taking C^, C^, etc., in turn as centres, and with radius 
equal to CP, a series of other arcs should be described, giving, by 
their intersections with those previously drawn, points in the required 
curve. Thus the arc through 4 meets the arc, centre C^ (radius equal 
to CP) in P^. 

The tangent and normal are obtained thus : — With centre O, the 
arc TT refers the given contact point to the circle through P. Then 
TQ being measured, the director is cut by an arc (centre T and radius 
equal to TQ) in R. This enables one to draw BTS as a normal, and 
MN perpendicular to it as the tangent. 

A remarkable property should he noticed here, viz., that one half the 
hypotrochoid is a q:xadrant of an ellipse when the diameter of the 
generator is one-lMlf tliat of the director, 

THE INVOLUTE OF A CURVE. 

Definition, — When a perfectly flexible thread is gradually unwound 
from a curve, the unwound part being kept constantly stretched, the 
extremity of the thread describes a line termed the involute of the 
curve from which it is unwound, the latter being known as its 
evolute. 

The involute of the circle is much employed in shaping the teeth of 
wheels, as are also the cycloid, epicycloid, and hypocycloid. The 
adaptation of these to the purpose mentioned is admirably discussed 
in a companion volume of this series upon Machine Construction, to 
which the student is recommended to refer. 

Problem XCII. 
To determine the involute of a given circle. (Fig. 77.) 

Let the circle O (fig. 77) be the generator, and A the generating 
point. Draw a diameter through A, and a tangent G^ at \tj& ^Vk^x 
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extremity. Next mark off upon G6 a portion equal to the semicircle 
A36* This can be readily determined from a scale of equal parts, 
as vr, or about 3^- of the radius. Divide G6 and the semicircle into 
the same number of equal parts as at 1, 2, etc., 1', 2', 3', etc. At each 
of the points of division on the semicircle set out tangents to it, as 
IB, 20, etc. Then, if the point A were the extremity of a thread 
wound ix>und the semicircle, IB would represent a portion of it, 
unwound as far as 1. Hence IB must equal in length the arc Al, or 
\ of G6. Take then the distance 61', and cut the tangent at I in B. 




Kg. 77. 
Take in length two divisions, and set it out along the tangent through 
2, and so on. The curve traced through the points B, C, D, eta, is 
the involute of the circla To determine a tangent to the curve at a 
given point as T, draw TP through the given point tangential to the 
original circle. The direction of this line is a normal to the involute, 
and the tangent is determined by being perpendicular to it. The 
curve has been traced further than G by the same construction, the 
lengths of the tangents to the circle increasing in length in order one 
division of G6. Thus H7 is in length equal to 7 divisions, 18 to 8 
divisions, eta 
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THE SPIPvAL. 

Definition. — ^The spiral is a curved line, whose consecutive points 
continually and uniformly approach or recede from a certain fixed 
point, called the pole. If any point in the curve be joined to the pole 
by a straight line, this line is called a radius. Hence the radii con- 
stantly differ, their respective lengths being related by an equation 
expi*essed in terms of the angle between them. The curve may make 
any number of complete revolutions before reaching the pole, or, as in 
the case of the logarithmic spiral, may never do so. Hence a spiral 
may be described as of one, two, or any number of revolutions. 

The Archimedean spiral approaches the pole by equal quantities 
measured along consecutive radii, as in fig. 78. The Logarithmic spiral 
is such that two consecutive radii, enclosing a given angle at the pole, 
differ in length, so that the shorter one is equal to the longer multiplied 
by a given proper fraction. Thus, if this fraction and angle were *9 and 
10° respectively, and one radius were 10" long, the next shorter would 
be 10" X -9, or 9", the next 9" x '9, or 8-1", and so on, the radii all 
meeting at the pole at equal angles of 10^ The student will see that, 
as these lengths form a constantly decreasing geometrical series which 
never reaches zero, the logarithmic spiral is one of an indefinite 
number of convolutions, and that it never reaches its pole. 

There are several other forms of spiral, but all of them are deducible 
from the relations of their respective radii. 

In mechanical contrivances, the spiral is frequently employed for 
the production of peculiar motions from continual circular motion. 
Detailed descriptions of them would be out of place in a work on 
Creometry, but in the problems which follow notes will be found 
hinting at some of these adaptations. 

Problem XCIIIa. (Plate IX., ^g. 1.) 

To detennine points in an Archimedean spiral of two convolu* 
tionSy its extreme radios being 1*2" long. (Fig. 78.) 

Let O be the pole, and OQ the given greatest radius. On OQ 
describe a complete circle, and determine equidistant radii (the number 
of these being a matter of choice), as OA, OB, 00, etc. Divide OQ 
into as many equal parts as the given number of convolutions (in this 
ease two). Then it is evident that^ after the first turn, the curve will 
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have anived at q. Next, divide Q7 into as many equal parts aa the 
number of radii drawn, 
as at 1, 2, 3, etc. With 
O as centre, nidiuB equal 
to 01, describe an arc to 
meet OA ia a. Then, 
as the curve approaches 
the pole by equal quan- 
tities measured along 
consecutive radii, Oa 
roust be the length oC 
the radius after ^ of a 
turn; a is therefore a 
point in the required 
spiral. The remainder 
of the construction is 
obvious. The second con- 
Fig. 78. voludon being parallel 
to the first, its points can be detemiined most readily by measuring 
the distance Qg* along the radii from a, h, eta, towards the pole; tJins — 
aa, bt, are equal to Q^ . 

The Archimedean spiral is a curve frequently employed in shaping 
the peripheries of cams nsed in mechanical contrivances to produce a 
fini/orm reciprocating motion from a constantly uniform circular one. 
In Plate IX., fig. 1, the form (PCBDP) is shown, consisting of two 
half turns of the Archimedean spiral reversed to eack other, and 
known in the workshop as the heart-pUte (the construction of the 
rim being similar to that just described). 

In the ordinary crank and connecting-rod arrangement for obtain- 
ing reciprocating gti^ight line motion from circular, ^e result is 
not a uniform rate of movement But, if the heart cam be used, 
it is easy to see that there can be no variation in the speed. For, 
if P (see figure) be supposed to represent a point set in motion 
by the revolution of the rim PCBDP from right to left, about the 
centre O, when ^ of a turn has been oomi^eted, point a wiU have 
Arrived at a', which, according to the constmction employed, is ^ of 
PQ, and F will have been moved upwards to that distance. 
Hence ^ of the one motion is performed in the same time as J 
^ the other. The speed is therefore uniform. The distance 
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PQ gives the entire rise and fall of the moving point, and is termed 
'' the traveU* Hence, if the greatest radius of the plate and the travel 
be given, the curve can al^ys be determined. 

The student must notice here that the conditions just described only 
obtain so long as P is a geometrical point; for, if it be a pin with 
an appreciable radius (which it must always be in practice), the 
motion would then be that of the centre, and not of a point on the 
rim. If PE (see figure) be assumed as the radius of such a pin, then 
the necessary curve ceases to be a true spiral, but a parallel to it, 
sometimes called its envelope. 

This new curve is best deduced by a series of small tangential arcs 
equal in radius to that of the pin, and having their centres in the true 
spiraL One-half of such a cam is shown in the plate, on the right side 
of fig. 1, by a dotted line. 

The Ardiimedean spiral is also employed in constructing what is 
known as the snail cam. In Plate IX,, ^g, 1, one half of the curve is 
shown as continued (BCPGA) until one revolution is completed. 
Then the shape BCPGAB is that of tbe snail cam, which in practice 
gives a uniform lifting motion with a sudden fall. Such a motion is 
reqmred in punching and stamping machines. 

Again, if a half of a heart cam be used as CBD, and the remainder 
be replaced by a cii'cle, as shown by the fine line DKC, the movement 
obtained is one of uniform rise and fall so long as the spiral is the 
actuating rim, but one of rest whilst the circle is passing. This form 
of cam is employed in some punching machines, to give a period of rest 
while the feed is being adjusted. 

Problem X0III6. 

Tb eonstruct a logarithmic spiral, the following data being 
given: the greatest radius, the angle between assumed consecutive 
radii, and the proportion of length of one radius to that which 
follows it (Plate IX., fig. 2a.) 

This curve has already been defined (page 103). In the drawing shown 
in Plate IX., ^g, 2a, the radii are taken as enclosing angles of 30^, the 
greatest radius is I'W, and the ratio of two succeeding radii is -j^. 
Having drawn the twelve radii, as OQ, OA, eta, make a supplementary 
figure, as in ^^, 26, by which -^ of each succeeding radius may be 
deduced. To do this, set oat O'Q' and O'V at any angle, aad tqsx^ 
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ofi on one of these lines a length equal to OQ {^g. 2a). Next, make 
O'l' equal to -^ of OQ, and join I'Q'. With O' as centre, describe an 
arc through 1' to meet O'Q' in A. Afterwards draw A2' parallel to 
Q'r, then 02' is ^ of 01'. By proceeding in this way, the lengths 
of successive radii are shown at OT, 0'2', 0'3', eta Transfer these 
in order to the lines OQ, OA, OB, etc., and points 1, 2, 3, etc., in the 
desired curve will result Only one turn is shown in the diagram, 
but (as was previously noted) the number of these is infinite, as this 
spiral never reaches its pola 

It should be understood here, that the logarithmic spiral meets 
successive radii at the same angle. Thus, the angle QIO is the same 
as 120, and this property would enable us to determine its points. 
On the lefb of the figure, a second spiral of the same kind is shown in 
a dotted line QST, eta, the points S, T, eta, being obtained by setting 
out lines from Q and S to make a right angle with the next radius. 
Of course, any angle may be assumed. According to the principle of 
similar triangles (QSO and STO being equiangular) TO : TS : : OS : OQ, 
which is the similar property to 01 being j*^ of OQ and 02, ^j^ of 
01, eta 

• 
Irregular variations of quantity may frequently with great advantage 
be depicted geometrically by two lines, one a fixed straight line, the 
other a variable crooked or curved one, the relation of these two, as 
measured by a system of ordinates (or perpendiculars to the fixed line) 
being arranged to correspond with the variable quantities represented. 
For instance, barometric pressure is often depicted in the newspapers 
by an irregular curved line, the points of which approach or recede 
from a fixed horizontal line in correspondence with the fall and rise of 
the mercurial column. This method of representation is valuable as 
assisting the mind by the aid of the eye, and is very commonly adopted. 
One very good instance only of the kind can be inserted here to 
serve as an example. 

Problem XCIVa. 

In a steam cylinder, diameter 12'^, length 24^ the steam is 
admitted for one quarter of the stroke only, the remainder of the 
movement of the pision being due to expansion, to depict geomeM- 
cally the variation of pressure of the steam during the entire 
stroke, scale -^^. (Fig. 79.) 

Let ABGF (^g, 79) represent an outline diagram of the cylinder to 
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the scale required. Make AG \ of AB. Then C represents the 

pmnt of "cut off," and a perpendicular CD may be suppoeed to 

indicate the fall pressure of steam at that point. Next, divide GB 

into any number (12) of equal parts, and at each of the points of 

dinsion erect perpendiculars to AB. l^en, when the piston has 

moved to Oj, the volume tS 

the steam will be ^ of what ^ ~ 

it was when at 0, for AC is 

equal to four times Co^, hence 

tiie pressure (according to 

Boyle's law) will be ^, or '8. 

Take off, therefore, along aa 

a length equal to -8 of CD. 

When the piston reaches b, 

the volume is ^ of what it Elg. 70. 

was at C, hence the pressure is ^, or '66, which gives the lengUi 

<tf b'b. The series of ordinates having been determined in this way, 

as 1-00, *80, -66, -57, -50, etc., as shown, the curve traced through 

them illustrates pictorially the variation of the pressure throughout 

the stroke. In this case the ourve is hyperbolic 
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Another common adaptation of plane geometry may with advantage 
be introduced to the notice of the student. When combinations of 
moving parte are shown in a drawing, it is often desirable to trace 
the motion of a particular point in the arrangement; and, to do this, 
all that IB necessary is to draw the whole combination in several of its 
positiona, and hence deduce the movement of the required point. For 
instance, it can be practically shown by the geometrician that the 
punts of attachment of the pump-rods and piston-rod in Watt's parallel 
motion, do not appreciably vary from a straight line whilst the beam 
and the bridle-rod are swinging on their respective centres of motion 
through a small angle. 

Space will not allow of our enlarging upon this snbject, or of taking 
a number of instances ; but one very instructive example is shown in 
Plate IX., fig. 3, which must serve as a type of the class of problem 
referred to. 
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Fboblem XCiy6. 

Three links, AB, CD, and BD, are connected, as shown in Plate 
IX., fig. 3 ; AB and CD being free to torn abont points A and C, 
whilst at B and D they are attached by loose pins, allowing free 
movement of the connecting link BD over the two swinging bars 
AB and CD. Required to determine the path of a point P in BD 
throughout the entire possible movement of the combination. 
(Plate IX., fig. 3.) 

In a problem of this kind, the first duty is to settle the limits of the 
IK)8sible motion of the arrangement; and secondly, by drawing the 
whole combination in several of its principal intermediate positions to 
deduce points in the required line. 

1. Aa to Hie limita of movement in the case given. — With A and C as 
centres, describe complete circles through B and D respectively. 
These circles are locii of the free extremities of the two swinging bars, 
AB and CD, in all positions. The distance of the fixed centres A and 
C apart being less than the length of tbe connecting link BD, there is a 
portion of each circle never traversed by the points B and D.**^ In the 
figure, these portions are 6, T, 18 on the smaller circle, and 21, S, 10 on 
the larger. When the arrangement reaches the limit of its movements, 
the long connecting link coincides in direction with one or other of the 
swinging bars. Two of these positions are shown by dotted lines in 
the plate. Thus, when D in its right-hand travel reaches 6 on the 
small circle, the position of the combination is such that 66 represents 
the link BD covering the bar A6 representing AB. Such positions 
are recognised by the term ** dead points^ and the motion can only be 
continued by the connecting link sliding over to the other side of the 
bar it covers. To determine these dead points, of which there are 
four, proceed as follows : — With C as centre, radius equal to the 
difference between CD and BD, describe an arc intersecting the circle, 
centre A in 21 and 10. It is evident that when BD covers CD, as it 
does at M, then M21 must be equal to BD, hence C21 is equal to BD, less 
the radius CM; M and N are therefore the two dead points on the 
smaller circle. With A as centre, radius equal to the difference between 
BD and AB, describe arcs to cut the circle (centre C) in 6 and 18. Then 
K and W are the dead points on the larger circle. 

2. To obtain points in the desired line. — Starting from D, conceive 

* This would also be the case if AC were greater than BD. 
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the bar CD to have moved forward (to the right) until D is at 1. 
Then 11 will be the position of the link BD, and 1' that of 
the point P. For 11 is equal to BD, and IT to BP. Assum- 
ing a series of positions as at 1, 2, 3, 4 on the larger circle, draw the 
straight lines representing the connecting link for each case, and 
assign the relative positions of P in them, as at T, 2', 3', 4', eta Tbe 
dead point 6' having been reached, it will be found that, if AB is to 
continue its swing, the bar CD, being at C6 on the small circle, must 
reverse, and D gradually return, until point 10 on the larger circle is 
gained. Here the smaller link CD continues its left-hand motion, 
and the longer link AB reverses and travels upwards towards the 
light to points 11, 12, etc. By reasoning the matter carefully in this 
way, the peculiar curve shown can be determined as the required path 
of the point P. 

The crossing point of the cusps at 5' is in a straight line, joining the 
two centres A and C. 



EXERCISES. 

1. Define a cydoidal carve. What would the curve traced by a point in the 
spoke of a carriage wheel be called when the latter is roUing cUong a level road ? 

2. Describe a half ellipse with axes 4" and 2*5", Draw a sufficient number of 
mormtkia to the curve, and produce them externally. Through points on these 
*5* from the eurve, draw a second curve ''parallel *' to the first. (Cooper's Hill 
Enguneering College Exam.) 

3. Constmet one convolution of a logarithmic spiral from the following con<Ii- 
tioiis : — ^The longest radius is 4", and another radius which meets this one, at an 
woffe of 22i% is i of its length. 

4. A parabola has its focus '75" from its vertex; determine the curve and a 
tangent to it from a point outside, which is T from the vertex and 2" from the 
focus. 

5. The distance between the foci of a certain ellipse is 3*5'^, the minor axis is 
2'2y, Determine the curve. 

6. Two diameters of an ellipse are 2" and 3" in length, they contain an angle 
of W; draw the curve. (May Exam. 1875.) 

7. Determine a normal at any point of an ellipse (not at the extremity of an 
axis). Of what practical use is this normal ? (May Exam. 1875. Honours. ) 

8L a cirde ci Tf dianieter rolls on a straight line. Draw the curve traced in 
cms revolution by a point on the circumference of the circle. (May Exsm. \%'\'^ «^ 
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9. A cnrve line passes throngh the extremities of all tangents drawn to a 
circle of 1 'h" radius, the length of each tangent from its point of contact being 
equal to the arc of the circle included between that point and another fixed 
point A on the circumference; the curve to be continued until it meets the 
diameter through A produced. (May Exam. 1869.) 

10. A circle I '5" diameter rolls along a straight line. Draw the curve traced 
in one revolution by a point in the plane of the circle, and rigidly connected to 
it, and distant 1 '25'' from its centre. (Cooper's Hill College Exam. 1875.) 

11. A and C are two points 3'25'' apart. B is a third point, 1*25^ from A, 
2*75'' from B. Given that A and C are the foci of an ellipse, and that B is a 
point in the curve. Draw that curve. (May Exam. 1870.) 

12. AB^ 3^ long, is the major aans of an ellipse; C is a point in the curve, 1 '25'' 
from A, and 2*25'' from' B. Draw the curve and determine the tangent at C. 
(May Exam. 1870. Honours.) 

13. The paddle-wheel of a steamer is 15 feet in diafneter. The speed of the 
vessel is such that it progresses 30 feet for each revolution. Bequired the path 
of a point on the rim of the wheeL Scale, ^ inch=l foot. 

14. Describe the curved line whose ordinates, at intervals of '25" apart, repre* 
sent the decreasing series ^, i, ), i, }, etc. 

15. The centre pin of a wheel 2f diameter is constrained to move in a slot, 
which is in form 60** of the arc of a circle of 3*5'' radius. The wheel turns twice 
round in the same time as its centre completely traverses the slot. Determine 
the entire curve traced by a point in the rim of the wheel, the motion being 
uniform throughout. 

16. Show by a geometrical diagram that the motion of a reciprocating piece, 
actuated by a crank and connecting-rod arrangement, is not uniform if that of 
the crank be so. Use the following lengths : — Crank 1", connecting link 4". 

17. It is desired to lift vertically a moving piece at a uniform speed through 
3 inches; further, it is desired that the return motion should be at one-half this 
speed, but still uniform. Construct the shape of a cam which will enable one 
to effect the above purpose by the means of continuous equable circular motion. 
The moving piece, or friction roller, is to be '25" radius, its centre never 
approaching nearer to that of the cam than 2*5". 

Hint. — The upward motion must be effected in J of a revolution, the down- 
ward motion taking }. 
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SOLID GEOMETRY. 



CHAPTER VIL 



INTRODUCTION, LINES, POINTS, PLANES, ETC. 

The dimensions of a solid body are generally estimated in three 
directions, mutually perpendicular, and are recognised as lengt/i, 
breadth f and thickness. 

The principles and rules of Orthographical Projection enable us 
to depict these on one flat sur- 



face, such as a sheet of drawing 

paper. 

Two planes* are assumed, as in 

fig. 80, mutually perpendicular, 

and therefore forming four comers 

or dihedral f angles. Upon these 

co-ordinate planes two projections 

or drawings of the solid are made, 

one called an efetwtion, and the 

other a plan. ^g- 80. 

As the boundaries of solids are surfaces, and of surfaces, lines; 
and as, further, lines may be considered to consist of aggregations 
of points, it is best to illnstrate the first principles of the subject 
by reference to the projections of a point. Let point A, fig. 80, exist 
as shown in perspective. Conceive an imaginary line Aa', perpen- 

* The terms "plane," ''line," "point," etc., are nsed here withont defini- 
tkm, for which see Euclid. 

t The term "dihedral" is used to distingiiish angles formed by two surfaces 
Qeetis^ from rectilineal angles formed by the oroflsing of two atraigjit Voiq^ 
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dicular to the plane represented as vertical, and passing through A. 
Such a line would intersect that plane in a', and similarly another line 
Ao, perpendicular to the other plane, would give by its penetration 
therewith the point a. The lines ka and A a are called prqjectarsy the 
assumed planes are the planes of projection, and a a are the projections 
of the point A. In orthographic projection the two planes are always 
perpendicular, and the projectors are assumed as at right angles to the 
planes. From these first principles, it follows that every point has 
two projections, one upon each plane. It is usual to distinguish one 
plane as the vertical and the other as the horizontal^ and the projec- 
tion upon the former is called the elevation, whilst that on the latter 
is the plan. The student will see that it is necessary to use two plane^ 
and two projections, as the position of the point is not fixed by one only. 

Now, as four angles are formed by these assumed planes, a point 
in space may be in position in either of these, and its projections will 
be sufficient to determine which. Let us suppose an observer to be* 
placed in a position, such as point B, fig. 80, so that A is in the same 
dihedral angle; then the four angles would he numbered as shown. 
A i)oint like A would therefore be in angle 1, or in front of the vertical 
plane, and above the horizontal plane. ''^ Further, as di^awings are 
usually made upon a single flat sheet of paper, it is necessary to imagine 
one of the planes rotating upon the intersecting line (which is some- 
times called the ground line, and is generally indicated by the letters 
XY), until it coincides with the other. It does not matter which, 
but it is better to conceive the v. p. as rotating until its upper part- 
coincides with the back part of the h. p. This movement is indicated 
by the arrows in ^g, 80. 

When this rotation takes place, the projections will be found to 
take positions in the same straight line perpendictilar to X Y. 

To demonstrate this, let two lines a'Z and aZ (fig. 80) be drawn 
perpendicular to XY, then the whole figure AjciZa will be a rectangle 
whose plane is perpendicular to the ground line. As the rotation 
takes place, this rectangle will gradually alter in shape, becoming a 
narrower and narrower rhomboid, until, when the planes coincide, it 
is a straight line perpendicular to XY. 

In fig. 81 the points A, B, C, and D are shown as occurring in 
different dihedral angles. Point A is similar to the one previously 
discussed. Point B is behind the v. p. and above h. p., and the student 

* In all future references to these co-ordinate planes, h. p. will indicate the 
Jjoiizontal plane, and v. p. the vertical plane. 
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will see that its projections, after the usual rotation of the v. p., occur 
both above XY. By following out the details of the other diagrams 
carefully, the student will be able to understand the relative positions 
of the projections of points occurring in the other two angles. 





Fig. 81. 

If a point be in one of the co-ordinate planes, one projection will be 
on XY, and vice versa, if the plan or elevation is on XY, the point 
itself is in the vertical or the horizontal plane. 

The real distance of a point from XY is deducible from the lengths 
of its projectors, as it is equal to the hypotenuse of a right-angled 
triangle, having the pixjectors for the other two sides; thus, in fig. 1, 
-^= JaZ^ -k-aZ^ (Euclid, Book i.. Prop. 47). 

A line may be assumed as a sequence of points; hence the pro- 
jections of a line would consist of the projections of its points. If the 
line be straight, the plan and elevation must be straight also. There- 
fore, having determined the projections of the ends of a finite line, 
those of the line itself can be found. For instance, in fig. 82, the pro- 
jections of the extremities of the line AB are a' and V on the v. p., 
and a and b on the h. p. Bj joining these, as aV and ctb, the eleva- 
tion and plan of the whole line are determined. 
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The plane which contains aU the prajectors of a straight line is 

called its projecting plane, or, if 
the line he curved, its projecting 
sur/ace. 

A line may be parallel to either 
or both of the co-ordinate planes; 
if BO, its projection on such plane 
or planes will be equal in length 
Fig. 82. to the line itself (see p. 92, Ele- 

mentary Series) * 

The line, when not parallel to the projecting plane, must either 
meet it or would do so if prolonged, and the projection must be 
shorter in length than the line itself. It is then said to be inclined 
to that plane. If to the h. p., the angle of inclination (generally 
marked with the Greek letter 6) is measured between the line itself and 

the plan; and if to the v. p., by 
the angle (generally indicated by ^) 
between the line itself and the eleva- 
tion. Thus, in fig. 83, the line AB 
is inclined to both the t. p. and the 
h. p. These inclinations are meas- 
ured by the angles a BA and BA6. 
Fig. 83. The student should be careful to 

thoroughly understand this last point before proceeding, as he will 
perceive that after the v. p. is rotated as usual, these angles will not 
exist on the drawing in either case, and require a special method 
(to be explained further on) for their determination. 

Again, the length of the projection of an oblique line varies as the 
position alters, being less as the inclination increases, until the line la 
perpendicular to the plane, when its projection is a point. But the 
length of a line, the length ot its projection, and the angle of inclina- 
tion to the plane of projection, are three mutually dependent quantities, 
any two of which being given, the other is determinable. Beferring to 
fig. 83, the length of the plan ab is equal to AB, cos. 6, and the eleva- 
tion to AB, COS. f. In fact, a right-angled triangle, made up with its 
base equal to the projection of the line, and its hypotenuse equal to the 
line itself, determines at once (by the angle between them) the in- 

* Where reference is made to the volume on Geometry, Elementary Seriea. 
the author has not thought it necessary to elucidate further the veiy easy prin- 
<dpleB there taught. 
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clinatioiL This principle will be frequently referred to in future 
problems. 

In the position of a'h\ ah, shown in fig. 84, the sum of the inclina- 
tions to the co-ordinate planes equals 90^, and 
this sum cannot be exceeded. Further, in that 
case, if the projections were not lettei*edy* the 
line would not be determined, because the 
question as to which end was uppermost would 
be ambiguous. Again, the line may be in ^ 

such a position that its projections coincide, 3C 

as is illustrated by the line CD, fig. 84. In 

all other cases, the plan and elevation of a 
line are sufficient to determine its position 

and length. 

When a line is inclined to a plane, it either 
passes through it, or would do so if produced. i 

These points of penetration are called traces. Fig. 84. 

and are recognised as the horizontal trace (h. t.), or the vertical 
trace (v. t.), according as the line intersects the h. p. or the v. p. 

It will be readily seen that a line parallel to both co-ordinate planes 
has no trace upon them, and, therefore, that the trace or traces of a 
line depend for existence upon that line being inclined to one or both 
of the co-ordinate planes. 



Problem XCV. 

Oiven a line by its plan and elevation ; required its traces, real 
length, and inclination to both co-ordinate planes. (Fig. 85.) 

Case 1. Let aV and ah (fig. 85) be the projections of a line AB, 
then if aV be produced until it intersects XY in T, this will be the 
elevation of the line produced until it meets the h. p. The plan 
of T will be on ah produced, and will be found by a projector from T. 
The point marked HT on the diagram indicates the position where the 
^ven line penetrates the h. p., and is called its horizontal trace. 

Conversely, if ab he produced until it meets XY in the point S, 
tlien a line fh)m S, perpendicular to XY, and meeting a'b* produced, 

* Our system of lettering is that usually adopted. Capital letters to indicate 
pointim space; corresponding itaUcs with dashes for elevations, and without 
dashes for plans. 
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will give VT, the vertical trace, or the point where the line AB enters 
the V. p. 



lYT 




Fig. 86. 

To obtain the real length, conceive the projectors of the plan as 
supporting the line AB; then rotating the whole' arrangement on 
ahy the lines aA and 5B, at right angles to ah^ and each equal in 
length to the heights of the points a and V above XY, will repre- 
sent the projectors after the rotation referred to. Join A and B, and 
AB will be the true length of the line. Further, if AB and ah be 
produced until they meet, they will do so in the h. t., and the angle 
between them will be the inclination to the h. p. The same principle 
carried out upon the v. p. gives the real length again, and also the 
V. t., and inclination to the v. p. (see p. 96, Elementary Series). The 
student will notice that in fig. 85 only point V has been treated in the 
elevation, as the v. t. was known previously. 

Case 2. The line CD {^g, 85) has both its projections perpendicular 
to XY, t.e., its projecting plane is perpendicular to both the co-ordinate 
planes. The principle for obtaining the true length and traces of the 
line is the same as in the previous example, but in finding the v. t. 
the diagram shows a method of rotating* this projecting plane upon 
its intersection with the v. p. The arcs dT> and cC are loci of the 
points c and d during this rotation. 

* This principle of rotating a plane upon a line belonging to it is generally 
known as "constructing" it about that line. 
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.Case 3. The line AB in Plate X., fig. 1, has its extremities in different 
dihedral angles. Point A is below the h. p. and behind the v. p., 
whilst point B is above the h. p. and in front of the v. p. Hence the 
line iJUdf passes through both planes. The elevation crosses X Y at the 
point hy and this point is the elevation of the h. t. of the lina From 
ky therefore, set out a projector to intersect the plan in the h. t. The 
V. t. is foTind in a similar manner. To determine the real length of 
the line, draw aA and &B perpendicular to a6, and equal to the 
respective distances of A and B from the h. p., as shown by ccb and 
iV. (Notice that aA and &B are taken on opposite sides of o^.) Join 
A to B, and the line will have been rotated or " constructed^^ into the 
h. p., the only point which is stationary being the h. t. Further, the 
angle of inclination (&) is shown between the plan and the "con- 
structed line/' By a similar proceeding upon the elevation, we obtain 
the inclination to the v. p. (^). 

NoTS. — Only point B is constnioted there, as the v. t. is known. 

Case 4. The line AB (fig. 86) is entirely behind the v. p., but is 
parallel to it. It has, therefore, c/v 
no V, t. Its h. t is shown, and, ' >^ 
as it is parallel to the v. p., the gj \ 
elevation gives us the real length. • X^ 

The inclination to the h. p. {&) is ; / ^^ 

also shown at wj. N. 

The student should at this stage ^ 

suggest to himself a series of lines 
in different positions, and work 
the above problem in each case. Fig. 86. 

Further, he is advised to solve the series of problems on lines in 
pp. 92 to 101 in the Elementary Book, if he has not already 
done 80. 



Problem XCVL 



A line AB is inclined 40% dV is its elevation, and a is one 
extremity of the plan. Complete the plan. (Fig. 87.) 

Oonoeire the extremity A of the line as the vertex of aa iDL^^T:^.^^ 
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cone, of which a'c is the axis, having an angle at the base of 40^ Set 
out ad' to meet a horizontal through e\ Then ae'd! is the elevation 
of half the cone, and the arc hdh^ is part of the plan. Now, all 
straight lines lying on the surface of this cone will be inclined 40^, 
and the elevation given tells us that the point B is either on the front 
or the back surface. Then a projector from h\ intersecting the plan 
in 6 or 6^, gives the two solutions to the problem of finding the 
other extremity. 

Note. — ^This solution involves a knowledge of the cone, etc., which it is 
presumed the student has gained from elementary sources. 





Jfig.87. 



Fig. 88. 



Problem XCVII. 



Through a given point cc to draw a line parallel to a given 

line a'h\ ab. (Fig. 88.) 

The projections of parallel lines ui>on any plane are themselves 
parallel (Euclid xi 16). Therefore the elevation of the required line 
will be c'd' (fig. 88) parallel to a'b\ and the plan will be cd parallel to ab. 

Problem XCVIIL 

Given the inclinations of a line to each co-ordinate plane, to deter- 
mine its projections. (Fig. 89.) 

We have already noticed that the inclination of a line to a project- 
iD^ plane settles the ratio of its real length to its projection oni that 
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plane. Further, that if a line Has one extremity fixed whilst the other 
moyes in such a way as to preserve this ratio constant, the conical 
surface generated will be a locus of all lines having the same inclina- 
tion to the projecting plane, and passing through the fixed point. Let 
US suppose that in the problem before us the inclination to the h. p. is 
to be 55^, and to the ver- 
tical 22^ Further, that 
the line is Z" long. Draw 
Ba' (fig. 89) 3" long, and 
making an angle of 55^ with 
XY. Find the plan o of 
a\ Then Ba' and ha are 
the plan and elevation of a 
line inclined 55° to h. p., 
but in the v. p. Now, 
what we have to do is to 
move the extremity B 
round the circle B6 (a being 
stationary) until it reaches 
such a position that the 
line will make 22'' with the 
V. p. If, then, the line BA be set out, making 22° with XY and 3" 
long, then BA' must be the length of the elevation. Take this dis- 
tance from a to cut XY in h\ then V will be the elevation of the 
extremity B, and 6 on the circle below will be the plan. The student 
will notice that there are more solutions than one, according as point 
B is in front or behind the v, p. 
—to the right or to the left, eta 
—but the relative lengths^ eta, 
of the prelections must, be as 
shown. The sum of the inclina- 
tions 6 and cannot exceed 90' 
When that sum is 90°, the pro- 
jecting plane of the line is per- 
pendicular to XY. ^ 

OBLIQUE PLANES. 




Kg. 89. 



Planes, other than the vertical 
and horizontal planes of projec- 




Fig.^, 
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tion, are represented by their trctees, i.e,,hy their intersections with th 
planes. Thus, in fig. 90, an oblique plane is represented as meeti 
the co-ordinate planes in two lines crossing upon XY. These two lii 
are the traces of the plane, and their relative positions — i,e.f the ang 
they make with XY — are dependent upon the inclinations of the pis 
to the co-ordinate planes. 

Any two lines meeting upon or parccUel to XY, can be Msumed as 
traces of a third plane, (f^g* 91.) 




Fig. 91. 
-*• nrinciples should be understoo 
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2. The traces are always either parallel to X Y or intersect upon XY, 

3. The angle which the vertical trace makes with XY is a measure 
of the inclination of the plane only when the horizontal trace is at 
right angles to XY, as in ^g. 91(&). 

4. In other cases, t.e., when both h. t. and v. t. make other angles 
with XY, these angles are not measures of the inclinations of the plane. 

5. In such a case as the above, a line upon the plane perpendicular 
to the h. t. will give, with its plan, the inclination to the h. p. ; and 
similarly, a line on the plane perpendicular to the v. t. will make, with 
its elevation, the angle of inclination to the v. p. 

6. All horizontal lines on such planes are pardUd to their horizontal 
traces. See fig. 91(c). 

7. A line cannot be contained by a plane of less inclination than 
the line itself 

8. From 7, it follows that the inclination (0) of an oblique plane 
being given, the inclinations of all lines upon it must be between 
and zero. 

9. After the conventional rotation of the v. p., the angle shown 
between the traces is not that which exists upon the oblique plane. 
A special solution is required for its determination. 

10. If a plane be equally inclined to both planes, its traces make 
equal angles with XY. 

11. A plane, oblique to both the co-ordinate planes, but parallel to 
XY, has its traces parallel to XY, as in fig. 91(6), and the sum of its 
inclinations and = 90^ 

12. When a plane is perpendicular to both co-ordinate planes, 
the sum of its inclinations, and 0, is, of course, equal to 180^. 
Fig. 91(a). 

13. In all other cases, except those in 11 and 12, the sum of the 
inclinations and varies between 90^ and 180^ 

14. If two planes intei-sect, they do so in a straight line common 
to both. Horizontal lines of the same height, lying upon the two 
planes, meet upon their intersection. 

15. The angle between two planes (the dihedral angle) is measured 
. by the angle between two lines upon them made by a third plane cut- 

tmg them perpendicularly to their intersection. 

16. If a line be perpendicular to a plane, its projections will be per- 
pendicular to the traces of that plane — the plan to the h. t and the 
elevation to the t. t. 

17. Parallel planes have parallel traces. ThA distance betv)e«a \)^ 
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traces does not determine the actual distance between the two parallel 
planes. {See Problem CL), 

In fig. 91 a series of planes are represented by their traces, and the 
student would do well to illustrate for himself, by the aid of pieces of 
paper, the positions indicated and the practical proofs of the proposi- 
tions enunciated above. 

Note. — If the student is jnst commendng the subject, he is advised to read 
pp. 127-140 in the Geometry, Elementary Series, as the desoription of first prin- 
ciples is necessarily not so detailed here. 



Problem XCIX. 

To determine the inclinations of a given plane to both planes of 
projection, also the real angle between its traces. (Fig. 92.) 

Case 1. In fig. 92 a plane v'fh is given, inclined to both the v. p. 
and the h. p. If a semi-cone be conceived, having its axis a'a in the 
T. p., its apex a' in the t. t. of the plane, and its base B6 upon the 
h. p. tangential to the L t., then the given plane would touch a line 
A6 upon this cone. This line would be perpendicular to the h. t., and 
therefore equal in inclination to that of the plana Now, all straight 




Fig. 92. 

lines upon the surface of a cone make equal angles with the base ; 

hence, by joining B to a\ the angle it makes with X Y is the inclination 

required. To obtain the inclination to v. p. the same principle is 

tsdopted, except that the semi-cone has its axis in the h. p., and the 
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elevation of its base is tangential to the t. t. The result is shown 
at D. The angle between the traces is obtained by conceiving the 
oblique plane to revolve upon its L t. (this is called constructing a 
plane) until it coincides with the h. p« 

When a plane is constructed upon one of its traces, then all points 
in that plane move in planes perpendicular to the trace. Hence the 
point A willy after construction, be in Aa, which is perpendicular to fh. 
In fact, Ajob is the h. t. of the vertical plane in which A moves. The 
length Ab is equal to the length Ba', or the point A may be found by 
centreing at /and describing an arc through a to meet 6 A 

Case 2. The line tm\ mn (fig. 92), has its traces parallel to XY. 
A right-angled triangle, its plane being perpendicular to XY, would 
measure the inclinations and by its acute angles. In t'O we have 
the perpendicular ; otia its base ; and, by taking o as centre and ot as 
radius, the arc f£ will find a point T on XY, such that ^'T is the 
hypotenuse constructed into the v. p. The angles and are then 
known, and are together equal to 90^. Of course the angle between 
the traces has not to be determined. 

Case 3. In Plate X, fig. 2, the plane given is vf^/h, and here the 
semicones required to determine the inclination would be in different 
dihedral angles to those in Case 1. The semicone dBa is below the 
h. p.9 and the apex a' is in v'f produced. Similarly, the semi-cone 
cDc' is behind the v. p., and the plan e of its apex is on fh produced. 
In all other respects the principle is the same. 

If a piece of paper be cut to fit the traces, it will be found to be 
greater than a right angle; and the student will be able to reason that 
the angles between the traces, in two dihedral angles next to each 
other, together make 180°. To find, then, the angle between the traces, 
proceed as before to produce ab, and with /as centre, radius /a, draw 
the arc a'A Then join /^, and the angle a/A will be that between 
the traces in the fourth dihedral angle. 

The supplement cfuy therefore, is the angle between the traces in 
the first dihedral angle> t.6., above the h. p. and in front of the vertical 
plana 

The student will notice a line, v^/, on the right-hand side of the 
perpendicular e/, making the same angle with ef as «/ This may be 
asBomed as the v. t. of a plane having the same inclinations as the 
given one v'/h, and the problem is then similar to Case 1, and is more 
^y solved. 
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Problem C. 

Given either trace of an oblique plane and one of its inclinations; 
to find the other trace. 

The student will see that this is only the converse of the preceding 
problem, and will find no difficulty in its solution. 



Problem CI. 

Given the angle between the traces of an oblique plane, and also 

the angle which the h. t makes 
-'v with XY; required the v. t 

(Fig. 93.) 

Let fh (fig. 93) be given with 
r^ard to XY. Further, let the 
angle a be that between the traces 
Y of a plane having fh, for its h. t. 
Take any point A, and dmw Aa 
perpendicular to fh. With / :i» 
centre, radius ^A, draw the ai*c 
Aa', intersecting a line through a 
perpendicular to XY. Join jd 
for the V. t. required. 
Fig. 93. 




Problem Oil. 

The angle between the traces of an oblique plane is 50^. The 
plane is equally inclined to both co-ordinate planes. Determine its 
traces. (Fig. 94.) 

As the plane is to be equally inclined to both v. p. and h. p., its 
traces will make equal angles with XY. Conceive it in position, and 
then imagine it intersected at any part by a plane perpendicular to 
X Y. The line of intersection on the oblique plane, together with the 
two traces of the assumed vertical plane, will form an isosceles triangle 
with a right angle at its vertex, whilst the two traces of the oblique 
phaie with the intersection will form an isosceles triangle having the 
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given angle of 50* at the vertex. Take gfh (fig. 94) at 50**, and assume 
two points, a and h, equidistant 
from /. Join ah. On ah construct 
a semicircle (which contains a right 
angle), and find the middle point 0. 
Then 50 is the length of the base of 
the right-angled triangle, made by x 
the cutting vertical plane with the 
co-ordinate planes and the given 
one. Or, in other words, the tri- 
angle aOib would fit, under the 
oblique plane, with the point 
on XY. With h as centre draw 
an arc through 0, and make /c 
tangent to this ara This fixes 
XY. Then fxf makes the same 
angle with XY as/A. Fig. 94 




pr(m^em cm. 

Oiven the inclinations of an oblique plane to both the co-ordinate 
planes ; required its traces. (Fig. 95.) 

Let the given angles, for instance, be 60'' to the L p. and 42^ to 
the V. p. 

To solve the above, it is necessary to determine two cones whose 
generatrices shall make the given angles of inclination with the 
coK)rdinate planes. These two cones must have their axes in these 
planes, meeting in one point upon XY. They must also envelope a 
common sphere, having its centre in XY, at the point where the axes 
of the cones meet. Then the plane which touches both these cones is 
tliat required. 

Draw a line dh perpendicular to XY, and at any point c on XY 
make eel at 60^. Conceive a!ca to be the elevation of half a vertical 
cone. Describe the arc cd to represent part of the plan of this cone. 
Then, with a as centre, describe a circle tgn, which shall be tangent to 
the line a!c. This is the elevation of the sphere enveloped by the 
ttme. 
liake the line "Ub tangent to the arc ge, and at an aiv^^ ot \:T V\>i>B^ 
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XY. Then the triangle Teab will be the plan of the horizontal cone, 
and hst will be its elevation (one-half). 

ay"' 




Fig. 95. 

Then v'f^ drawn through the point a and touching the arc hst^ will 
be the required t. t., and /A, passing through / and 5, will be the 
required h. t. 

Note. — If the sum of the two inclinatioDs were 90", the traces would be 
parallel to XY; and if it were 180", the traces would be perpendicular to XY. 



Problem CIY. 

Given any three points (not in the same straight line) ;* required 
the traces of the plane containing them. (Figs. 96, 97.) 

Case 1. The straight lines joining the points must lie wholly in the 
plane, hence the traces of such lines will be in the traces of the plana 
In fig. 96 the given points are a!a^ h\ and c'c. The vertical traces of 
the lines AB and BC are shown at v* and i \ and v'f^ drawn through 
these points, gives the t. t of the required plane. As the point/ is 
known, the L t. of one only of the lines need be determined : k is 
the h. t. of the line BC. Then /A, drawn through /and h^ is the h. t 
of the required plane. 

' The nesfariction given in the brackets is necessary, as an infinite number of 
plMhea BkAy contain any given straight line. 
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Case 2. When two of tHe given points are in a straight line, parallel 
to either of the oo-ordinate planes, the student will find that, by join- 
ing a third pair of those given, the conditions will be similar to those 
in Case 1, i.6.9 he will have two lines, each of which has a h. t. 




I^. 96. 
But this need not be so solved, as the trace of the required plane, 



upon that co - ordinate 

plane to which the line 

is parallel, will be parallel 

to the projection of the 

line, and the trace of <m6 

other line only need be 

found. For instance, if a 

and 6, when joined, are in a 

line parallel to the h. p., it is 

dear that AB must be a 

horizontal of the plane, and 

the L t. must therefore be 

parallel to its plan. If, then, 

ihe h. t. of &c or of oc be 

foand, the h. t. of the 

pUne can be drawn parallel to a5. 



VertJtracm 



VI* or 




AneAC 



Kg. 97. 



Casi 3. When two of the given points are in a ^tc^i^^ Yixi^^ 
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parallel to hoik the co-ordinate planes, the plane required will be 
parallel to XT, and it will be only necessary to find the h. t. and v. t 
of the line joining two others of the points, and to draw lines parallel 
to XT through these, for the traces of the required plane. This is 
shown in fig. 97. 

Case 4. When two of the lines are parallel to either co-ordinate 
plane, then the plane containing them' is also parallel to that plane, 
and there is only on6 trace — on the other one. 

NoTB. — It will he seen that if any two straight lines meet each other, a plane 
can contain them, and the conditions would be similar to the above problem. 

Problem CV. 

Given the projections of two lines wMch are parallel ; required 
the traces of the plane containing them. (Plate X., fig. 3.) 

The lines a'h\ aby and cdl^ cdy are parallel, and a plane therefore can 
be found to contain them. Find the horizontal traces of the lines for 
points in the horizontal trace of the required plane. The elevations cross 
XT at t and ^', and the traces are found by perpendiculars to XT, 
from these points intersecting the plans. The line /A passing through 
these h. t.s is the h. t. of the plane required. Only one v. t., that of 
CD is necessary, and t?^ is the vertical trace of the required plane. 

Problem CVI. 
To determine the intersection of two given planes. (Figs. 98-101.) 

The intersection of two planes is the only line contained by 
both. Therefore aXL the points common to both planes lie in the 
intersection. All horizontal lines in one plane meet the horizontals in 
the other plane which have the same height, upon the intersection. 
Hence the point where the v. t. of one plane meets that of the other is 
in the intersection, and the point where the horizontal trace of the 
one meets that of the other is also in the intersection. Further, these 
points are the relative traces of the line of intersection, so that the 
problem resolves itself into that of having the traces of a line given, to 
show its plan and elevation. 

Case 1. In fig. 98 the intersections of planes are shown in three 
caaea. In each of them the vertical traces intersect at the point a' 
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and the horizontals at h. Hence a joined to 6 gives the plan of the 
intersection, whilst V joined to a' gives the elevation. In the first 
instance no determination of the elevation is required, as all points 
and lines which occur upon the plane vfh (its h. t. being perpendicular 
to XY) have their elevations upon the v. t. of the plane. 




Fig. 98. 
Keeping the point A in position, and constructing the line AB into 
the vertical plane, the inclination of the intersection to the h. p. is 
shown. This is done by taking a as centre and ah as radius, and 
describing the arc 5R Then a'B is the elevation of the intersection 
constructed into the v. p., and is the angle of inclination, which, of 
course, is not greater than that of either of the intersecting planes. 





m 

Fig. 99. Fig. 100. 

Casb 2. In this case (fig. 99), one of the planes being perpendicular 
^ XY, the projections of the intersection coincide with the traces 
^ tbat plane. The angle which a'B makes with XY gives the 
iitdination of the intersection. 
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Case 3. In fig. 100 the intersecting planes have their horizontals 
parallel, although they are of different inclinations. Then the inter- 
section is also a horizontal line, and consequently parallel to the 
horizontal traces. From ol drop via perpendicular to XY, and draw 
td through a parallel to fh or mn. The elevation of the intersection 
is cd! drawn through a parallel to XY. 

Case 4. In fig. 101 both the intersecting planes are parallel to 
XY. In such a case it is necessary to obtain a profile view of 

them. This is effected by cutting 
them perpendicular to XY, as shown 
by the line is. With o as centre, 
and 08 and ot as radii, draw the arcs 
«S and fr. Join T^ and S«'. Then 
the point c! is a profile view of the 
intersection, or its projection on a 
plane perpendicular to both co- 
ordinate planes, and its height a! a is 
Fig. 101. exposed, also its distance aA from the 

V. p. Through a' draw the elevation c'dS parallel to XY, and with o 
as centre, oa as radius, draw the arc ah. Then cd^ passing through 6, 
and parallel to XY, will be the plan of the intersection. 

Case 5. In Plate XI., fig. 1, the intersecting planes meet in a point 
in XY, and the traces do not cross in any other place. Now, as this 
point must be in both the plan and elevation of the intersection, what 
we require to find is the direction of each of these lines. It will be 
sufficient, therefore, to determine o^rie other point in the intersection. 

To do this, assume a plane perpendicular to XY (represented in the 
figure by its traces as i7m). Then the intersections of this vertical 
plane with the two oblique planes will meet in a point which is in 
their intersection. " Construct " the points a and tn into the v. p. by 
the arcs aA and wM (centre o). Join k.v and 6M. Then C'C is the 
height, and C'c' is the distance in front of the v. p. of the point C, 
common to both intersections. Draw the plan and elevation of the 
intersection required through /c and/c'. 

Another solution of a similar problem is shown in Plate XL, 

fig. 2. A horizontal line is assumed in each plane of the same 

height. These lines meet in a point common to both planes, and 

therefore in their intersection. The elevations of the two lines 

coincide. CD is the horizontal line in the first plane v'/h^ and A£ is 



i 
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the one in the second plane Xfm. (The projections of these lines should 
give no difficulty, ah and cd being parallel to the h. t.s of the planes 
they are upon, and their v. ts being on the ▼. t.s of these planes.) 
The plans of these lines intersect in c, and their elevations in c. 
Hence the common line to both planes passes through C and F, ^ 
being the plan, and cf the elevation. 



Problem CVIL 

To find the point* which is the intersection of three given 
planes. (Fig. 102.) 

Two planes intersect in a line. If the three given therefore be taken 
two and two together, their relative 
intersections will meet in the point 
required. 

ah (^%. 102) is the plan of the 
intersection of the plane v'fh with 
the plane Jist, and cd is the plan of 
the intersection of the plane Zm» 
with the plane yal, These lines meet 
at 1, which is the plan of the point 
required, The elevation % is of course 
upon cSj and a projector from i deter- 
mines its position. 

Problem CVUI. 

Given one projection of a point contained by a given plane, 
required to find the other projection. (Fig. 103.) 

Case 1. If a point bo contained 
by a plane, it will be upon some 
horizontal line in the plane. Let 
^fK (fig. 103) be the given plane, 
and a the plan of a point in it. 
Then a line ad, parallel to the h. t. 
of the line, and passing through a, 
will be the plan of the horizontal of 
the plane containing the point To 

* Of course three planes may meet in a line, bnt this problem aaswxii^^^SQA^t 
tto givoi planet do not do so. 





Fig. 103. 
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determine the elevation of this line, its height above the h. p. is 
required. As the point d is upon the v. p., and it is also on the 
oblique plane, it must be upon the vertical trace vf, A projector 
from d gives d\ and c2 V, drawn parallel to XY, is the elevation of the 
horizontal line. The elevation of the point a is determined from a. 

Case 2. In fig. 104 the same 
problem is worked when the plane 
given is parallel to XY. In this 
case a profile view of the plane 
is taken at &c, and the height of 
the point is determined upon it at 
A A'. The diagi'am will explain 
itself sufiiciently. 




Fig. 104. 



Pbobleh CIX 
To find the interseotion of a given line and plane. (Fig. 105.) 

Case 1. The line dh\ ab (fig. 105) is parallel to the h. p. If, there- 
fore, a horizontal line be found 
in the plane, and at the same 
height as the given line, the 
point where these lines meet 
will be the intersection required. 
The point c on the v. t. is in 
the plane, and at the same height 
as AB. Through its plan c 
draw cd parallel to the h. t» 
Then cd is the plan of a line of 
Fig. 105. the same height as AB. The 

point (f, where the two plans meet, is therefore in the given plane, 
because it is on CD, and in the given line; d'd is therefore the 
intersection required. 

Case 2. When the given line is inclined to both co-ordinate planes, 
the above solution is not applicable. In ^g, 106, the line a!h\ 
aJb^ is assumed as inclined to both v. p. and h. p. 

If a vertical plane be taken containing the line AB, the inter- 
section of the given plane and the assumed one will give all the 
points common to both. Then, as the line AB is in one of these 




Lines^ Points^ and Planes. 



133 



planes, viz., the vertical one, if it intersects the other plane, it must 
do so in the line common to both 
planes, t.e., in their intersection. 

The traces dch represent the assumed 
vertical plane, eg is the elevation of 
the intersection of this plane with the 
given one vflu The elevation of the 
given line (a'6') meets c'g in Ic, This 
point, therefore, is in both planes, and 
is also on the line AB. It is, therefore, 
the required intersection of the line AB 

and the plane vfh. The part KB of Fig. lOoN^ 

the line is ahoroQ the plane, the other part being hdow. 




Problem CX. 

From a given point, to draw a line perpendicular to a given 
plane, to show its intersection with that plane, and to determine 
the length of the portion intercepted between the given point and 
plane. 




Case 1. When the given plane is inclined onlj to one plane, as in 
fig. 107, the solution is very simple. 

On page 121 it is stated, that when a line • >^ y^i 

is perpendicular to a plane, its projections 
are perpendicular to the traces of the 
plane, the plan to the h. t, and the eleva- 
tion to the V. t. If, then, a line dV be 
drawn perpendicular to vf from the eleva- X — I — -^ 
ticm of the given point A, and another 
line a5 be made perpendicular to fh 
through a, then the projections required 
will be determined. As all points and 
lines on such a plane have their elevations 
on the vertical trace, V must be the eleva- 
tion of the intersection of AB with the Fig. 107. 
given plane, and h is its plan. Again, the line AB being perpendicular 
to a plane which is at right angles to the v. p., this line must be 
piiaUel to the v. p. ; hence the elevation ciV gives the true length of 
tbe intercepted portion between point and plane. 
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Case 2. In fig. 108 the given point is da^ and the plane v*fh. 
Draw old and qa perpendicular to the traces. These lines are the 

projections of an in- 
^A definite perpendicular 

to the plane passing 
through A. The inter- 
section of this line with 
the plane is worked 
as in Case 2 of the 
last problem, ckic being 
^' ^ — Y *^® assumed vertical 

plane containing the 
line, and Tcrrtl the ele- 
vation of its inter- 
section with the given 
oblique plane. The 
point y is the eleva- 
tion of the intersec- 
Kg. 108. tion of the line AB 

with the plane, and 5 is its plan. The true length of this line can 
be determined as follows : — With h as centre, radius Ja, draw the 
arc a A (A6 being parallel to XY). Through a' draw a line parallel to 
XY, and determine A' by a projector through A. Then A'6' is the 
elevation of the line when constructed into a plane parallel to the v. p., 
and gives, therefore, the true length required 

The solution given above is involved in the case of a plane and point 
being given (the latter not being in the former), and the projections of 

a sphere being required, which, 
having the point for its centre, 
shall be tangential to the plane. 
For the radius passing through the 
point of contact of sphere and 
plane is a perpendicular or normal 
Y to the latter, and its real length 
gives the radius of the circles, 
which are the required projections. 




m 
Kg. 109. 

ia the given point Then a'6' and ah are the projections of the line 



Case 3. In fig. 109 the given 
plane is parallel to XY, and a! a 
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required. To obtain the point of interaection, take a profile view 
of the line and plane. With o as centre, draw arcs mM and aA. 
Join M^y and at A raise a jjerpendicular to meet (at A') a parallel to 
XY through a. Then MZ is a profile view of the plane, and A' 
gives the relative position of point A. Draw A'B' perpendicular to 
^M, intersecting it in B'. Project B' on to dm and XY. Then V is 
the elevation of the intersection of the line and plane, and h (deter- 
mined on (m by the arc 5B) is the plan. The real length of the per- 
pendicular is given at A'B'. 



Problem CXL 

To determine the real distance between two parallel planes. 
(Fig. 110.) 



Let vph and Xmn be the 
traces of the given planes. Pro- 
ceed as if to find the inclination 
of the plane Xmn. Produce a a*, 
beyond a^ to a*, and with a as 
centre, describe an arc tangen- 
tial to /A, meeting XY hi 6« 
Join 5a*. Then the plans and 
elevations of two semicones, 
fitting under the given planes, 
and having a corwm/m aods, will 
have been determined. The 
perpendicular distance op be- 
tween these cones will be the 
required distance between the 
parallel planes. 



Problem CXII. 

To determine the traces 
of a plane parallel to the 
given plane at a given 
distance (*375'') from it. 

(Kg. 111.) 

If the given plane were 




Kg. 110. * 
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inclined as in fig. 110, this problem would be exactly the converse of 
the previous one, but in fig. Ill the given plane has its traces parallel 
to XY. The solution of the problem, nevertheless, is identical ; n'N 
and s'B maj be considered as elevations of semicones, or profile views 
of the planes. Of course, as parallel planes have parallel traces, the 
lines tm' and hn are drawn parallel to v'/' and fh through the points 
n' and n. 

Problem OXIII. 

Thraugh a given point, a'oyto draw a plane parallel to a given 
plane, v/A. (Fig. 112.) 

When two planes are parallel, their horizontals are also paral- 
lel. Then ab drawn through 
a, parallel to the h. t. of 
the plane, and ab' drawn 
through a' parallel to XY, 
will be the projections of a 
horizontal line upon the re- 
quired plane. This line meets 
the vertical plane in b\ That 
point is, therefore, in the 
Fig. 112. vertical trace required. Draw 

then rm parallel to v/ through b\ and mn parallel to XY through m. 

Note. — If the given plane be parallel to XY, a profile view of it will be 
required, and the traces can then be readily determined. 




Problem CXIV. 
To find the angle between two given planes. (Fig. 113.) 

Case 1. By the angle between two planes, is meant the angle 
measured by two lines (one on each plane) perpendicular to, and meet- 
ing upon their intersection. Let v'/h and tmn be the given planes. 
The plan and elevation a5, ab\ of their intersection must first be deter- 
mined. Then a plane perpendicular to AB must be assumed, and the 
intersections of this plane with the given ones will contain the required 
angle. The two lines of intersection, and the h. t. of the assumed 
plane, will form a triangle, and this figure must be constructed into 
tJ^e b, p» to give the real angle between the two given planes. 
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Draw ipq perpendicular to a6, and meeting the h. t's of the given 
planes in p and q, and inter- 
secting ah in 0. This line, W^'.v 
pq, is the base of the triangle 
mentioned abova With a 
as centre, radii cu> and ab, 
describe the arcs 6B and oo\ 
and join a'B. 

By this means we construct 
the intersection of the two 
given planes into the v. p. 
The altitude of the triangle 
is measured by a line OT 
perpendicular to a'B. From '"''^ft^K 

in ab, mark off oK equal to Fig. 113. 

OT, and join Kp, Kq. Then the angle pKq will be that between 
the given planes. 

Case 2. In Plate X., fig. 4, another case of the above problem is 
worked. Here the plane per- 
pendicular to the intersection 
of the given planes, cuts one of 
these in a horizontal line. The 
steps of the solution are exactly 
similar to those in the last case, 
except that the line po, peri)en- 
dicular to the intersection, is 
parallel to the h. t. /n. The 

student will see that when he 

has obtained point k as before, 

he must join kp, and draw kq 1- 

parallel to fn. The angle gkp 

is the dihedral angle between 

the planes. 

Kon.— This angle, together with 
the indinatioiis of the two planes, 
unst be equal to or exceed 180^ 
When the given planes are both 
pmOel to XY, a profile view of the 
Jjlaoet win diaoloBe all three angles. 

Cabs 3. A more difficult case of the same problem \a ^YiO'vni Sii^%* 
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114, whicli the student would do well to investigate. One of the 
planes is there taken perpendicular to XY. The intersection of the 
two planes therefore coincides with the traces of one of them. The 
line q'p is taken perpendicular to ftiUy and the point h in the intersec- 
tion is constructed as before into the v. p. Then a B is the intersection. 
The line O'T, as before, gives the length of OK, and 'pKjo is the angle 
between the two planes. 



Problem CXY. 

To find the angle between two given lines which meet 
(Fig. 115.) 

Case 1, In fig, 115, the lines a'5', a6, and a'c, a<5, meeting in the 

point A, are hoih inclined 
to tajch of the co-ordinate 
planes* Take two points, 
"p'p and (iq (one on each 
line), having the same ver- 
j/y/" ^1 tical height. Join pq^ and 

conceive the lines FA, AQ, 
^ of the triangle PAQ to be 
rotated upon the horizontal 
line PQ until A attains 
the same level as the other 
two points. Then it will 
be seen that the true shape 
of the triangle will be ob- 
tained, and thence the angle 
between the two given 
Tig. 115. lines. 

The point A will move in a vertical plane perpendicular to pq. 
Draw Ra, and produce it indefinitely to represent the path of the 
plan a, as the triangle is rotated. The .point itself will describe the 
arc of a circle having K for its centre, the radius of the arc being 
equal to the hypotenuse of a right-angled triangle, having Ba for base, 
and rci for perpendicular. Make aA' perpendicular to Ka equal 
to ra', and join RA'. "With centre R, radius RA', describe the arc 
A' A. This obtains the point A, the po&itlon of the vei*tez of tbe 
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triaDgle, when all its sides are hoiizontaL Join Ajp and A^, and the 
angle required (Q) will be determined. 

We could, of course, attain the same object by finding the horizontal 
traces of each of the lines, and using the line joining these points as 
hinge, instead of assuming two points of equal height on the lines; 
but it is perhaps better for the student to adopt the method shown, as 
the horizontal traces of the lines in some cases are verj remote, and 
are not practically of use. That principle is shown on p. 161 of the 
Elementary Book in this serie& 

Another solution would be, to find the real lengths of the lines 
AP, AQ, and to form a triangle with FQ as base, and the other sides 
equal to AP, AQ. 

Case 2. A second case is shown in fig. 116, in which each line is 
parallel to one co-ordinate plane. 
In this case the real lengths of the 
lines are known ; and we have only 
to produce one of them (ca) and 
rotate the other line, AB, until B is 
on the same level as A and C. X 

The line G6, perpendicular to Gc, 
and passing through 6, is the path 
in which the plan of B must move ; 
and as the line AB will be horizontal 
when its plan is equal to its real 
length, take a as centre, radius equal ^ ^g* 116. 

to dVy and cut the line GB in B. Then caB is the angle requii'ed. 




Problem CXVL 

To determine the angle between a line and a plane. (1) When the 
line is horizontal ; (2) when inclined to both co-ordinate planes. 

The angle between a line and a plane is the angle between the line 
ttd its orthographic projection on that plane, and as such projection 
18 obtained by projectors perpendicular to the plane through the points 
of the line, the angle between the line and one of these projectors is the 
complement of that between the line and the plana In other words, 
the line, its projection, and a perpendicular to the plane through any 
point in the line, form a right-angled triangle, the Ti^\i\» &ii^<^'\^^\£L^^^ 
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the point wbere the perpendicular meets the plane ; the other two 
angles together making 90°. Hence the angle between the given 
line and the perpendicular is the complement of that between the 
line and plane. By the aid of this principle the above problem is 
solved, and the modifications which the solution may require, depend 
only upon the relative positions of line and plane. 

Case 1. In fig. 117, the line AB is horizontal, and as the angle 

between the line, and a perpen- 
dicular to the plane meeting the 
line, is the complement of that 
required, set out at any point 
h\ the lines h'c' and he perpen- 
dicular to the traces of the 
plane. Then obtain the angle 
between the lines AB and AC, 
knowing that AB is horizontal. 
As this presents a slight differ- 
ence in the position of the two 
Hnes to that shown in Case 2 
of the previous problem, a 
description of the working in 
IcLg. 117 is appended. AB is 
taken as the axis of a conical 
surface, having its apex at B, 
Kg. 117. and containing the line BC. 

Therefore, if BC were to move round this surface, it would, in all 
positions, make the same angle with AR 

Then cK drawn perpendicular to a6 is the path of the plan of point 
C, as this rotation proceeds. When BC is in plan equal to its real 
length, the line will be horizontal, and the angle between AB and 
BC (both then being horizontal) will be discovered. 

The true length of BC is shown at 6D (cD is perpendicular to &c, 
and equal to c'd!). The arc CD, struck with centre 6, gives, by its 
intersection with KC, the point C. Then the angle K60 is that 
between the given line and the perpendicular to the plane ; and C&^ 
which completes the right angle, is the angle required between the 
line AB and the plane v'fh. 
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Another Method. 

In Plate XL, fig. 3, another solution of this problem is shown. The 
line a'6', ah, is horizontal. Find its intersection e\ e, with the given 
plane v'/h. From any point b'b, in the line, set out a perpendicular 
to the plana To do this, draw b'c' and be perpendicular to v'f and fh 
respectively. Find the intersection of this line with the plane. Its 
projections are d^d^ Join ed. Then edb is the plan of a right-angled 
triangle made up of part of the given line (e6), the perpendicular to 
the plane (6</), and the projection of the line on the plane (ed). Of 
these three lines eb is in plan, full length, because it is horizontal. 
Opposite to it, at the point d, the angle is a right angle. Construct 
therefore on eb a semicircle, and through d draw dD perpendicular to 
eb, intersecting the semicircle in D. Join eD, and the triangle e5D 
will have beqp rotated upon the line eb until the point D is on the 
same level as e and b. The angle beD is therefore that between the 
line and its projection on the plane, or, as we have shown above, the 
required angle between the line and the given plane. 

Casb 2. When the 
given line is inclined to 
both co-ordinate planes, 
as in fig. 118, the angle 
between the line and a 
perpendicular to the 
plane must be deter- 
mined as in Problem ^ 

CXV. BC and CD are 

ibe two lines, CD being 

perpendicular to the 

plane. The points c and 

h are the horizontal 

traces of the lines, and 

iG, 60, are the same lines 

'^oonstracted" into the 

K p. The solution of 

this part of the problem Fig. 118. 

is clearly shown in the diagram. The angle bCd is that between the 

lines; its complement^ as shown, is that between the line AB and the 

fhnQf/fh. 
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Case 3. When the line and 
plane are situated as shown in 
fig, 119, a profile view of them 
exposes the angle between them, 
because a vertical plane through 
the line contains its projection 
on the given plane. The solu- 
"^ tion of the problem is shown 
in the figure, and the line vh 
represents the profile view of 
the plane, and AB that of the 
line. The angles x and y are 
those required. 



Fig. U9. 



Problem CXVII. 

Through a given point in a straight line, to draw a plane perpen- 
dicular to the given line. (Fig. 120.) 

When a line is perpendicular to a plane, its projections are perpen- 

dicular to the traces of that plane, 
so that, as the projections of the 
line are given, the traces of the 
plane will be at right angles to 
them. At the given point d^ c, 
set out dd' and cd — the former 
parallel to XY, and the latter per- 
pendicular to ah. These lines 
will be the projections of a hori- 
zontal on the plane. The point 
d is the V. t. of this horizontal, 
and must be in the vertical trace 
of the plane. Draw v'f through 
d! perpendicular to a!h\ and JK 
perpendicular to ah. 

Note, — ^The given point need not necessarily be in the given line. The same 
coaatruGtion ia used for any point. 
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Problem CXVIIL 

. Through a given point, to draw a line to meet a given line at a 
given angle. 

Let a'h\ ah, be the projections of a line AB, and &c l&ose of a point; 
it is required to draw the projections of a line CD passing through C, 
uid meeting the line AB at an angle of 120°. 

It is clear that both lines (the given one and the required one) must 
ie in one plane. Find then the plane containing the points A, B, and 
C!. In fig. 121 y EF is the h. t. of this plane. It is found as in 
Problem CIV. It is not necessary to find the v. t. Construct then 



€Xr 




TA 

Fig. 121, 

i'ius plane about its h. t. into the h. p., and show the line AB and 
tHe point C so '^ constructed." To do this, through point a set out 
KoA perpendicular to EF. The point A will move in a vertical 
plane, having KA for its h. t The line EA. is therefoi*e a locus of 
the plan of the point A at all stages of this rotation. The point A 
will reach the h. p. when KA is equal to the real distanice oi "&. i'cck^SL 
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the point A on the plane. To obtain this distance, set out GH on 
XY equal to Ka. Join GA'. Then GHa' is a right-angled triangle, 
which would fit under the oblique plane, having its base coincident 
with Ka, and the apex a! with the point A. Then if KA be made 
equal to GA', and E and F be joined to A, the line AB will have been 
constructed into the h. p. As the point C is on AF, a perpendicular 
to EF through C will give C its "constructed" plan. Set out CD 
at 120°, with AB intersecting that line in D, and refer the point D 
back to the original plan by drawing J>d perpendicular to the h. t. 
Join cdy and after finding d'y join c'd\ and the projections of the 
required line will have been determined. 

When the angle which the required line is to make with the given one 
is a right angle, it is best to find the plane through the given point per- 
pendicular to the given line, and their intersection wiU be t/ie second 
point required. • 



Problem CXIX. 

To draw the projections of a straight line of given inclination 
contained by a given plane. (Fig. 122.) 

When a line is contained by a plane, all its points are in that plane. 
Hence, if two points of a straight line, lying in a plane, be determined, 
the whole line can be drawn. It has already been shown that the 
inclination of any line contained by a plane can be equal to, but 
cannot exceed, that of the plane itself. 

Again, there can be two lines, and two only, passing through the 
same point, and contained by the same plane, and having a given 
inclination. 

Having assumed any point in the plane, conceive thai point to be 
the apex of a vertical cone, having an angle at the base equal to the 
inclination of the required Una This cone will either be tangential 
to the plane (in which case the line of contact is the solution required), 
or it will be cut by the plane. In the latter case, the traces of the 
conical surface upon the plane will be the two lines which satisfy the 
conditions of the problem. Further, the h. t. of the plane will, in. 
such case, meet the circle, which is the plan of the cone in two points. 

The application of the above principles is shown in three cases ia 
Bg. 122. 



LtneSy Points^ and Planes. 



145 



The plane v*fh is perpendicular to the v. p., and a point A is 
assumed bj its projections as being upon the v. t. of the plane. The 
line a'B is set out, making the given angle of inclination with XY, 
and a'a is assumed as the axis of the vertical cone, and ^*h^<^ as its 
plan. This circle crosses the h. t. in two points, \ and \, Then these 
points being joined to a, ab^ and ah,^ are the plans of two lines, which 
are inclined d in virtue of being contained by the surface of the cone, 
and are in the given plane, because the point A is on the v. t, and 
B is on the h. t. 




Kg. 122. 

The student should be aware that all lines of equal inclination on 
the given plane must have their projections parallel to those found. 

Hon. — This constmction is necessary in obtaining the projections of a figure, 
tbe indiDfttion of one of its surfaces, and that of a line in that surface, being 
given. (See Problem CLVIII.) 

In the second case, the traces of the plane make acute angles with 
!Y, and the starting point A is not in the vertical plane. The 
stoclent will see that the point A is m the plane, as it is on AP, one 
^ its horizontals. 
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The solution is similar: a!K& is the elevation of half the cone; 5CB^ 
is its plan, and the two lines are in plan B^ a and a5, and in eleva- 
tion 6\a' and a'6'. The student must be careful that in striking the 
circle, he takes a as centre, and that the radius is equal to 6'B', or 
to aC. 

In the third case, the plane given is parallel to XY, and the point 
A is shown by construction (see Problem CYIIL, Case 2), to be in the 
plane. The solution is exactly similar to the preceding, but only one 
line is shown, a'5, ab. 

Problem CXX. 

Oiven a line, contained by a plane, required a second line also 
contained by the plane, but maldng an angle of Zh"" with the given 

one. (Exam. Paper, 1875.) 

Let v'fh and a 6', ah (fig. 123), represent the conditions given. Then 

if the plane be constructed into the 
h. p. about its h. t., the point B will 
move in a vertical plane through 
6, having 6B for its h. t Draw 
6B perpendicular to fh. Make DG 
equal to the height of point B 
above XY, i.c., equal to hh\ Make 
DB equal to 6G, and the point B 
-Y will be the " constructed" plan of 6. 
Set out the angle aBc of 35°, and 
the line Be will represent the new 
line required (but in the h. p.). 
When e is joined to 6, the line he 
will be the plan of this line when 
lying on the plane, and as c is in 
the h. p., its elevation c' is on XY. 
Join dh\ and the required projeo- 
Fig. 123. tions will have been determined. 




Problem CXXI. 

Throngh a given straight line, to draw a plane of a given 
inclination. 

Of course, the inclination of the plane must equal or exceed that of 
iibe line. Let a'b', ab, fig. 124, be the given line, and the angle of the 
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plane 65". As the pl&ne is to pass through the line, the h. t. of the 
line must be in that of the plane. Find e, the h. t. of the line AB. 
Then at any point a', set out the elevation of a vertical cone, having a 
base angle of 65°. In the figure, a'tld' represents half the cona Ita 
plan is the circle de, having a for its centre. All planes which are 
tangential to this cone will be inclined 65°. Hence, if the h. t. of the 
plaae be drawn throngh C, and tangential to the circle de, there vill 
only remain the condition of that plane passing through the apex to 
fnlGl entirely those of the problem. Assuming ef, therefore, to be the 
h t, of the plane, and a'a a point in it, the line a'g', ag, is a horizontal 
of the plajie, and its v. t. (p') is in the v. t. of the plane. Draw then 
g'/, and thus complete the required traces. 




Fig. 124. 

There are two solutions to this problem, as ahowii in the figure. 

The plane fmn also contains the given line, and fulfils the condition 

<tf being inclined 65", as its h. t. nm touches the base of the oone, and 

the T. t. of the horizontal through A is in the v. t. fm of the plane; 
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Problem CXXII 

Given the inclinations of two stnught lines which meet, and 
the angle between them; required the plane containing them; also 
their projections. 

The sum of the inclinations of the lines, together with the angle 
included between them, must not exceed 180°. When it equals that 
angle, the plane containing them is perpendicular to the h. p. This is 
obvious, as the three angles of a triangle are together equal to two 
right angles, and the lines have their greatest inclinations when they 
are contained by a vertical plane. The angle between them is in that 
case the vertical angle of the triangle. 

Let us suppose that the two lines are to be inclined at 34^ and 40^ 
respectively, and that they are to contain an angle of 60^. 

If a piece of paper be cut exactly like that in fig. 125, and it be 

Iblded upon the lines A6 and BC until the 
points D and Dj^ coincide, the student will 
have before him a model of the conditions 
suggested in the problem. The model 
should rest on the lines AB and BC, and 
the inclined surface of the triangle ABC 
will, be the plane required. It will be 
noticed that the longer edge will be the 
less inclined, and the h. t. of the two lines 
will give the h. t. of the plane. Further, 
if a V. p. be assumed perpendicular to this 
Di trace, the elevation on that plane of the 
Fig. 125. triangle ABC will be a straight line, coincid- 

ing with the V. t. of the plane of the triangle. The method of pro- 
cedure now to be explained is based upon this principle, and by the 
aid of such a model the student will see a reason for each step and 
line in the solution. 

Draw two lines AB, BC (fig. 126), at an angle of 60°. Assume a 
point A in AB, and draw AD' at an angle of 40° with AB. At the 
point B make BD' perpendicular to AD'. Then the distance BD' is 
the height to which the point B must be raised in order that AB may 
meet the h. p. in A at the inclination of 40°. Now, as the second line 
BC meets the first in B, it is clear that BD must be equal to AD'. 



c 
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Describe, then, an arc having B for centre, and radius equal to BD'. 
It follows, then, that wherever BD 
is to be drawn, it must be a radius 
of this arc. At any point E, set 
out an angle of 34° (the inclina- 
tion of the second line BC), and 
draw a line parallel to EF and tan- 
gential to the circle DD'. If BD 
be drawn perpendicular to this 
tangent, the lines of the model 
will be clearly perceived. Join 
AC, which may be assumed as the 
h. t. of the plane required. In 
fact, all lines parallel to AC are 
horizontals of the plane, and any 
one mav be taken for the h. t. 
Draw XY perpendicular to AC, 
and, knowing that BD' represents 
the height of the point B above 
the h, p., draw feB' perpendicular Kg. 126. 

to XY, and with a' as centre, describe the arc B'6', marking the point 
V at a height above XY equal to BD'. (The line K6' is drawn parallel 
to XY at a height equal to BD'.) Then a!b' is the elevation of the 
triangle ABC, and av is the v. t of the plane containing it. The 
plan of point B is found by a projector through V meeting a line 
through B parallel to XY, because, when the triangle rotates on AC, 
the point B moves in a vertical plane perpendicular to that line. 

NoTB. — This problem is required in obtaming the projections of a figure, the 
inclinations of two of its lines and the angle between them being known. 
(FroUem CLXIL) 




Problem CXXIIL 



To draw a plane through a given straight line parallel to 
anotber given straight line. 

Let a'V, ah, and c'd\ ed, represent the lines, through the former of 
which a plane is to be drawn parallel to the latter. This probl^TCt ^ 
always determinate, except in the case of tlio linea \M^n!^ \^^T&stf^N«i 
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parallel, when any plane containing the one will be parallel to the 
other. 




Kg. 127. 
At any point da^ in the line AB set out the projections (ie\ oe of a 
line parallel to CD. Then j^d the plane containing the two lines 
AB and C£, as in Problem OIV., and that plane will satisfy the con- 
dition of being parallel to CD. 



Problem CXXIY. 

To determine the traces of two planes, mntnally perpendicolari 
when their inclinations to the h. p. are given. 

The sum of the inclinations of the two planes, together with the 
angle between them, cannot be less than 180^ If the sum be 180^ 
the horizontals of the planes are parallel, and their intersection is a 
horizontal line. 

If a plane contains any line which is perpendicular to another plane, 
the two planes will be perpendicular to each other. This is readily 
seen by placing a pencil perpendicular to a sheet of paper, and then 
placing another sheet in such a position that the pencil may lie upon it. 
But there are an infinity of planes which would satisfy this condition, as 
wiD. be seen by rotating the second sheet round the pencil. Henoe^ 
for this problem to be detemdnate, the inclination of the second plane 
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is given. If, then, a right cone, having for its base angle that of the 
given inclination of this plane, be conceived to have its apex in the 
point where the pencil meets the first sheet and its base upon the h. p., 
it will be seen that the second sheet of paper can be placed in two 
positions where it contains the perpendicular to the first plane, and 
also touches the surface of the cone. In virtue of the former fact 




Fig. 128. 
(containing the perpendicular), this sheet will be perpendicular to the 
first sheet, and in virtue of the latter (being tangential to the cone), it 
will have the required inclination. The horizontal trace of this plane 
wiU pass through the h. t. of the perpendicular, and will touch the 
circle, which is the trace of the cone. 

In fig, 128 vfh represents the traces of a plane inclined 30°, and it 
is required to draw the traces of a plane inclined 70°, which shall be 
perpendicular to vfh. Assume any point, a a, in the plane, and set out 
clKy ah, the projections of a perpendicular to this plane. The triangle 
ale'r is the elevation of a semicone having a base angle of 70° (the 
T^uired inclination), and its apex in the point A., ^\ii\&\i >ik<& ^vc^^ 
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chd represents the whole plan. The point h is the L t. of the line AB^ 
and like^ drawn through 5, and tangential to ekd^ is the h. t. of the 
required plana 

As the apex of the cone is in both planes, it must be a point in their 
intersection ; hence, by drawing ea and producing it to ^, we shall have 
the plan of the common line to both planes. The point g\ determined 
from gy is in both vertical traces, as it is the v. t. of the intersection. 
Then Vmy passing through g and 7/1, is the v. t. of the plane required. 

Note. — This problem is required in obtaining the projections of solids, having 
faces which are perpendicular, when the inclinations of two of those faces are 
given (see Problem CLXVIII.) 



Problem CXXY. 

To determine by its traces a plane, making a given angle with a 
given plane, and having a given inclination. (Plate XII., fig. 1.) 

This problem differs from the preceding in one condition, t.«., the 
angle between the given and required planes is not a right angle. 

Any point in space can be assumed as the common apex of two 
cones, one with axis vertical, and its generatrices making an angle 
with the h. p. equal to the inclination of the required plane; and the 
other with its axis perpendicular to the given plane, and its generatrices 
making an angle with it equal to the given dihedral angle. The hori- 
zontal traces of these cones, when determined, will be in the former 
case a circle, and in the latter an ellipse. Then a plane which is 
tangential to each of these cones (t.6., whose h. t. touches the circle 
and the ellipse, and which passes through the common apex), will be 
inclined to the li. p. as desired, in virtue of being tangential to the 
vertical cone, and will make the given angle with the given plane, 
because it is also tangential to the oblique cone. In Plate XIL, ^g, 1, 
v'fh is the given plane, inclined 42^, and the planes determined fulfil 
the two conditions of being inclined 78% and of making an angle of 73^ 
with v'fh. 

The point a a, is taken as the common apex of the two cones ; the 

vertical one dUc making 78^ with the h. p., and the oblique one, 

a'^d\ with axis perpendicular to v/, making 73^ with the plane. The 

circi^ be is the trace of the former, and the semi-ellipse ra^ is that of 

the oblique cone. The description of the construction employed to 
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find this semi-ellipse belongs to Chapter XI., and will be found in 
Problem CLXXX., to which the student is referred. 

The h. t. of any plane which touches both these cones will be 
tangential to the circle, and also to the ellipse. Four such lines can 
be drawn, and the student will see that there are four planes which 
would satisfy the conditions of the problem. Two planes would touch 
the cones — one in front and one behind, and two others would touch 
. them and pass between them. The traces of all four are shown in 
the figure. 

The vertical traces are determined by finding the v. t.'s of a. hori- 
zontal line in each plane, passing through the point A, as it is 
known that that point is in the ihtersection of the given plane with 
those required. 

Problem CXXVL 

Two planes are mntiially perpendicular. Their intersection is 
inclined 40""; one of them is inclined 50""; show them by their 

traces. (May Exam., 1871.) 

It is better in working this problem to assume the given plane 
with its traces, each making an acute angle with XY. In ^g, 129, 
iffh is the given ^/^, v^ 

plane (the proper 
inclination of 50^ 
is ensured by the 
plane being tangen- 
tial to a cone of 
50^). On this plane ^-^ 
a line 'p'Jc^ pk, is 
shown inclined 40°. 

Draw then SQ per- ^^ 

pendicnlar to the 

intersection, and, _ 

knowing the true ^g* 129. 

length and inclination of the intersection, as shown at ^'P, find the 
length of a line TR perpendicular to it. This is shown at TR', the con- 
struction being the converse to that of finding the angle between two 
given planes (Problem OXIY.). Make TR equal to TBf, and join 
BS. Then RQ, at an angle of 90° with RS, gives a point Q u^^oa 
the h. tb of the second plane; and as P is anotiiec ^Vii\» \xl \2idaX» \ic«c^% 
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and if is in both vertdcal traceB, the plane is detennbed by its 
trac«8 f m, mn. 

NoTB. — Thi« proUem is really »n exerdie npon Problema CVL tad CXIV., 
md the atddent will see Uist other dihednl anglea, inttead of % right Migle, 
OOnld have been given. 



Problbm CXXTIL 
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Two planes are inclined at angles of 60° and 67° teapectively. 
Their inteisection is inclined 40°; show them ta; their traoes. 
(Fig. 13a) (So. Exam., Maf.) 

The plane v'fh ia in- 
clined 50°, and the line 
j^H, pk, contained by it 
is inclined 40°. ASenme 
s oone having Tertical 
axis and base on h. p., 
-7 the base angle to be 67°, 
and the apex in j/p. 
The Bemicircle ST is 
plaa of one-half of this 
cone, and p'pg is Uie 
elevation. Then mn 
drawn through le, tan- 
Elg. isa gential to ST, and meet, 

ing XY in m, is Hia h. t roquired, and Im drawn thtongh ff and m 





fig. 131. 
A Teqnired to draw a line parallel to both. 



Pboblrh cxxvni. 

Through a giyen point 
to draw a straiglit line 
parallel to two ^ren 
planes. (Fig. 131.) 

When a line is parallel 
to two planes, it is parallel 
to their inteisection. In 
fig. 131, two planes, v'/A 
and Tmn are assumed, and 
through the point o'a, it 
Their intersection is 
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t'vt, cd {Prtblem CVL). Then a'b', oJ, drawn parallel to e'eC, ed, 
reepediTely, are the projections of the line required. 

Fboblbh CXXIX. 

Through a given point to draw a plane perpesdionlar to two 
given planes. 

When a plane ia perpendicular to two other planes, it is perpen- 
dicular to their intersection, and has its traces perpendicular to the 
projections of that intersection. Find then the interaectioa of the two 
l^anea (Problem CVL), and through the given point draw the plane 
as reqnired {yt., perpendicular to the line fonnd, Problem CXVll.). 



Problem GXXX 
From two given points, not contained by a given oblique plane, 
to draw two lines meeting in that plane, and making eqnal angles 
with it 



that of finding, by 



lliis is a similar problem, in Solid Qeometry, 
Plane Geometry, two 
lines PE and QB 
to p«8S through two 
given points, P and 
Q, and to meet a given 
line AB, and make 
eqnal angles with it. 
Tba constraction of 
this latter question is 
shown here, at fig, 
133, as it is so inti- x-^^ 
matdy connected with 
the question before us; 

Draw Q8 at ri^t 
angles to AB. Make 
8T-QT. Join PS, 
meeting AB in R. 
Join BQ. 

The proof is very 
ample. QTR and BIB are equal and sinulfti tnan^^', ■Qlke«1(»«> 
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the angle QBT « TBS, and PB6 is the opposite angle to TBS, and 
hence is equal to it (Euclid L 14), and therefore to QBT. 

In fig. 132, the given plane is v'fh^ and from the two points, j^p, 

5^g, it is desired to drav two lines, pV, pr, 
and ^y, gr, to meet in a point rV upon the 
planes, and to make equal angles with that 
plane, i.«., with their projections on that plana 
Through one of the points, as ^'g, draw 
^V, qsy perpendicular to the plane (Problem 
CX.)^ and find their intersection tt. Make <V, 
te, equal in length to ^Y, qU This line plays 
the same part here as the line QS in the 
'pUvM solution referred to above. Join s' to 
Fig. 133. p\ and 8 to p. Then find the intersec- 

tion of the line PS with the given plane. This gives rV, which is 
the point on the plane where the lines from P and Q will make 
equal angles with it, and p'r\ qV, and pr, qr, are the projections 
required. 

There can be an infinite number of pairs of lines meeting on the plane as required, 
but the two determined are together less in length than any other pair. The locus 
of the meeting points of all the pairs is a circle, the point R being at one 
extremity of a diameter, whose other extremity is the trace on the plane of a 
line joining P ^nd Q. This is seen by the following proof : — 

If a line AB (fig. 134) be divided in the point C in any ratio, and produced 

to D, so that AC, AB, AD are in harmonical progres- 

sion, i.e., if AG : BC : : AD : BD, and if a oirde CPD 

be described on CD, then any pair of lines drawn from 

|])A and B, and meeting in this circle, will be in the 




Fig. 134 




Fig. 135. 
aribognphio projection of AB on the plane. 



constant ratio of ^ (Euclid vi. 3» 4^ and b). 



In the perspective view (fig. 
135), let MN represent the 
plane in the problem, and A 
and B the two given points. 
From A and B draw two per- 
pendiculars to the plane (A£ 
and BF), and find point D, as 
shown in the problem. Join 
AB, and produce it to meet the 
plane in C. This line will also 
meet £F produced, as £F is the 
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Then AE, BF, AC, and EC are in one plane, and from the properties of similar 
triangles, 

EC : FC : : AE : BP; bnt (EncUd vi. 2) 

ED : DP : : AE : BF; hence ED : DP : : EC : CF, 

or EC is harmonically divided. Therefore, as shown above, if a circle DSC be 
described on CD, the ratio of any two lines, ES, PS, drawn from E and P, to 
meet the circle, is constant and equal to ED : DP. Join AS and BS. Then in 
each of the two triangles, AES, BPS, there is a right angle, and the sides con- 
taining them are proportional Hence the triangles are similar, and the angle 
ASE=BSF. 

When the two given points are equidistant from the given plane, the locus is 
a straight line, which is the intersection of a plane perpendicular to and bisect- 
ing PQ» 'with the given plane. 



Problem CXXXL 

Throngli a given point, to draw a straight line to meet two given 
straight lines. 

This problem can always be solved, except in the case where the 
two given lines are in one plane and the given point is without it 

iBt Solution. 

Let the given lines be ab\ ah, and cd\ cd (Plate XIY., fig. 1), and 
the given point i'i. Find, first, the plane containing the given point 
and one of the given lines ; secondly, the plane containing the given 
point and the other line. Then the line of intersection of these two 
planes will be that required in the problem. 

Referring to the figiire, the plane v'/h is that which contains the 
point I and the line AB (Problem OIY.) ; and the student will notice, 
that as the hoiizontal traces of lines joining I to A and B would be at 
so great a distance, two points, ee and g'g, which are in the line ab\ ah, 
have been used instead. Of course, the plane which contains these 
three points will also contain the points A and B. Similarly, the 
plane I'mn is that containing the point i'i, and the given line cd, cd, * 
The intersection of these two planes, aj3", a/3 (Problem CYI.), is the 
line required. 

Nora. — ^The lines do not meet upon the drawing, but would do so if produced. 
It is possible that the line found may be parallel to one of the lines, and then 
it 18 recognised as meeting that line at a point infinitely distant. 

* The points r^r and e'e are taken instead of c'c and d^d, because the vertical 
traces, wnich determine the v. t. of the plane, fall within t\i« ^o^V 
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f^nd Solutum. 

An ingenious method of solving this problem is shown in the same 
plate, fig. 2, where ah\ ah, and e'd\ cd, are the projections of the given 
lines, and pp those of the given point. Any two points, as E and G, 
are taken in the line AB, and two lines from P are drawn through 
them to intersect a vertical plane, containing the other line CD, in the 
points S and T. The line ST is therefore the intersection of a plane 
containing P and the line AB, with the vertical plane containing 
CD. Hence all lines passing through P, and a paint in AB, wiU 
intersect this plane in ST, or ST produced. But ST crosses CD in 
Q, therefore a line joining P to Q will be in both these planes, and 
will pass through AB and meet CD. 

Take e'e and gg on ab'yoib, and through p' and p, and draw pV, p'g\ 
pe, pg, to meet e'd' and cd in s't' and sL Join s't', intersecting c'cT in 
q\ Then p*q' is the elevation of the line required ; and, by determin- 
ing q, the other projection of point Q, the line pq can be drawn, which 
is its plan. 

Problem CXXXIL 

Given the projections of two parallel straight linesi reqoired 
those of a third line which shall meet them, making alternate 
angles of 40^ (Plate XIL, hg. 2.) 

First, find the plane containing the two lines, and construct it about 
its horizontal trace into the h. p. Next, construct also the parallel 
lines which lie on the plana Then join them by a secant, meeting them 
alternately at 40^ Transfer the points of intersection of the three 
lines to the plan and elevation, and complete the projections of the 
line required. 

In Plate XII., Ag. 2, the given parallel lines are ab\ aby and c'd\ cd. 
The plane v'fh is the one containing these lines (Problem CIV.). To 
construct this plane, with the lines on it, into the h. p., a point a in the 
plan of ah is taken, and aA is drawn perpendicular to the h. t« Then 
aA is the h. t. of the vertical plane in which this assumed point A 
moves during the rotation of the plane vfh.* The length OA is deter- 
mined by constructing a right-angled triangle aA'O, such that aA' ia 
equal to the height of point A above the h. p., as shown in the eleva- 

* The plane revolves <otoar(29 XT. 



Lines, Points, and Planes. 159 

tion. Then the hypotenuse A'O determines the real distance of A 
from point o. 

The point h in AB does not move during the rotation, so that 5A 
is the representation of the '^ constructed'' line, and tr, drawn parallel 
to aB, is that of the '^ constructed" line CD. At any point draw the 
secant PQ, meeting these lines alternately at 40^ in P and Q. Transfer 
these intersecting points by perpendiculars to the h. t. on to the plans 
at p and q, and by projectors obtain 'p' and ^'. Then ^ and 'pc^ will 
be the projections of the required line. 

Note. — ^A constmction similar to the above will solve the problem '* to show 
the centre of a circle to pass through three points whose projections are known," 
as the plane containing them having been found, they can be constructed into 
the h. p., and the centre determined. Then that point can be transferred, like 
P and Q in the above problem, into its position on the plane of the three given 
points. 

Problem CXXXIII. 

To determine the projections of a common perpendicnlar to two 
given lines. 

This problem is required when the positions of the axes of two right 
cylinders touching each other are known, and it is desired to find the 
point of contact between them. 

If the given lines meet, its solution is impossible, and if they be 
parallel, the common perpendicular required will be in the plane con- 
taining them, and the solution would be similar to that in the last 
problem. But in the case where the given lines are neither parallel 
nor meet, a common perpendicular can always be determined. 

In Plate XIII., fig. 1, the given lines are ah', db, and ed\ cd. The 
plane must first be found which contains one of the lines (AB), and is 
parallel to the other (CD). The solution of this part of the problem 
is shown, and its explanation was given at Problem CXIII. The traces 
are v'f and fh. From any point, as rV, in the line CD a perpendicular 
to the plane vfh is first set out, and then its intersection t't with that 
plane is found. The projections of the line are rV, rs, and those of the 
intersection are t'L Now, as the line CD is parallel to the plane i/fh, 
all its points are equidistant from that plane, and the line BT measures 
that distance. If, then, the line BT be conceived to move along the 
line CD, so that its extremity B is always in that line, then the point 
T would trace upon the plane a line fp', tp, parallel to CD. Now^tVv^ 
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line most meet AB, because they are both in one plane, and by the 
conditions of the problem they cannot be parallel ; jl'p is therefore the 
point of meeting, and j9'g', je>^, drawn parallel to Z^', Hy is the common 
perpendicular required. The line PQ is {)erpendicuh),r to AB, because 
it is perpendicular to a plane containing AB. This line is the shortest 
distance between the two given ones. 



Problem CXXXIV. 

Two lines, inclined ^O"* and 50'' respectively, do not meet. They 
are 2"" apart where they are nearest to each other, and the common 
perpendicular to both is inclined 28^ To show their projections. 
(May Exam.) 

The common perpendicular to both given lines measures the shortest 

^ ^ ' distance between them. 

Hence the line of 28° 
inclination is 2" long. 
Draw the projections 
of this line, as dh\ ah 
(fig. 136), assuming it 
to be parallel to the 
V. p., and therefore of 
3C — <^ \ y^fg-V^'^ i ^>ti__-y f^^ii inclination and 

length in the eleva- 
tion. Take vjh as 
the traces of a plane 
perpendicular to the 
line AB. Then every 
line in this plane 
which has one ex- 
tremity in B will 
necessarily be perpen- 
Fig. 136. dicular to the line 

AB. In this plane, therefore, determine a line inclined 50° (Problem 
CXIX.). The projections of this line are dd\ cd. A similar pro- 
ceeding at the extremity A would give the other required line, but in 
the figure a line inclined 40° is shown in the plane v/A, its plan is 
hk\ and the projections of the line ST through A are parallel to Ik 
and by. Of course, as two lines can always be found of given inclina- 
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tion to pass tlirough a point in a given.plane, there are four solutions 
to this problem (according to the inclined JiiMi used.) 



Problem CXXXV. 

A straight line inclined 33'' in a plane inclined 50"" is the ortho- 
graphic projection upon that plane of another straight line making 
an angle of 40'' with it. Determine the plan of this latter line 
and its inclination. (May Exam., 1871.) 

In fig. 137 the line whose plan is a& is inclined 33^^, and is con- 
tained by the plane 
«i>%(60°). This being 
the orthographic pro- 
jection of another line 
upon this plane, its 
points must be in a 
projecting plane pass- 
ing through the line 
itself, and perpendi- 
cular to the plane v/A; 
and as the angle which 
a line makes with a 
plane is measured by 
the angle between the 
line itself and its pro- 
jection on the plane, 
we have to conceive a 
right-angled triangle 
resting with its base 
on the line AB, and 

its plane perpendicular Fig. 137. 

to vfh^ with a base angle of 40''. This triangle is shown in the figui*e, 
constructed into the h. p., i.e., the line AB is so constructed, and the 
triangle A5D built upon it. This discovers at once the height of point 
D perpendicularly above the plane. Set out the projections of a 
perpendicular to vfh passing through A. These are ddH^ ad, and 
make a'd' equal to AD, and join b'd\ This is the elevation of the 
line required, and 6^ is its plan. The inclination (^) is obtained by 
constructing the line into the h. p. as shown. 
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Problem CXXXVI. 

To draw a line to meet two given lines, to be parallel to, and 
-75'' from a given plane. (May Exam., 1876.) 

This problem can be solved only when neither given line is parallel 
to the given plane, or one or both being parallel to it are at the 
required distance from the plane. 

Find the traces of a plane parallel to the given one *75^ away from 
it. Then find the intersections of the given lines with this plane. 
Now, as all lines in the newly found plane will fulfil the condition of 
being parallel to the plane, and *75'' from it, that found by joining the 
intersections mentioned above will satisfy the conditions of the pro- 
blem. In Plate XIII., fig. 2, vfh is the given plane, and a'6', oft, c'/i', 
cd, are the projections of two given lines. The plane Vmn is found by the 
solution in Problem OXIL, and the intersections of the lines AB and 
CD with that plane are found by Problem CIX. to be />'p, <iq. Then 
'pq\ pq, is the line required, as it is in the plane Vmn^ and therefore 
parallel to v'fh. It is *75'' from that plane, and meets both the given 
lines. 

Pboblkm CXXXVIL 

Oiven the projections of fonr points not in the same plane, to 
determine the radins of the sphere having these points upon its 
surface. (Plate XV.) 

This problem in Solid Geometry corresponds to that in Plane 
Geometry of finding a circle to pass through three given points, and, 
as in that case the three points cannot be in the same straight line, 
so, in this one, the four points on the sphere must not be contained 
by the same plane, except a circle can be passed through them, and 
then the problem is indeterminate. 

In the case of a circle, if any two points be joined, and a line be found 
bisecting the chord at right angles, it contains the centre. Similarly, 
if two points be joined on the surface of a sphere, the plant which 
bisects this line perpendicularly a^o contains the centre, as it is a 
locus of all points equidistant from those so joined. Now, as this 
principle must apply to any two points, the centre of the sphere 
12217^^ be in 931 planes which bisect a chord perpendicularly. The 
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common point to all these planes is the centre. The iniersecHon of 
three euch planes is required to fix their common point, and the radius 
is determined by finding the real length of the line joining the centre 
found to either of the given points. 

In Problem OXXYIL the construction was shown which is needed 
here. 

In Plate XY., fig. 1, the projections of four points, A, B, 0, and D, 
are assumed, and v'fh is the plane which bisects the chord BD ; but 
in fig. 2 this construction is repeated, isolated so that the student may 
not be confused whilst having to pick out the lines from the more 
complicated drawing. 

A case similar in position to that of the line BD is taken, and in 
the supplementary figure a'h\ ah, are the projections. Join them in 
plan and elevation, and determine the point i'i in the centre of the line. 

Draw iw' and iw as the projections of a horizontal in the plane. 
Its v. t. w' will be in the v. t. of the plane. 

Then vf drawn through vf perpendicular to ah\ and /%, perpendi- 
cular to ah, will be the traces of the plane bisecting AB at right angles. 

The other planes shown are I'mn, bisecting AD, and r'st, bisecting BC. 

The projections of the intersections of these planes meet in O'o. 
That, therefore, is the centre of the required sphere. 

Next, the real length of either of the lines OA, OB, 00, or OD 
will give the radius of the circles, which are the projections required. 

But as the point is on a horizontal great circle of the sphere 
(being at the same height as O), the plan 00 gives the radius. 

As this is not always available, the true length of OA is shown 
constructed into a horizontal plane on the same level as the centre, 
i.&y oA is equal to the difference in height of O' and A'. 



EXEECISES. 

1. Show the projections of any two points A and B, their projectors being 2" 
aput^ measured along XY; A is 1*2^ above the h. p., and in the v. p., whilst 
B is 'S" below the h. p. and 'TS" behind the v. p. Then find the real lei^gth and 
incUnations of the line joining them. 

% The plan of a line is 2^ long, and its elevation is Z" long. The projectors of 
Hi extremities are I'^aparfc, measured along XY. What is its true length and 
indinatioiit 

3L a line AB is inclined iS'' to h. p. and 80** to v. p. Show \\a '^'tc>\^^<csQs^ 
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4. Two lines which meet are at right angles to one another, and are equally 
inclined to the h. p. Their plans contain an angle of 110*. Draw an elevation 
of them on a ground line parallel to the plan of one of them. 

5. The horizontal and vertical traces of a plane make angles of 30* and 55* 
respectively with the ground line. A line, parallel to both planes of projection, 
is V above the horizontal, and 2^ in front of the vertical. Find its intersection 
with the given plane. 

6. Draw the plan of an isosceles triangle, whose base is 2*5'' and sides 3", 
when that base is inclined at 40°, and one of the sides at 48*. 

7. Given /A, a line making 30* with XY as the h. t. of two planes inclined 
45*. Show their vertical traces. Show also the real angle between two lines 
which meet and lie one on each plane, and which are inclined 30*. 

8. An indefinite line is inclined at 60*. At any point in this line draw two 
others which shall be at right angles to it, and to one another. 

Hnn!. — These two latter lines will be in a plane perpendicular to the first line. 

9. Two horizontal lines, AB, AC, contain an angle of 56*, a plane inclined at 
30* contains AB, another inclined at 65* contains AC. Draw two lines passing 
through A, inclined at 20*, and lying one in each plane. Determine the angle 
between these two lines. 

Hint. — It is convenient to assume the two horizontal lines above the h. p. 

10. Draw a plane passing through a given line at right angles to a given plane. 

Hint. — ^Draw from any two points in the line two perpendiculars to the 
plane. Then the plane required is that containing these two perpendiculars. 
Use only one perpendicular and the given line. 

1 1. Determine the real angle between the traces of a plane when the horizontals 
make angles of 30* with XY, the vertical trace 40*. 

12. B^present a plane inclined at 55*, parallel to XY, and T distant from it 

13. Through a given (horizontal) line AB draw a plane parallel to a line CD. 
Hint. — The plane required contains AB, and any line BE parallel to CD. 

14. B^present an indefinite line incliued at 60*, and three other lines meeting 
in one point of it. each making an angle of 25* with the given line, and equal 
angles with the other two. 

Hint. — ^These lines lie on the surface of a cone having a vertical angle of 50*, 
and the first line (inclined 60*) as its axis. 

15. Two planes contain a right angle; one of them is inclined to the horizontal 
plane at 60% and their intersection is inclined at 50*. Represent these planes. 

16. AB is a line parallel to the h. p., AC is a line parallel to the vertical 
plane. The angles hoc, between the plans, and h'a'c'y between the elevations, 

are each 120'*, What is the real angle between the lines ? 
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17. Determine the traces of three planes which are mutually at right angles, 
two of them being inclined at 35^ and 70° respectively. 

Hnrr. — The traces of the third plane are perpendicular to the intersection of 
the other two. 

18. Represent by its traces a plane inclined at 40° to the h. p., 65° to the 
vertical, and another at right angles to this, and inclined at 60°. 

19. An indefinite line inclined at 40° is the intersection of two planes, one 
inclined at 60°^ and the other perpendicular to the first. Show them by their 
traces. 

20. Each of three lines meeting in a point is perpendicular to the plane 
containing the other two ; two of them are inclined at 30° and 45°. Show them 
by a plan and an elevation when the point O is 3" above the paper, and in the 
plane of the elevation. 

Hint. — ^This exercise is based upon the principles in Problem CXXIL 

21. Through a given point to draw a line inclined 35°, and parallel to a given 
plane. 

22. Show the projections of two lines, each inclined 60°, to pass through a 
point P, and to make an angle of 70° with a given plane inclined 30°. 

Hint. — ^The lines required are the intersections of two cones, each having 
its apex in P, one making an angle of 70° with the plane at its base, and the 
other an angle of 60°, with h. p. at its base. 

23. Given the projections of any three points, A, B, and 0, not in a straight 
line ; required those of the circle passing through those points. 

24. Find the projections of a line which lies in the same plane as two given 
lines, and which bisects the angle between them. 

Hint. — ^Find the plane containing the given lines, and construct these lines 
about the h. t. into the h. p., then bisect the angle between them, and transfer 
^e required line to the plane. 

25. On the plane v^fh (fig. 132) show the projections of a straight line, such 
that if any two straight lines be drawn through A and B to meet in this line, 
these two lines shall be of equal length; or, in other words, required the locus 
of all points on the plane equidistant from A and B. 



CHAPTER Tin. 

ON THE PROJECTION OF THE FIVE REGULAR SOLIDS. 

A RE6ULAB solid has all its edges of equal length, all its faces similar, 

and, necessarily from the first condition, regular polygons, and all its 

dihedral angles, or those between the contiguous faces, equal. All its 

angular points are equidistant from a fixed point within it ; hence it 

can be inscribed in a sphere, of which the fixed point mentioned is the 
centre. 

There are five such regular solids : — 

1. The tetrahedron, whose four faces are each equilateral triangles. 
2. The cube, whose mx, faces are squares. 3. The octahedron, with 
eight faces, all equilateral triangles. 4. The dodecahedron, with 
twelve faces, all regular pentagons. 5. The icosahedron, with twenty 
faces, all equilateral triangles. 

For the determination of the elementary projections of these, only 
one condition of dimensions need be known, that is, the length of the 
edge.* 

Problem CXXXYHL 

To determine the projections of a tetrahedron when resting with 
one &ce upon the horizontal plane (edge 1*75''). (Plate XYI., 

figl.) 

Draw first the equilateral triangle €U>Cy which is the plan of the face 
upon the L p. The elevation of this face is a'b'c upon XT. Then as 
the three edges, which have their extremities terminated in a, 6, and e 
respectively, meet in a fourth point, and are each equal in length, its 
plan d is determined by bisecting the angles of the equilateral 
triangle. The lines ocf, bdy cd-, are the plans of the three edge& For 
the elevation, it is necessary to know the height above the h. p. of the 
point D. A vertical plane passing through either of the sloping edges 
"^^ contain the axis. The line cf is the L t. of such a plane contain- 

* The figures of this chapter will all be found on plates. 
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ing the edge CD. Construct this plane, about the h. t., into the h. p., 
by setting out dD perpendicular to cf. Then with c as centre, and 
«dth a radius equal to the length of an edge, cut dD in D. Join cD 
and "Df, and cDf is the shape of a section of the solid made by the 
vertical plane assumed. Now this section exposes not only the height 
of the apex, but also the dihedral angle {d) * between the faces a6c, 
adbf as the cutting plane is perpendicular to the common edge ab. 
The elevation of the solid is completed by the projection d' being 
joined to a', V, and e. 

Problem CXXXIX. 

To determine the projections of a cube with one face on the 
h. p. (edge 14"). (Plate XVL, fig. 2.) 

The cube has six fajo&a, all squares. Commence by drawing the 
square abed. This is the complete plan. The elevation of this square 
is ab'c'd'. As the vertical edges are all 6qual to the side of the square 
drawn, the elevation can give no difficulty. The line ac on the plan 
is the diagonal of a face; and from Euclid i. 47, the length of this line, 
compared to that of the edge of the solid, is ^: 1 ; ag' is the eleva- 
tion of a line joining opposite comers, and which is called the diagonal 
of the solid. A vertical plane containing this line would also contain 
the edge CG, and the diagonal of a face ac. The three lines form a 
right-angled triangle; and by Euclid i. 47, we see that the lines ag\ g'c\ 
are in the ratio of ^3~: 1. Hence the edge of a cube: a diagonal of 
a fece : a diagonal of the solid as 1 : ^2": Jz» As the XY in the figure 
is taken parallel to the line ag, the diagonal of the solid is shown full 
length in elevation, and the angle age' is the real angle between that 
diagonal and a contiguous edge. 

Problem CXL. 

To determine the projections of an octahedron when one of its 
axes is vertical (edge 1-5"). (Plate XVI., fig. 3.) 

The octahedron has eight faces, all equilateral triangles, and may 
^t be understood by conceiving it as made up of two square pyramids 
placed base to base. It has three axes or diagonals, mutually perpen- 
^cular, and equal in length ; and hence the plane which contains any 

* This angle is between 69** and 1(f • 
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two is perpendicular to the third. When one axis is yertical, the 
plane of the others is horizontal, and the plan of the solid is a square 
with its diagonals. Draw this first, as abed, in the figure ; then tf is 
the plan of the vertical axis. The elevation of the axis is e'f\ made 
equal to 60^ or oc in plan ; and the horizontal plane of the square ahcd 
bisects the axis, as shown in the elevation* 



Pboblem CXLI. 

To construct the projections of an octahedron (edge 1'5') when 
resting with one flEkce on the h. p. (Plate ^SXL^ ^g. 4). 

The opposite faces of this solid, as well as those of the dodecahedron 
and icosahedron, are parallel, and the polygons have their angular 
points alternating. Hence the plan will consist of two equilateral 
triangles, cihc, dej\ as arranged in the figure. The other edges in the 
plan will be found by joining the comers of the triangles as shown, 
and the contour of the whole will be a hexagon. In the elevation the 
two horizontal faces will be represented as straight lines^ the distance 
between them being determined thus : Project point dtod'yn XY, 
and through 6 draw the indefinite projector 6, V. Then as the plane 
of the square, ahdej is perpendicular to the v. p., and one edge is on 
the h. p., the line d'V must be made equal to the edge of the solid. 
The remainder of the construction will not be found difficult. The 
Angle f'd'c measures the dihedral angle between two contiguous faces. 

PnOBLEM CXLII. 

To determine the projections of a dodecahdron (edge 1'^ when 
resting with one face on the h. p. (Plate XYII., fig. 1). 

All the faces of a dodecahedron are pentagons, and the opposite 
ones are parallel, the angles of the two polygons alternating. Draw 
first, then, a pentagon abcde, and a second pentagon ^/iiA;, as shown in 
the figure. On the lines ae and ed, construct two other pentagons, 
oeKQP and ecZTSKj. These represent two contiguous faces folded 
into the h. p., rotating on their edges oe and ed. Now, it is clear that 
the angular points H and B^ must coincide in the solid. Draw RJ 
and BjTJ perpendicular respectively to ae and ed. Consider these lines 
as the borizont&l traces of the vertical planes in which B and B^ must 
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move when the two pentagons are folded upon their horizontal edges. 
The intersection of these lines gives r, the plan of the angular point R. 
"With O as centre, radius Or, describe a circle, and project points P 
and Q by lines perpendicular to o^, until they meet that circle in 
f and q. Then, as the solid is symmetrical about the centre, the 
remaining points in plan will be found equidistant around the circle. 
Join the angular points as shown. 

By assuming HJ as a ground line (perpendicular to Od), the inclina- 
tion of the plane of the pentagon aeRQP can be shown. With J as 
centre, radius BJ, describe an arc to meet a projector through r 
jterpendicular to KJ. Then B'Ja is the plane of the pentagon. 
Further, this gives the height of point B above the h. p., and as Q is 
in the plane, its projection Q' gives, by its distance from BJ, the 
height of point Q above the h. p. With regard to the elevation, all 
the points of the solids are in four distinct levels. The horiz<Mital 
pentagon ABODE is on tLo h. p., and the heights of points R and Q 
are shown upon the plane Q'Ja, BJ representing^the ground line. Now 
these heights give those of the two levels 3*4 and 1-2 in the elevation. 
The height of the horizontal pentagon FGHIK, above the level 1*2, is 
equal to that of the level 3*4 above the h. p. Having drawn, then, 
these four lines, project the points in elevation upon these lines by 
projectors from the plan, remembering that the highest points of the 
pentagonal faces having their lowest edges around the pentagon ahcd^ 
will be on the same level as Q, whilst the other two intermediate 
points will be on the same level as B and P. 



Problem OXLIII. 

To determine the projections of a dodecahedron (edge l'^) when 
one of its axes is vertical. (Plate XYIL, fig. 2.) 

When an axis is vertical, three pentagonal faces meet in the lowest 
point of that axis, and three also meet in the highest points These 
pentagons are equally inclined to the h. p., and the points of the upper 
three alternate in plan with those of the lower three. Now it is clear 
their common edges must meet in plan in three lines, making 120^, 
with each other. Further, if these pentagons be folded into the h. p., 
keeping their highest edges horizontal, the lines bisecting these penta- 
gons will also, when thus constructed, meet at 1 20^ with each other. 
Draw then the pentagon ABOcfE, having its ed^Q V \oTi^. '^YdRf:^»V^ 
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by the line Zdy and set out dN at 120®. Bisect the angle J(fV bj the 
line (2U. Then when the pentagon ABC(£E is folded upwards, keeping 
the edge AB horizontal, its point C will move in a vertical plane, 
whose L t. is parallel to Ji, and the plan of C will be on dJ5 at e. 

The next proceeding is to find the plane of the pentagon; thus: — 
Take X'Y', parallel to Zdy as the intersecting line of the h. p. with an 
assumed v. p. Then as point d is stationary during the rotation, set out 
dz perpendicular to X'Y' as the h. t. of the required plane. With z as 
centre, radius 2;C, draw an arc to meet a projector through c in c". Then 
dsxl' is the plane of the pentagon ABGcfE. By means of this plane, the 
plan of the remaining points of the face can be determined. Then the 
plans of the other two pentagons which meet in d can be obtained 
readily, as they are exactly similar to the first. The three pentagons 
meeting in the upper extremity of the axis, have their angular points 
alternating in plan with those just determined, and the remainder of 
the plan is completed by joining the points, as shown in the figure. 

As all the points of the solid fall upon four levels, of which d and 
d! are upon the lowest and highest respectively, the others must occur 
upon the two intermediate, and it is necessary to obtain the vertical 
distances of these planes or levels from each other. The height of 
point h above the h. p. is shown at ^^B', and this gives the level 3*4 
in the elevation. Then as (for example) Q and R are upon the levels 
3*4 and 1*2 respectively, set out ^Q perpendicular to gr, and make rQ 
equal to the length of the edge r«, which, being horizontal, is projected 
full length in the plan. Then gQ gives the difiference in height of 
the levels of the planes upon which points r and q are situate. This 
fixes the line 1*2. The rest of the construction is not difficult. 



Problem CXLIV. 

To determine the projections of an icosahedron (edge l'^) when 
one face is horizontal (Plate XVIIL, fig. 1.) 

This solid has twenty faces, all equilateral triangles, and the upper 
and lower faces are parallel, their angular points being alternate. 
Commence the plan by drawing the two equilateral triangles ahk^ dmn^ 
inscribed in a circle of 1" radius, as shown in the figure. 

Now, these two faces in the solid are connected by three pentagonal 

pyramids. The student will understand this by looking at the finished 

plan and mentally isolating the pyramid, having abcde for base and / 
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for its vertex. This pyramid connects the base AB of the lower 
triangle with point D of the upper ona There are two others which 
complete the solid. 

* Conceive the pentagon abcde constructed into the h. p. about its 
edge ah. We should then have the figure a6CDE, and we know that 
it is to be rotated back until the point D is in plan at d. Assume a 
V. p. (X'Y') perpendicular to a6, and after projecting D to meet X'Y', 
describe an arc with o as centre, radius oz. Through d take a projector 
to meet this arc in D'. Then D'o6 are the traces of the plane of the 
pentagon upon the assumed v. p. The plans of the remaining points 
of the figure are easily determined, as shown. 

To obtain point /, which represents the vertex of the pyramid, find 
the centre of the horizontal pentagon, and construct it into the oblique 
plane J>'oh at F. There set out F'F'^ perpendicular to the plane, lliis 
represents the axis of the pyramid. Its length is determined at F.F^ 
by drawing a perpendicular to FC, and making CFj equal to the edge 
of the solid.^ Then point f in plan is vertically imder F', and in a 
line through F parallel to X'Y'. The remaining points in the plan are 
situate upon a circle through e/c, and the contour lines form % hexagon. 

For the elevation, as in the dodecahedron, the points fall upon four 
levels, which are determined by the heights of points D', E', and F', 
above the assumed X'Y', one level being the original XY. The levels 
being drawn, the points can easily be projected upon them. 



Problem CXLV. 

To construct the projections of the icosahedron (edge l"") when 
one of its axes is vertical (Plate XYIIL, fig. 2.) 

In this case two of the pentagonal pyramids mentioned in the last 
problem have their axes coinciding with that of the solid, and their 
pentagonal bases horizontal, with the angular points of those bases 
dtemating. Commence the plan, then, by drawing two pentagons, 
Qhcde,fghik (edge = 1"), with alternate corners, as shown in the figure. 
One of these (the lower) is hidden, and therefore dotted. The plan is 
completed by drawing lines from all the points to the centre, and by 
joining the outside points of the pentagons. In the elevation the bases 
of the pyramids will be represented by horizontal lines, and the height 

* This is the same method as that used to obtain the height of the tetra- 
hedron. 
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of these lines above XY is determined thas : — At v in plan make i;Y 
perpendicular to vd. Make cTV equal to the edge of the solid. Then 
cTY gives the height of the vertex of the pentagonal pyramid above 
the plane of its base, t^e., it gives the level of the points of the pentagon 
fghik above the h. p., and also the height of the uppermost point of 
the solid above the plane of the pentagon (^de. To obtain the 
vertical distance between the two pentagons, take the plan of a line 
having its extremities, one in each figure, such as KA. Set out aA 
perpendicular to o^, and make hK equal to the edge of the solid. 
Then aA gives the height of the point A above the L p. passing 
through h. The further construction of the elevation, can give no 
difficulty. 






CHAPTER IX. 

PROBLEMS INVOLVING THE USB OF A VARIABLE PLANE OF 

PROJECTION. 

Many problems, having for their object the determination of. the pro- 
jections of solids under given conditions of position, are solved very 
readily in the following manner : — 

Simple projections are first obtained upon co-ordinate planes, so 
taken as to be parallel or perpendicular (as may be most convenient) to 
the lines or surfaces involved in the conditions. 

Next, a new plane of projection is assumed, which, by its ^lative 
position with regard to these lines or surfaces, satisfies the data of the 
problem. 

The required projection is then made upon this plane. 

The assumed plane being always taken perpendicular to one of the 
original co-ordinate planes, the change is really effected merely by the 
alteration of the intersecting line or XY. 

The elucidation of the principles which guide the solutions of this 
class of geometrical problems will be best understood by reference to 
the chamcterlstic questions solved in the ensuing pages.* 



Problem CXLVI. 

To determine the plan of a heptagonal pyramid when the plane 
of one of its triangular faces is horizontal. (Fig. 138.) 

Obtain first the plane of the solid when resting with its base upon 

the h. p. This is the heptagon a ^ in fig. 138. Assume a v, p. 

(upon which to draw an elevation) such that the plane of one of the 
triangular faces may be perpendicular to it, or, in other words, take 
XY at right angles to one edge of the base, as ed. When the eleva- 
tion is finished, assume a plane of projection containing, or parallel to, 
the face VED. This is effected by drawing X'Y' coinciding with ve\ 

* For a series of very elementary problems on *' alteration of the ground line,'' 
the reader is referred to page 110 of the elementary treatise in thia «j^xv^. 
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Then the projection of the pyrainid upon that plane which mtoraects 
the original v. p. along the line X'Y' will be the one reqtdred. This 
is easily nnderstood by folding the paper upon X'?' until the enclosed 
angle is a right angle. The elevation will then be seen to be that of 
the pyramid lying on the triangular &ce TED. 




Pig. 138. 

To obtain the plan, set out projectors through all the points in the 

elevation perpendicular to the new ground lina Then, as the assumed 

plane is atill perpendicular to the original t. p., the projections of sU 

tiie points o£ the solid upon it will be as &r from XT' as they are in 
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the original plan from XY. Thus the vertex V is shown in the first 
plan at a distance v^v^ from XY, and its second plan i;^ is the same 
distance frx)m X'Y' along the new projector. The other points are 
obtained in the same way, e'e* is equal to «'«; c'c^* is equal to c'i, 
and so on. As it is the face VED which is supposed to be upon the 
new h. p., the edges v^d^ and v^e* are dotted, as they would be hidden 
by the other parts of the solid. 

The principle which the student wUl learn by this problem ia that \f 
the conditions involve the position of a /ace or surface, that face or 
surface must be so arranged at starting as to be represented in elevation 
by a single line, or the plane of that surface must be perpendicular to 
one of the co-ordinate planes. 



Problem CXLVII. 

To determine the projections of a hexagonal pyramid when it is 
fireely suspended from one comer of the base. (Fig. 139.) 

Under such conditions the solid will rest in stable equilibrium when 
the centre of gravity (C. of G.) is vertically under the point of suspen- 
sion A, or, in other words, when the line passing through A in the 
solid and its C. of G. is vertical. Now, the 0. of G. of a right pyramid 
is on its axis at a distance ^ of the length from the base. Here, then, 
the line from a' to C. of G. (J of v'v) is to be a vertical one. 

Draw the plan as shown in fig. 1 39, and take XY for the elevation 
parallel to av. By this means the elevation of the line involved in 
the condition shows its full length, as the v. p. is parallel to it. And 
ihie is always necessary when the condition refers to the relative position 
of a given line in the solid to the plane of projection. 

Determine the simple elevation and join a' to 0. of G. producing 
the line. Then assume X^Y^ perpendicular to this line as the inter- 
secting line of a new plane of projection, which, being perpendicular 
to the original v. p., and hence co-ordinate to it, may be considered as 
a new horizontal plane. 

Obtain, then, the new plan by projectors through the points of the 
devation, taking the distances from X^Y^ along these projectors 
^ual to the corresponding lengths in the first plan, in exactly the same 
^ay as described in the previous problem. 
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The edge v^d'^y being in the same plane as a^ and the 0. of G., and, 
being hdovo them, will be hidden, and must therefore be dotted. This 
determines practically the other dotted edges in the new projection. 




Fig. 139. 



Problem CXLVITI. 

A pentagonal prism pierces a circular slab, and protrudes equally 
upon either side of it The axes of the two solids are in one 
straight line perpendicular to their parallel faces. To determine a 
plan of the whole when one comer of the prism and an edge of the 
slab rest upon the h. p. (Plate XIX.) 

The solution of this problem is shown in Plate XIX., and is given 
here, not so much as involving any new principle, but as an excellent 
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instance of obtaining from original projections others under given 
conditions of position. The simple plan is shown when the common 
axis of the two solids is vertical, and an elevation also — the XY being 
taken parallel to ^. 5 in the plan. Then, as it is a condition of 
the problem that an angular point of the prism and an edge of the 
slab should be on the h. p., the new X^Y^ is drawn, joining h!^ and V, 
Regarding this line, then, as the interaeoting line of two co-ordinate 
planes, the elevation becomes that of the group under the required 
conditions. Then projectors are taken through every point of the 
solids perpendicular to X^Y^, and the points of the new projection 
upon them are obtained bj their distances from X^Y^ being equal to 
the distances of the plans of the same points from XY. As there are 
several points having the same letter in the first plan, thej are 
distinguish,ed in the other two drawings by figures below them. Tp 
obtain the projections of the two circles, those of the extremities o^ 
the major and minor axes of the ellipses only are necessary, as, when 
these are known, the curves may be drawn by any of the methods 
described in the Plane Geometry (Chapter VI.). 



Problem CXLIX. 

To determine the true shape of a section of a solid made by a 
entting plane inclined to one only of the co-ordinate planes of pro- 
jection. 

In the case shown (Plate XX., fig. 1) an octahedron is taken as an 
instance, and its projections being known, a cutting plane STJ, per- 
pendicular to the V. p., is supposed to make a section of the solid. 
The problem is, to determine the true shape of the cut. 

As the whole figure of the section will be contained by the cutting 
plane, the line 1'4', which is part of its v. t, must be the elevation of 
it Assume, then, a plane of projection parallel to the plane STJ, and 
the projection upon that plane will give the true shape. The line 
X*Y* is taken parallel to ST. The elevation shows which edges of 
the solid are cut, and as the plane of the points ahcd is horizontal, the 
student will notice that 3' and 6' represent in elevation the points of 
intersection of the edges AB and CD with the cutting plane. 

Proceed to determine the plan of the section upon that of the 
octahedron. This is done most easily by reasoning thus, taking point 
2' as an instance : — The elevation tells us that it occ\xi:% u^otl \)[i<^ ^*^^ 
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YD. Then a projector through 2' gives by its intersection with vd 
the plan point 2. 

Having finished the plan, proceed to obtain the new projection 
upon the assumed plane X*Y^ by drawing projectors (perpendicular 
to X-Y«) through 1', 2', 3', 4', 5', and 6', and by measuring along 
these lines distances from X^Y^ equal to the relative distances of 1, 
2, 3, 4, 5, and 6 from XY. 

Another plane of projection has here been assumed as parallel to 
the cutting plane ; this is not absolutely necessary, for if the plane of 
section be constructed on its v. t. into the v. p. of projection, taking 
with it the figure required, the true shape would be obtained. The 
only difference this would make in the drawing would be that the 
distances, instead of being measured from X^Y^, would be taken 
from ST. 

Pboblek CL. 

To obtain a sectional plan of a solid given by its projections, and 
cut by a given plane of section. (Plate XX., fig. 2.) 

It is first necessary to understand that what is meant by a sectional 
plan or elevation of a solid is a projection of the section on the cutting 
plane, or upon one parallel to it with the addition of the projections 
of the other parts of the solid attached to it. This is advantageous as 
not only giving the true shape of the section, but also showing its 
relation to the other parts of the object. 

The case taken in Plate XX, fig. 2, is a hollow square prism, and 
the plane of section is shown by its traces STJ. The true shape of 
the section is found in a manner similar to that described in the last 
problem. As the plane passes through the h. p. it cuts four edges of 
the solid in points 3'4'9'8', all of which have their elevations in one 
point. The distances to be measured along the projector in that case 
are shown on the plan from XY to the points 3, 4, 9, 8 respectively. To 
complete the solution, project upon the same plane the remainder of 
the back portion of the solid. This is done in the figure, and, taking 
point C as an example, its new projection is found by a projector 
through c' (its elevation), the distance Ec^ being made equal to c'c. 
The drawing is so lettered that, by following line for line and point 
for point through the three projections, the student will find little or 
no further difficulty in reproducing it. 
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Problem CLI. 

A pentagonal pyramid has one of its triangular faces vertical, 
one long edge of that face being inclined 40°. To determine its 
plan. (Plate XXI., fig. 1.) 

This problem can be solved indirectly by alteration of the planes of 
projection in the following way : — 

Firaty make a plan and elevation of the solid when its axis is 
horizontal and perpendicular to the v. p., one triangular face being 
vertical. 

Nexty make a projection (an elevation) on a new v. p. either con- 
taining the face mentioned above or parallel to it. 

LasUy^ from this projection obtain another (the required plan) on a 
plane whose intersecting line makes 40^ with one of the edges of the 
vertical face as directed. 

The pentagon a' e' is the elevation under the first conditions. 

The axis is horizontal, as shown at v\ The triangular face ABV is 
vertical, and therefore is represented by a straight line in the plan. 

Then, assuming X^Y^ as the intersecting line of ^ new plane of 
projection containing the face ABY, the drawing on that plane (an 
elevation) can be determined by projectors through the plan dis- 
tances being measured along them, obtained from the first elevation, 
as described in previoiis problems. 

Having thus deduced an elevation of the solid with one of its 
triangular faces contained by the v. p., another plane of projection can 
then be token, whose intersecting line makes the required angle of 40° 
with one of the edges of that face. 

The line X^Y^ in the figure satisfies the above conditions as a 
ground line for obtaining the required plan, the new projectors being 
taken through the points of the last elevation, and the distances 
measured along them being equal to the distances of these points in 
the last plan fi-om X^ Y«. 

Problem CLIL 

To determine the plan of a right hexagonal pyramid which has 
one of the edges meeting in the apex horizontal, and a triangular 
face containing: that edge inclined 30°. (Plate XXL, ^g, 2.) 

This problem can also be solved, as in the lost ca£&, V^^ d.^M<si£k%^ 
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sequence of projections fram those of the solid in a simple position in 
the following manner : — 

FvtbU — Obtain the plan and elevation when the hexagonal base is 
on the h. p., and one triangular face is perpendicular to the v. p. 

Secondly. — Assume a plane of projection containing the triangular 
face mentioned above, and deduce the projection of the solid on this 
plane. Bj this means the plan of the pyramid, when one face is 
horizontal, is obtained. 

Thirdly, — Thence obtain a projection of the solid upon a plane per- 
pendicular to one of the long edges of the horizontal face. This will 
be an elevation of the pyramid with one face horizontal, and one long 
edge of that face perpendicular to the v. p. 

Lastly, — Deduce from this elevation a plan of the solid upon a plane 
of projection, making the required angle of 30° with the face YDE, 
which was before horizontaL 

The hexagon ahcdef,,,v is the first plan, and XY is taken at a right 
angle with ed, hence the elevation of the face YED is a single line v'e'd\ 

The new X^ Y^ is drawn passing through this line eV, and the plan 

ttj e^v^ is obtained from the first elevation. Next, X®Y* is taken 

perpendicular to the plan of the edge YD, and the elevation a" efv" 

is obtained from the plan. The student will readily see, then, that as 
the face YED is represented by a single line, if he assumes X^Y^ 
making the angle of 30° with e"d''y the elevation will then be that of 
the pyramid, with its face YED inclined to the new h. p. at 30^ 

Projectors through all the points a" /..... eV, perpendicular to X* Y*, 
and distances along them, measured equal to the distances of the plans 

ttj e^v^ from X*Y*, will give the required projection of the solid 

under the conditions given. 

Problem CLIII.* 

An irregular pyramid has for its base a regular hexagon of V 
side, and three of its consecutive faces, which meet in the apex, 
make angles of 60°, 62°, and 70° with the base. To determine the 
projections of the solid when resting with the hexagonal base on 
the h. p. (Plate XXIL, fig. 1.) 

* This and the following problems of this chapter are given to illiutrate 
principles of construction connected with the manipulation of the surfaces and 
edges of solids, whiph may perhaps be wrongly classed as variation of the planes 
of projection, but it is more advisable to study them here than further on io 
the subject 
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Commence by drawing a hexagon ahcdef as the plan of the base. 
Then produce af, and take XY perpendicular to it. Assume af as the 
h. t. of a plane inclined 60^ The v. t of this plane will make the 
full angle of 60° with X Y, as it is perpendicular to the v. p. Then rat 
is the plane of one face. 

Next, produce the edge ah to meet XY, and consider it as the h. t. 
of the plane of the next face, and determine the v. t, so that the plane 
maj be inclined 62°. Then TjoS is the plane of a second face. By a 
similar proceeding the plane Vmt is determined as that of a third face 
inclined 70^ 

The intersections of these planes will give the edges of the solid, 
and as the apex of the pyramid is a point common to all the edges 
and fiEUses, the meeting-point of two intersections will be sufficient to 
determine it. On the figure the intersection of the planes tp'^ and 
tnU i&th\ lb. The direction of the edge through h thus becomes known. 
The intersection of the planes fpS and ra't would be inconvenient to 
determine, as their v. t.'s do not meet within the limits of the sheets 
but as the intersections of all the planes of the faces must pass through 
the apex, that of the planes rat and Tint is shown. The projections 
of this intersection are k'a and hL Then, as the plans kt and B> meet 
in 9, that must be the plan of the apex, and its elevation can be 
obtained by a projector through v, meeting ra' in v\ The remainder 
of the drawing requires no description. 

Problem GUY. 

An irregnilar pyramid (Plate XXIL, fig. 2) with triangular 
base, ABC, has the following dimensions: — AB»2*5% BC=:3*25^ 
AC- 1-75% BV= CV- 3-25', and AV= 2^ To determine a plan of 
the solid with the face ABC horizontal, and an elevation on a v. p. 
iiot parallel to either of the slant edges. (May Exam., 1874.) 

As the base ABC is to be horizontal, commence by drawing a 
triangle ABC, the sides being equal to the lengths given. On AC 
ooDstruct a triangle Av C, the sides Av' and t;C being a(KM>rding to the 
coaditions given. This triangle will represent that face of the pyramid 
which meets the base in AC, folded about its edge AC into the h. p. 
Similarly, the triangle BCV represents another face meeting the base 
in BC. Now, if these two triangles be conceived to rotate about their 
hue «dges until they meet the plans of the two points, Y' and Y will 
trovel in vertical planes perpendicular to the edgMk k.^ %sA ^^i^ 
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respectively. The lines Vt? and Vi; are the L t/s of these vertical 
planes, and their intersection v gives the plan of the apex, and vA, 
vB, vC, those of the edges. To obtain the elevation upon the XY 
chosen, the height of the apex must be known. 

To determine this, set out t^Y^ perpendicular to Gt?, and with C as 
centre, CV as radius, describe an arc meeting this perpendicular in 
T2. Then t?V2 is the height of the pyramid. For Ct?V* represents 
a right-angled triangle, which, in the solid, would be made up of the 
axis as a perpendicular, the edge GY as the hypotenuse, and the pro- 
jection of that edge on the plane of ABC as a base; this triangle being 
folded about the line Gt?. 

To find the angle between two contiguous faces, proceed as follows : 
— Taking the faces AGY and BCV, for example, draw r£ at a right 
angle with Ct;, meeting that line in S. Set out ^S perpendicular to 
CV ^ j and mark off the length of «S from s to S'. Join S' to f and r. 

The principle involved is, that rS7 is a triangle made up of the 
intersections of a cutting plane, perpendicular to the edge Cv, with 
the two faces and the h. p. This is really the same proceeding as 
shown in Problem CXIY, The length «S gives the altitude of the 
tiiangle, so that it may be folded into the h. p. 

Problem CLV. 

Oiven the indefinite plans of three edges of a cube, meeting in a 
point ; to determine the entire plan of the solid (edge T). (Plate 
XXIIL, ^g. 1.) 

The three given lines in the figure are supposed to be a5, 5^, and hd^ 
meeting in 6 at angles of 110^, 120«», and .130^. 

As the three lines, of which these are the projections, form a solid 
right angle, each of them is perpendicular to the plane containing the 
other two. Again, the traces of a plane are always at right angles to 
the projections of lines perpendicular to it. Draw then, at pleasure, 
the line h. t. perpendicular to hd^ and assume it as the h. t. of the 
plane containing AB and BO. Construct this plane (with the lines 
mentioned) about its h. t, into the h. p. This is effected readily by 
drawing a semicircle upon h. t. (ABC being a right angle, and there- 
fore contained by a semicircle), thus obtaining B, and by joining B to < 
and h, Mark off upon these lines lengths from B equal to the edge 
of the cube, and obtain the projections of points a and e from A and 
C, aA and cG being, of course, parallel to hd. 
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Next, taking cf F as a ground lino, make an elevation of the plane 
of AB and BC. To do this, set out at 5 a perpendicular 5.5', and with 
/ as centre, radius /5, describe the arc B6'. Then as point 5' is in 
both planes, it must be in the v. t. of the one required. Draw 
v'f' through 5', and v'fh will be the plane of one face of the cube. 

The edge BD is perpendicular to this face, and will therefore have 
its elevation perpendicular to v'f^ and being in the plane of projection, 
will be shown full length. Draw, then, h'd' at a right angle with 
xlf'y and 2^^ long, and project point d from d\ d'd being perpendicular 
to hd. Thus far, then, the plans of AB, BC, and BD, are determined. 
Now, in the case of the cube, each of the remaining edges is parallel 
to one of these ; and as the projections of equal and parallel lines upon 
any plane are themselves equal and parallel, the plan is finished by 
drawing ^and ck parallel to a5, meeting qfj and dk is made parallel 
to hd and he respectively, etc. 

Assuming that B is the uppermost comer of the solid, the edges 
meeting in G- would he hidden. 

The student will notice that the three lines given meet at obtuse 
angles, and the construction described would be applicable in all 
problems where such was the case. But if the angles given had been 
two right angles, the construction would not apply, as a right angle 
can only be projected as such, when one of the legs of it, at least, is 
horizontal. Then, because one edge of a cube being horizontal, the 
face meeting it is vertical, the plan could not be determined as shown. 

Further, the construction employed is applicable where one of the 
given angles is o/cutef* except when either of the lines forming this 
angle is a horizontal of the plane containing two of them, in which 
case the same remark applies as in the last instance. 



Problem CLVL 

The plan of a building is an irregular four-sided figure, ABCD ; 
its slopes are inclined to the horizon at 55% 40"", 45% and 45'' 
respectively; to determine the plan of the hips and ridge. (Plate 
XXIII., fig. 2.) 

This problem is inserted to illustrate the principle of obtaining 

* The three lines forming a solid right angle cannot be projected ortho- 
graphically into three acute angles, hence the converse, that three acuts angles 
cannot be given as the projection of the comer of a cube. 
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* 

the projections of the intersecting lines of the faces of solids, by con- 
touring them with a level on each plane of the same height. These 
levels will, of course, meet in points which are in the intersections 
desired. Commence by drawing the plan of the outline of the building. 
In fig. 2, Plate XXIII. , ABCD is the plan. 

Draw pq perpendicular to AB, and assume it as the intersecting 
line of a vertical plane of projection. At y* draw vfy making an 
angle of 55° with pq (the inclination of the slope containing AB). 
Then v'f is the plane of that slope shown by its trace on the v. p. 
assumed. Take point Ic (at some known height at pleasure) as the 
elevation of a horizontal of the plane, and project its plan hi (parallel 
to AB). Next proceed to show similarly the plane of the slope con- 
taining BG, and determine the plan of a horizontal of this plane of 
the same height as hi. The traces of the plane are shown at TmB, 
and y is the elevation, and ck is the plan of the line. The two 
horizontals meet in A;, and thus give a second point in the plan of the 
hip. The hip CE, which meets this one, is found in an exactly 
similar manner. Then, as the slopes from CD and AD are each 45°, 
the intersecting line DF bisects the angle CD A. To obtain a second 
point in AF, the horizontal kt is produced to meet a horizontal on 
the plane FAD at t {%i being parallel to AD). Then EF is the plan 
of the ridge. The true length and inclination of the hip EB is shown 
on the drawing at E'B, the height of point £ being determined iiom 
its projection on the plane v'f*K^ 



Problem CLVIL 

An inclined embankment, gradient 1 in 10, the road on the top 
having a uniform width of 18 feet, has one of its sides sloping at 
an angle of 45°, and the other at 60% to the horizon. It is inter- 
sected by a catting, having a width of 22 feet at the bottom, the 
sides sloping 1 in 6 from the vertical, and the centre line making 
an angle of 60° with that of the embankment The lowest point 
of the upper edges of the cutting is 12 feet above the base. To 
draw the plan and an elevation on a plane parallel to the centre 
line of the embankment Scale ^ in. to 1 foot (Plate XXIY.). 

Commence by drawing two parallel lines, 18 feet apart, to represent 
the plan of the top of the embankment^ and mark the centre line 
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« 

3*4. Assume XY parallel to 3*4, and draw a line above it, baving 
a gradient of 1 in 10, as ma!^ in tbe plate. Determine a point in the 
elevation, 12 feet bigb, as a', and project its plan a. Then, assuming 
that tbe slope from an is 60^, and from a^mj is 45°, draw aU and 
a'g', making tbose angles with XY. Tben a'Jca", and a'«V, repre- 
sent two semi-cones, baving tbe elevations of tbeir apices in a', and 
witb base angles of 60° and 45° respectively. Tbe circles, wbicb are 
tbe plans of tbese, are sbown partly at he and qi. Anotber point, m', 
Leing taken as tbe elevation of tbe apices of two otber cones of tbe 
same description, tbe lines ve and A.i., drawn tangential to tbeir plans, 
are tbe traces of tbe slopes upon tbe b. p. 

We bave next to sbow tbe plan of tbe cutting. As its direction 

IB to be at an angle of 60^ witb tbat of tbe embankment, assume an 

auxiliary v,p, at rigbt angles to tbis direction, t.6., at 30^ to ina, 

and project point A upon it. In tbe drawing, X^Y^ is tbe ground 

Ime, and A is tbe projection. Tben draw A.t\ and Ab\ at sucb an 

angle on eacb side as to slope witb tbe vertical at 1 in 6. From t' 

drawee perpendicular to X^l^ ^, and tbus obtain tbe trace of one side 

of tbe cutting. Join ae] and to get tbe point c, find tbe elevation of a 

line from p parallel to to, tbus : — Obtain tbe elevation of t at fj and 

jom a'f. Tbis is tbe projection on tbe vertical ])lane of a line joining 

i and a. Now, a line joining p and tbe unknown point C is parallel 

to tbis line, and tberefore would bave its projection p'c' parallel to 

^'f, Tbus we get c', and c is projected from it.* Next draw tbe centre 

line of tbe cutting, 1, 2, and tbe otber trace, tbeir widtb apart being 

irO'', or 22'0 in all. Tben points h and d are found by a similar 

construction to tbat used in obtaining c ; for rh and od are two lines 

parallel to as, and would bave tbeir elevations parallel to aV. Tben 

from r and o obtain r' and o", and draw r'h' and od* parallel to a'a". 

Project tbe plans h and d, and join to f and h respectively. Tbe 

points 5, c, and d, could also bave been determined by finding tbe 

intersection of tbe lines an and qm, witb tbe planes of tbe sl6pes of 

the two sides of tbe cutting. 

* The line ac being parallel to eg, it could in this case be drawn at once; bat 
if the upper surface were sloped from a towards e, the student would require 
tbe coDstraction described before be could determine c Hence the insertion of 
iti description. 






186 Geometry. 



EXERCISEa 

1. Draw the projections of an octahedron, when resting npon one of its tri- 
angular faces, and obtain an elevation upon any t, p. not parallel to either edge. 

2. A pyramid has a square base of 2 inches side, and its vertex is perpen- 
dicularly over one comer (axis 3'') ; show its plan, when the shortest of its edges, 
meeting in the apex, is inclined 45**. 

3. Draw the plan of a cube, when hung up by one of its comers (edge 3")* 

4. A cube has a square pyramid upon each of its faces (edge of the cube IJ", 
base of pyramid IJ" square, and height 2^.) Draw a plan of the group, when 
resting on any two points of the pyramids. 

5. A solid has an equilateral triangle of 3" edge for its base, and the three 
other sides slope at angles of 40**, 50°, and 45° with the base ; determine the 
height of the apex. 

6. Draw the plan and elevation of a triangular base pyramid, a5=2*, 50=2*5", 
ac'zZ'Jd", ad=S", bd=Z-5", cd=4:"— the face, abe, of the solid to stand on the 
h. p., and the edge ab to make 45° with the v. p. 

7. A pentagonal pyramid, with the side of the base 1*75", and axis 4" long, 
rests on one edge, and has two adjacent faces equally inclined. Draw its plan, 
and add an elevation on a ground line perpendicular to the horizontal edge. 

8. The base of an embankment is 46' 0" wide, its sides slope at angles of 40** 
and 56°, and its height is 16' 0". Through it a cutting is made 20' 0" wide at 
bottom, and having sides which slope at 1 in 5, the centre line of the cutting 
making 48° with that of the bank. Draw plan, scale §" equals 1 foot. 

9. A cone (base 1" radius, axis Z" long) is to be shown in plan and elevation, 
when resting with its side on the horizontal plane, the plan of the axis to make 
30° with XY. 

10. A tetrahedron (3" edge) has one face vertical, and the line bisecting that 
face inclined 50°. Draw its plan. 

11. Draw the plan of the pyramid in Question 7, when one triangular face is 
vertical, and one edge of that face horizontal, and perpendicular to the v. p. 

12. A solid is formed by removing the upper part of a right pyramid, the 
axis being halved by a plane parallel to the base. The base is a hexagon of 
1 '5" side, axis 4" long. Draw its plan, when one of the trapezoid faces is vertical^ 
the edge of the base in that face being inclined 40°. 



CHAPTER X. 

ON THE DETERMINATION OF THE PROJECTIONS OP SIMPLE 
SOLIDS, UNDER GIVEN CONDITIONS OF POSITION. 

" When a solid is bounded by planes, and therefore has edges whicb 
are straight lines, its position with respect to a plane of projection can 
onlj be determined from two data or assumptions. These must be 
either the inclinations of two of its planes, or of two of its lines, or 
the inclinations of a plane and a line in that plane; but it is not 
necessary that either the plane or line -should be that of a face or edge 
of the soHd." * 

^ As such is the case, it will be best to study the principles elucidated 
in this chapter under three divisions. 

1. Given the inclinations of a plane of the solid, and of a line 
contained by that plane. 

2. Given the inclinations of two lines connected with the solid, the 
angle between them being known ; and 

3. Given the inclinations of two planes of the solid, the dihedral 
angle between these planes being known, f 



DIVISION L 

Problem CLVIIL 

An isosceles triangle (base -75", sides 1") has the plane of its 
fiorface inclined 50% whilst one of its equtd sides is inclined 25°; 
to determine its projections. 

It was shown in Problem CXIX. how the projection of a line 
lying in a given plane could be obtained. By that method, the line 
ab (fig. 140) is determined as inclined 25% and contained by the 

* Bradley's Elements of OeometrkcU Drawing, Part L Plate XVI. 

t The last two chapters in the Elementary Geometry of this series discuss 
simple instances belonging to the first two cases, which the student is recom- 
mended to peruse. 
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plane v*fh^ having an inclination of 60®. The plane is folded about its 

vV h. t., until it is brought 

to coincide with the h. p. 
Then point a' having 
moved in the v. p. in an 
arc with / for its centre, 
and point h having re- 
mained stationary, A6 
will represent the line 
J Y (which was before in- 
clined 25®), after its 
"construction" into the 
h. p. Upon this line, a 
{portion must be marked 
,m off equal to the desired 

length of the side of the 
triangle, and the figure 
must be completed as at 
EST. Afterwards, the 
plane is brought back 
Fig. 140. into its inclined position 

bj rotating upon /A. It is clear, then, that point T moves in a vertical 
plane perpendicular to the h. t., or, what is the same thing, parallel 
to the original v. p. Draw, then, TT perpendicular to XY, and with 
/as centi-e, describe the arc Yi, From ^, draw ^^to meet Tt This 
gives the projection of point T of the triangle. Then as points R 
and S are on the line inclined 25^, their plans are easily found by- 
referring by parallels to XY from E. and S. The elevation of the 
triangle is rV^'. 




Problem GLIX. 

A cube of 1*5" edge has the plane of one iiEuse inclined at 50% and 
one edge of that face at 30''; to determine its plan and elevation. 
{Plate XXV., fig. 1.) 

Commence by determining the plan of the square, the position of 

which is given. As this is really only a similar question to that in 

the preceding problem, no special explanation is necessary. The plans 

and elevations of the four edges, which are perpendicular to the plane 

oitbiB square, will be at right angles to the traces of that plane, and 
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the elevations of these edges, aV, Vf^ cy, and d!h\ are made equal to 
their real lengths, as they are parallel to the v. p., and therefore have 
their projections upon that plane fully equal to the originals them- 
selves. Then the remaining points, efgh^ can be obtained from the 
elevations, a', /', g'y and K^ and the plan can be completed. That 
point which is nearest to the plane of projection in each case, is hidden 
by the other surfaces. Thus a in the elevation shows that the three 
lines proceeding from a are hidden in plan, and h in the plan settles 
that h'f is to be dotted in elevation. The student will notice that 
the plan of the face, EFGH, is a parallelogram, with sides parallel to 
ABCD ; and this should be so, as in the solid these faces are equal 
and parallel squares. Hence, if the length of one edge only in plan 
be deduced as hf^ the others can be set off as equal, and the whole 
projection thus finished. 

Fboblem CLX. 

A cube of r h" edge has the plane containing two of its diagonals 
inclined 60% while one of those diagonals is inclined 40^ To 
determine its projections. (Plate XXY., fig. 3.) 

This and the next problem are given as instances where the condi- 
tions of inclination affect not the faces or edges of the solid themselves, 
but other planes or lines connected with them. 

The plane which contains tvoo diagonals of the solid bisects it, and 
the method of determining this section is shown in ^g, 2. ABCD 
represents a face of the cube, and AC its diagonaL Now, this diagonal 
of a face is the longer side of the rectangle which is the section of the 
aolid containing two of its diagonals, the contiguous edge being its 
other side. Draw then CG equal to the edge of the cube, and com- 
plete the rectangle ACGE. Then, assuming that the plane of the 
section ACGE is to be inclined 60°, while the line EC is to be inclined 
40% draw the traces of the plane I'mn, and determine in it a line 
inclined 40% as described in Problem CXIX. In the figure st is the 
plan of the line. Construct this line into the plane of projection, as 
at Ts, and on it build a rectangle similar to ACGE, and having its 
diagonal coincident with it. Next, obtain the plan of this figure, 
acge^ in the manner described in the first problem of this chapter. 
The elevations of ,the four points are shown at a', c', g\ and e'. Now, 
as the pointSi F, B, D, and H, are not in the plane of tb.^ d\>aL^cyciA'<^ vA 
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the solid assumed, some special method is required to obtain their 
projections. It will be seen that B and D are two extremes of one 
diagonal of the face ABCD ; and further, that BD is perpendicular to 
the plane containing the two given diagonals of the solid. Then, as 
the two diagonals, AC and BD, bisect each other, find the centre 1 of 
AC, and through it draw a line perpendicular to the h« t. to represent 
the indefinite plan of the line BD. Determine from 1 the elevation 
1', and draw another line through that point perpendicular to Xm. 
This will give the indefinite elevation of BD. 

Again, as BD is parallel to the plane of elevation (the h. t. of the 
assumed plane being taken perpendicular to XY), its projection Vd! 
must be made equal to its original length, which can be obtained from 
^'g, 2. We are now able to project in plan the points h and d upon 
the indefinite line through 1, and, by joining a and e to c£ and h 
respectively, to complete the plan of the face ABCD; the elevation of 
that face being a'b'c'd'. 

By a similar construction, as regards the diagonal FH of the opposite 
face EFGHy the cube can be completed. 



Problem CLXI. 

A tetrahedron of 2'' edge has the plane, containing one edge and 
bisecting the opposite face, inclined 50°, whilst the inclination of 
that. edge is 30^ To determine its plan and elevation. (Plate 
XXVL, fig. 1.) 

This IB another problem of a similar kind to the preceding, and, at 
starting, it is necessary, as in that case, to determine the true shape of 
the section of the solid made by the plane whose inclination is given. 
This is shown in fig. 3, A'B'C is an equilateral triangle representing 
one face of the solid, and E'C is the trace of the cutting plane upon 
th^t face. The point D' is obtained by arcs, B'D' and CD', having their 
centres at C and E', the radii being equal to B'C and E'C respectively. 
Then, joining D'E' and D'C, the triangle E'D'C is the true shape of a 
section bisecting the face A'B'C and containing the edge CD', and, 
therefore, also bisecting the edge A'B'. The student vdll notice in 
this triangle that E'D' represents a line bisecting the face A'B'D'. 
This preliminary being settled, the problem is solved as follows : — 
The plane Vmn, inclined 50^, is shown by its traces, and a line ib, 
JnoUned 30^^ is first determined on tiiat plane, and then the whole is 
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as before, ocmsiamcted about the h. t. into the L p. On this line the 
figure EDO is biiilt equal and similar to E'D'O', the section of the 
solid (the line OD representing an edge of the solid, being coincident 
with kt^ as required by the conditions of the problem), and its plan 
ecd is obtained as in previous cases. 

Then, referring to fig. 3, it is readily seen that the edge A'B' of the 
tetrahedron is perpendicular to the plane of section, and intersects that 
plane at point E'. At e' and e, therefore, lines perpendicular to the 
traces of the plane must be drawn to represent the indefinite projec- 
tions of that edge. Further, as this line is parallel to the original 
V. p., the lengths eh' and e'a (each equal to one-half the edge of the 
solid), must be cut off, and the projection a'b' upon the v. p. thus deter- 
mined. From these the plans a and h can be obtained. The student 
should be very careful in joining the points whose projections have 
been found, and in settling the edges which are dotted. The line ec 
on the plan is only shown to enable one to readily appreciate the 
section ecd^ which is inclined 50^ 



DIVISION II. 

Problem OLXIL 

A regular pentagon of -lb" base has one side inclined 37^ whilst 
one of its diagonals which meets that side is inclined 2V. To 
determine the projections of the figure. 

In Problem OXXII. a method is shown for obtaining the plane of 
two lines which meet when the angle between them and also their respec- 
tive inclinations to the planes of projection are known. This method 
must be adopted in the case before us. ABODE (fig. 141) is the pen- 
tagon, and the edge AB and the diagonal are required to be in such a 
position as to have inclinations of 37° and 27^ The plane v'fh is that 
of the figure, and as a detailed description of the construction has been 
given, it is assumed that the student is able to follow it thus far. The 
remainder of the solution consists in obtaining the projections of the 
five points of the pentagon when they have been constructed into the 
plane vfh. Taking E as example, E' is its elevation upon XY before 
the rotation, and Ee is the trace of the v. p. in which E moves during 
the rotation. The arc EV is struck with / as centre, and e' is the elevsr 
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tion of point E when in the plane v'fh^ and 6 is determined from t\ 
The rest of the points are obtained similarly. 




Kg. 141. 
The student should notice that the plan of the diagonal oe would, 
if produced, meet AC in the h. t. of the plane. 



Problem CLXIIL 

To draw the projections of a cube when two of its edges which 
meet are inclined at angles of 27'' and 40^ (Plate XXYI., fig. 2.) 

If the student quite understands the piinciples involved in finding 
the plane of two meeting lines of given inclination, as described in 
Problem CXXII., and the determination of the plan of a figure when 
in this plane, as shown in the previous problem ; and further, how to 
build the cube when the projections of one of its faces is obtained, as 
^iven in Problem CLX., he will be able to follow the lines of the 



I 
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drawing in the figure withont further description, as these principles, 
and these only, are involved in the construction. 



Pboblem GLXIY. 

A hexagonal prism (base '75'^ side, 2* long) Is so placed that one 
of its long edges is inclined 40^ and the edge of the base meeting 
it at 30^ To determine the plan and elevation of the solid. 

(Plate XXVIL, fig. 1.) 

Ist SoltUiorL 

Commence by drawing the rectangle BCHG, which is the true shape 
of the face, the inclinations of two of whofce sides are given. Proceed, 
then, as in the last problem, to find the plane of the figure, and then 
its projection when the edges indicated are in the requii*ed position. 
In the figure, I'mn is the plane, and Mig is the projection ; be being 
inclined 30°, and bg iO\ On this rectangle the solid is to be built, 
and it is this part of the problem which admits of two distinct methods 
of solution. The plane of the hexagonal base, ABCDEF, makes a rights 
angle with that of the face already determined, and two of the points, E 
and F, are in perpendiculars to the latter plane passing through C and 
fi respectively. If, then, a hexagon be constructed upon BC, and the 
figure be considered as the base folded into a horizontal plane about 
that line, the heights of the points, E and F, above the plane of the 
face will be shown at CE and BF. Through A and D, the other two 
points of the figure, two perpendiculars to BC produced, will discover 
not only the heights of tlu)8e points above the same plane, but will indi- 
cate at A^ and D^ the relative positions (on BC produced) of the feet 
of these perpendiculars, %,e,, their intersections with the plane of the 
rectangle. Construct the points D^ and A^ into the plane fmn, as 
ihown at D" and A", and at each of the points, D", e, b\ and A'', draw 
perpendiculars to the v. t. — I'm, These lines will be the projections on 
tbe V. p. of the perpendiculars previously spoken o£ Then D^</, Cc, 
B6, and A^a, drawn perpendicular to the h. t, will be the indefinite 
projections of the same lines upon the h. p. Now, as these perpendi- 
culars to the plane Vmn are necessarily parallel to the t. p., the points, 
i, 0*, y, a', are readily obtained on the elevations, for their respective 
Ireights above the plane of the rectangle are shown on the auxiliary 
hexagon previously described, ».e., DV is equal to D^D, etc. 



194 Geometry. 

The plans of these points can then be determined from their 
elevations. 

The projections of the hexagon at the other end of the solid could 
be determined in the same way; but as the long edges are equal and 
parallel, their projections also must be so; and further, as two of these 
are already determined (cA, c'A', and hg^ Vg')y lines parallel and equal to 
these, through the other points of the hexagon, ahcdef, will enable the 
studeilt readily to finish the required plan and elevation. The prin- 
ciples regulating the dotting of the hidden edges, are applied as 
explained in a pi-evious problem. 



2nd Solution. 

In Plate XXVIL, fig. 2, the above problem is solved by a different 
method to that just described. The construction, in so far as finding 
the traces of the plane of the face, whose sides are given, and the pro- 
jections of the figure, is the same. But in the building of the base 
and other edges upon this face it differs. The plane of the face is 
I'mrij and the plan of the rectangle is hchg as before. Through h% 
a line perpendicular to the plane I'mn is first determined, and its 
trace upon the h. p. found. In the figure, h't\ hi, are the projections 
of this line. Then any plane containing this line will be perpen- 
dicular to the plane Vmn. Next, the trace of he (A') is joined to t, and 
assumed as the horizontal trace of a new plane containing BC, and, 
(as shown above), perpendicular to Vmn. This is the plane of the 
hexagonal base, and an elevation of it is made on any assumed v. p. 
(XT') by showing the elevation on that plane of either point B or 
C, the height of their projections above the new ground line being 
equal to that of their first elevations above the original XT. Then, 
having arranged XT' perpendicular to the horizontal trace ht^ the 
vertical trace must pass through the elevation of the point just deter- 
mined. Hence v'fh is the plane of the base. Having found, then, 
the plane v'fK and the projection 6V of BG, the whole is constructed 
into the h. p. about /A', and on the line BO the hexagon is built 
This represents the base folded about the h. t. of its plane into 
the h. p. The plan is then obtained in the usual way, and the 
remaining long edges are projected in exactly the same manner as in 
the fii*st solution, by making them parallel and equal to the two already 
known. Of course, an elevation upon the original ▼. p. could be easily 
obtained by transferring the heights of the points firom the elevation 
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already determined to the projectors of the required one. This is not 
shown in the drawing.* 

Problem CLXV. 

An octahedron of 2" edge has two of its diagonals inclined at 
25"" and W-, to determine its projections. (Plate XXYIIL, fig. 1). 

The plane containing two diagonals of an octahedron divides the 
solid into two equal square pyramids, their altitude being in length, 
one-half the other diagonal. Find, then, as before, the plane I'mn 
of the square ABCD, the two diagonals AC and BD meeting in K, 
being the lines which are to have the given inclinations. Deter- 
mine also the projection of this square upon the L p. when "con- 
structed'' into I'mn, Proceed, then, to build upon this square the two 
pyramids, of which the solid is made up, by drawing through k and 
k lines at right angles to the traces to represent the indefinite projec- 
tions of the other diagonal of the solid. Make ^V and h'w' equal 
in length to AK, and obtain the plans of Y and W from the eleva- 
tions. The projections can then be completed by joining these points 
to the comers of the square. 

Problem CLXVI. 

A hexagon, ABCDEF, of 2'^ side, is so placed that the points 
A, G, and E, are at heights of I*?'', -9", and *5^ above the paper 
respectively; to determine the plane of the flgurei and afterwards 
its plan. (Plate XXVIII., fig. 2). 

A plane is defined when the heights of three of its points are known, 
as the real distance between any two points being given, and also their 
heights, the inclinations of the lines joining them are determinable. 
Thus, then, this problem is really a modification of those of the Second 
Division of this chapter ; and one could, by setting out on auxiliary 
drawings the heights of the points and the elevations of the lines, 
obtain directly these inclinations, and proceed as before. But a better 
method is to obtain a horizontal of the plane required by deduction 
from the data given. The way this is done will be understood by 
reference to the figure. ABCDEF is the hexagon. Join A to E, 
ie., the lowest point given to the highest. Now, it is clear that if A 

* Through a i^ght inaccuracy in setting oat the angles, the plans are not 
exactly alike^ which of course^ they should be. 
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be I*?'' bigh, and E *5^, there must be some point npon AE that will 
be "S" high. The difference of level of the two extremes is 1'7*— '5" 
s 1 •2"', and the diiSerence between the height of points E and C » '9'^ 
- •5'^ r= '4'. Hence the point upon AE, which will be at the same 
level as C, must be at a distance from E equal to j^, or \ of the line 
itself. Divide AE therefore into three equal parts, and the point jo 
will be discovered, such that p^ will be a horizontal of the plane of 
the figure. The same point could be obtained by the principal of the 
proportions of sides of similar triangles. At A, set up AA' perpen- 
dicular to AE, and equal to the difference in the heights of A and E. 
Join A'E, and mark off upon AA' the difference of the heights of E 
and C. In the case before us, AA' is equal to *8'', and AP to '4''. 
Draw PP' parallel to AE, to meet A'E, and from P' make Y'p perpen- 
dicular to AE. Then A'P : Yp :: Kp : |7E, or the line is divided in 
the ratio of the differences of the heights of the given points above E. 

Assume, then, that the line joining p and C is the h. t. of the 
plane of the figure, and take any plane of elevation perpendicular to 
it, as XY. Draw AA', perpendicular to XY, and with d as centre, 
radius cA', describe an indefinite arc, A', a', to represent upon this v. p. 
the path of the point A, as the figure revolves upon pc. It is neces- 
sary here to find a point upon this arc, equal in height above XY, to 
the difference of level of A and C ('8"). Make, therefore, AV equal 
to '8'', and draw AV, parallel to XY, to meet the arc in a'. Then 
q'cfh will be the plane of the figure. 

The remainder of the construction consists in finding the plans of 
the several points when the figure is brought into the plane just deter- 
mined. It will be noticed that, because the plane of projection has 
been assumed as containing C, the points E and D fall below this 
plane. Of course, this is quite allowable in construction, as the projec- 
tion would be the same whether the h. t were at level '9", or at any 
other height. The construction for determining the plan of D is shown 
in the figure, and needs no special description. 



Fboblem GLXVIL 

A pentagonal pyramid^ 1*25'^ side, 2-5'^ high, has three of the 
eorners (A, B, and G), of the base, at heights 1% 1*75'' and ^h" respec- 
tively ; to determine its plan and elevation. (Plate XXIX., fig. 1.) 

The method of determination of the plane of the base is similar to 
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that adopted in the preceding problem, except that the h. t. of the 
plane is taken as at a level zero, instead of at level I''. The student 
will see that, by producing A'C and AC until they meet, he obtains a 
point ^, which may be assumed as upon the L p. Then mn drawn 
through ^, parallel to the horizontal I'', is the h. t. of the plane 
of the figure. The position of the axis \& obtained by finding the 
centre of the pentagon, and constructing this point into the plane Xmn^ 
as at «\ Then fTn' is the elevation of the axis, and as that axis is 
parallel to the v. p., «V is made equal to its real length. The 
i*emainder of the construction is obvious. 



DIVISION III. 

Problem CLXVIII. 

To detennine the plan and elevation of a cnbe (side 1*5''), when 
the planes of two of its faces which meet are inclined 28^ and 76^ 
respectively. (Plate XXIX., fig. 2.) 

In Problem CXXIV., Chapter VII,, the construction was shown 
to obtain a plane perpendicular to a given plane, and inclined at a 
given angle. Now, the two contiguous faces of a cube are perpen- 
dicular to each other, and hence the first step in the solution of our 
problem will be to determine the planes of the faces given, then to 
tind the intersection of these planes, and to use that intersection as 
the edge of the cube. The plane of one face inclined 28^* being 
assumed, any point R in that plane is made the apex of a cone having 
its base on the h. p., and also the extremity of a perpendicular to the 
given plane. The traces of the cone and line are then found, the circle 
haviug T for centre being that of the former, and the point 9 that of 
the latter. Then A», passing through and touching the circle, is the 
h. t of a plane tangential to the cone, and therefore inclined TG"*, and 
perpendicular to the first plane, because it contains RS. This plane 
is therefore the plane of a second fSoce of the cube. The v. t. need 
not be determined, as it is the intersection of the planes which is 
required to become the edge of the solid, and that can be obtained in 
another way. As the two h. t's cross in A;, that must be okia point 
in the intersection, and as both planes pass through the apex of the 

* It is more convenient to start with that plane, which hsa \bA \s»arx 
inclination. 
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cone, that must be another point. If, therefore, r be joined to k^ 
then rk will be the indefinite plan of the edge of the cube. This line, 
with the plane Tmn, must be constructed about the h. t. into the h. p. 
With m as centre, ifar* as radius, the arc r'R' is struck, and B. is found, 
from R', upon rR, parallel to XY. Then upon R^, a portion AB 
is taken, equal to the edge of the cube, and the square ABCD is built 
upon it. The projection of this square is obtained as usual, and the 
cube is constructed upon it as shown in previous problems. 

This soltUion for determining the projection of a solidy having given 
the inclinationa of two of its planeSy is applicable only when the dihedral 
a/ngle between the tvoo planes is a right angle, TJie next problem vnU 
show the student how to proceed in other cases. 

Problem CLXIX.* 

To determine the projections of a square pyramid (side of base 
1*5'', height of vertex 2-25''), when the plane of the base is inclined 
30'', and that of one of the faces at 73"". (Plate XXX., fig. 1.) 

In this case, the first proceeding is to find the real angle between 
the planes whose inclinations are given. Secondly, a plane must be 
obtained fulfilling the two conditions of (1) being inclined at a given 
angle; and (2) making with a given plane (that of the base, for instance) 
the angle determined. 

The angle between a face and the base of the solid is obtained thus, 
as shown in ^g, 2 : — ^A right-angled triangle, GV V', is drawn, having 
its base GY equal to half the length of a base edge, and GY' equal to 
the length of the axis. This is, therefore, half the true shape of a 
section of the pyramid containing the axis, and bisecting one edge of 
the base. The angle a, thei'efore, is the dihedral angle between the 
planes of the face and base. Kext, to obtain the two planes by their 
traces, proceed as follows: — Assume tmn as the traces of a plane 
inclined 30^ (the plane of the base), and take any point, vv, as the 
common apex of two cones, one of which is to be inclined 73^ to the 
h. p., as vVs, and the other to make an angle a with the plane Tfym, 
as vfg\ Find the L t.'s of these cones; that of the first is the circle 
ro, and of the latter the ellipse qpy. f Then yt drawn tangential 

* This problem should not be attempted until Problem CLXXX. has been 
stadied. 
t The method of obtaining this ellipse is shown in Problem CLXXX., 
k. Chapter XL 
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to both these curves, may be considered as the h. t. of the plane of 
the second given face. The intersection of the two planes must neoes- 
sarilj pass through i and the vertex Y of the cones; hence tv is the 
plan of that intersection, and, therefore, of the edge of the base. The 
remainder of the solution consists in '' constructing" <W into the h. p., 
building the square upon it, and thence obtaining the projection of the 
base, and afterwards of the entire pyramid in the usual manner. 



It is moat advisable tkcU the strident sIuajM Hiorougldy understand 
the limits as to the inclinations of planes and edges of solids in t/ie 
three cases juH studied. In the first divison^ the inclination of 

the line cannot exceed that of the plane. In tlie second division, the 
sum of the two inclinations^ together with the angle between the 
lines^ cannot exceed 180°; cmd in the third division^ the sum of the 
inclinations^ together with the dihedral angle between the planes, 
cannot be less than 180°, nor more than 360°. 



EXEBGISES. 

1. Draw the plan of a hexagon of 1*5" side, when the plane of the figure is 
inclined 70°, one side being mclined 40^ 

2. Determme the plan of a tetrahedron of 3" side, when two of its edges are 
mclined at angles of 30° and 57°. 

3. A cnbe of 3" edge has the plane of one face inclined 60°, whilst two opposite 
comers of that face are '8" and 2'Z" high. Draw plan and elevation. 

Hint. — Obtain the inclination of the diagonal of the face by an auxiliary 
^wing. 

4. A tetrahedron of 3" edge has two of its faces inclined 45° and 75°. Draw 
plan and elevation. 

Hint. — ^This exercise is solved similarly to the construction in Problem 
CLXIX. 

5. An octahedron has one edge inclined 40% whilst the plane of a face con- 
taining that edge is inclined 65°. Determine its projections. 

Hint. — EEaving obtained the projection of the face given, draw the plan and 
elevation of the soUd upon the "constructed" triangle when the face is hori- 
nmtal, and hence obtain the positions of perpendiculars to the plane of that face, 
and containing the other points of the solid. 

6. Two diagonals of a cube are inclined 27° and 50°. Draw the plan of the 
eoUd (edge 2*5"). 
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7. A rectangular box, 10 feet x 6 feet x 4 feet, is to be drawn in plan, when one 
surface (10' x 6') is inclined 25% and another (6' x 4') is inclined 80^ Scale, ^. 

8. A hexagonal prism (base 1 '5", edge 3" long), has its base inclined 24% and 
one of its rectangular faces 1^, Draw plan and elevation. 

9. An isosceles triangle, 3" altitude, 1 '%" base, is so placed that its apex is 
2", and the - other comers are 1 'T and 1 *5" above the paper. Find the plane 
containing it, and its plan. 

10. A square pyramid (base 1% edge 4" long), has its axis inclined 60°, and 
one edge of the base 47*. Draw its projections. 

11. An irregular triangular p3rramid, ABCD, has the following dimensions: — 
AB=BC=3''; AC=2-5''; AD = CD=r3''; BD=2-5". Draw its plan when AB is 
inclined 45"* and the plane of ABC is inclined 60°. 

Hint. — The only difficulty in this problem is to find the position of the 
vertex. This is done by first determining the plan of ABC when horiasontal, 
and the position upon this plan (and also the length) of a perpendicular to the 
plane of the figure through D. See Problem CLIV. 

12. A cube of 2^ edge is so placed that the centres of three contiguous faces 
are I'S", 2*7% and 2*2" above the h. p. Draw plan and elevation. 

13. A square pyramid, base V edge, axis 3" long, has its apex I'' above the 
h. p., one comer of its base u-pon the h. p., and an edge of the base containing 
this comer inclined 20°. Show plan and elevation. 

14 An octagonal pyramid (base 1'5" edge, axis 4"), has. the plane of the 
base inclined 25°, whilst that containing the axis, and two of the long edges, is 
inclined 78°. Show its projections. 

Hint. — The two planes given are perpendicular, and their intersection 
coincides with a diagonal of the base. 

15. A pentagonal pyramid, size at pleasure, is so placed that the axis is 
inclined 27°, whilst one edge of the base is inclined 35°. Show its plan. 

Hint. — The inclination of the axis is the complement of that of the base. 

16. An octahedron of 3" edge, has the plane containing two of its diagonals 
inclined 27°, whilst that containing one of these, and the other diagonal, is 
inclined 80°. Show its projections. 

Hint. — The planes given are perpendicular, and the problem is solved by the 
constraotio^ described in Problem CLXVIIL 



CHAPTER XL 

ON THE PROJECTION AND DEVELOPMENT OF FLAT AND CUEVED 
SURFACES, INTERSECTED BT CUTTING PLANES. 

As in this dbapter, and others to follow, continual reference will be 
made to surfaces of revolution, sach as the cone, the sphere, the cylinder, 
and the ellipsoid, it will be convenient at this point to draw the atten- 
tion of the student to certain functions and properties of these surfaces, 
sufficient for him to investigate intelligentljr the solutions of the 
problems connected with them. 

1. The surface of a sphere is generated by the revolution of a semi- 
circle about its diameter. 

2. All plane sections of a sphere are circles ; if they contain the 
centre, they are grecU circles, 

3. A right cylindrical surface is generated by a straight line, moving 
around, and continually at the same distance from, and parallel to a 
fixed straight line, which is called its axis ; or it may be developed by 
the revolution of a rectangle about one of its sides. The moving line 
is called the genercitrix, and the fixed one the director. 

4. The section of a right cylinder, made by any plane, inclined to 
the axis, is in true shape an ellipse, the minor axis of which is equal 
to twice the distance of the generatrix from the director. 

5. The surface of a right cone is generated by the revolution of a 

morable line which meets a fixed one, in such a way that at all points 

of the rotation, the angle between them is constant ; the meeting-point 

of the two lines is the vertex of the conical surfeu^, and the fixed line 

is the axis. 

NoTB. — Generally speaking, whenever a cone is indicated in these problems, 

only one-half of the above surface is meant^ such as would be generated by the 

revolution of a right-angled triangle, about one of the sides containing the right 

angle; but as will be seen in future problems, it is better to consider the surfaoe 

as generated by the two lines. 

6. The sections of the right cone are as follows : — 

a. When the cutting plane contains the axis, the true shape 
is a double isosceles triangle with a common apex. 



202 Geometry. 

b. When the cutting plane is perpendicular to the axis, the 

true shape is a circle, the radius depending upon the 
distance of the plane from the vertex. 

c. When the cutting plane is neither parallel to a generatrix 

nor to the axis, and is wholly on one side of the vertex, 
the true shape is an ellipse. * 

d. When the cutting plane is parallel to a generatrix, and 

perpendicular to the plane containing that line and the 
axis, the true shape is a parabola. 

e. When the cutting plane is parallel to the axis, it will inter- 

sect the surface on each side of the vertex, the true shape 
of the section being two conjugate hyperbolae. 

7. The ellipsoid is a surface of revolution, generated by the rotation 
of an ellipse about either its major or its minor diameter, which then 
becomes the axis. Its sections are of two kinds — 1. When the cutting 
plane is perpendicular to the axis, they are circles; and 2, When 
parallel or inclined to it, they are ellipses. 

The student is referred to works upon Conic Sections for proofs of 
the above stateme&ts, as they are merely collected here for convenient 
reference whilst studying the constructions used for the determina- 
tion of the projections of sections in the problems of this chapter. 

• 

Peoblem GLXX. 

To determine the projections and true forms of the three prin- 
cipal conic sections. 

Case I. (Plate XXX., ^g, 2).— In this Plate the cone AVC, shown 
by its projections, is cut by a plane represented in elevation by the 
line 8t', According to the principles described at page 79, the true 
shape of this section is an ellipse, and it is for us to determine its 
major and minor axes. The plans of points S and T will be found 
very readily upon those of the generatrices av, cv, by projectors through 
s and t'. Bisect a't' in o\ and as s'i discovers the real length of the 
major axis (the points 8* and t' being the highest and lowest of the 
section, and upon generatrices parallel to the v. p.), it is dear that 
the minor axis must be a horizontal line passing through o, the plan 

* The properties of these curves, as plane figures, are given in Chapter VI., 
which the student is recommended to thoroughly investigate before proceeding 
to the Bolntion of the problems which follow. 
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of which can be drawn at once, indefinite in length, through o. To 
discover the real length of this axis, imagine a second section of the 
cone passing through o, perpendicular to the axis. The elevation of 
this section would be the line Jet and its shape a circle. Conceive 
one-half of this circle to revolve upon a diameter until it was brought 
into a V. p. This would be shown in the drawing by k'pt having ' 
1^ for its centre. Then op\ taken perpendicular to A;T, would repre- 
sent the half of a horizontal line belonging to both sections (the circle 
and the ellipse). Hence point P must be on the surface of the cone, 
and o'p' must be the required length of the semi-minor axis of the 
ellipse. To complete the plan, make op and oq each equal to op\ and 
to draw the true shi^ of the section, as shown at PSQT, make the 
major axis equal to 8't\ and the minor to pq. 

The properties of the ellipse, as a plane figure, were discussed at 
page 85 ; and it will be interesting to the student to learn how he 
may discover, from the section of the cone, the foci and directrices of 
the figure. This is shown in the Plate. The circle m'n'W is the 
elevation of a sphere, which touches the cutting plane, and is inscribed 
m the upper frustum of the cone. The point of contact of the sphere 
and plane is the focus of the elliptical section, sudf is obtained by a 
paraUel to PQ through W. Further, the plane of the circle of contact 
of cone and globe intersects the plane of section in a straight line, 
which is the directrix of the ellipse belonging to the focus just found* 
The line m'n! (the elevation of the circle of contact) produced, meets 
«V also produced in g^, and the directrix gh* can be obtained as shown 
in the drawing. Of course, the same principle holds good for deter- 
mining the other focus and directrix. The sphere i'F'^', in the other 
frustum, is only partly shown in the figure. 

Case II. (Plate XXXI., fig. 1). — In this case the cutting plane is 

taken parallel to the generatrix YA, and perpendicular to the plane 

containing that line and the axis. The curve traced by this plane 

upon the conical surface is therefore a parabola, the elevation of which 

may be very conveni^itly assumed as a straight line s't\ The points 

of the plan, and afterwards those of the true shape, are found by 

taking a series of horizontal sections of the cone, the plans and true 

shapes of which are circles. The cutting planes intersect the given 

one in lines which are chords of the circles and ordinates of the 

parabola. Taking, for instance, the horizontal section of which p'q' is 

the elevation, its plan is a circle, with v as centre and vp «& t^<S^^^ 
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The elevation of the intersection of the two planes, t.e., the given one 
st and the assumed one je>Y, is gfy and the indefinite plan of this line 
is tcKSy projected from g\ and meeting the circle in g and A. Then 
^A is a chord of the circle, and also a double ordinate of the parabola. 
Proceeding in a similar manner to find others of the points in plan, 
and noting that the point s and its companion r fall upon the base 
of the circle, whilst the point % projected from t occurs upon the 
plan of the generatrix ve, the curve can be traced, and the entire 
horizontal projection of the section determined. With regard to the 
true form, the lengths of the ordinates shown in the plan can be set 
off on either side of an assumed axis taken parallel to «Y, the proper 
relative positions of these lines being obtained by perpendiculars to 
the section through their elevations. Thus, MN is an axis taken 
parallel to 9'V ; the point T, the vertex of the parabola, is found by 
drawing <T perpendicular to 9't'; and the ordinate GH is fixed in 
position by another perpendicular to s'l! through ^, and in length it 
is equal to gh^ one-half being taken each side of MN. It is assumed 
that the student will be able to set out the entire drawing without 
further explanation. 

The directrix and the focus of the curve can be found in an exactly 
similar manner to that adopted in the elliptical section. The circle 
m'n'Y' being the elevation of a sphere inscribed in the frustum of the 
cone, and touching the plane of section, the point of contact F' enables 
us to obtain F, the focus of the curve, and 0', the elevation of the 
intersection of the plane containing the circle of contact, and the cutting 
one settles the position of the directrix KO. 

Case III. (Plate XXXI., fig. 2). — In this case the cutting plane it 
parallel to the axis; the curve ti'aced upon the surface is therefore an 
hyperbola. The elevation of the cut in the drawing is «Y, and, as the 
plane of section is a vertical one, its plan is a straight line r«. The 
method adopted to obtain other points in the projection, and afterwards 
the true form, is similar to that used in the preceding case. HoruBontal 
sections are taken, and the ordinates of the curve are determined in 
position and length as befora Taking the section jtq' for an instance, 
the circle in plan through p cuts rs in two points, g and A. Then ^A 
is the length of the double ordinate at that height. The true form is 
shown at RST, and the construction used for obtaining GH shows the 
principle involved throughout The focus is F, and the directrix is 
OK, obtained as described in the other two cases. 
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Problem CLXXL 

To determine the prcgeotions of the section of a sphere made by 
a given cutting plane — (a) When the latter is inclined only to 
one plane of projection ; (6) When it is inclined to both. * (Plate 

XXXIL, figs. 1 and 2.) 

Case 1. All plane sections of the sphere are circles, and hence their 
orthographic projections are either straight lines, ellipses, or circles, 
and, as the first and last would present little difficulty, two cases only 
are taken, where one or both the projections become ellipses. In the 
first case, the two circles, having c and c for centres, are the projec- 
tions of a sphere resting upon the L p., and vfh are the traces of a 
catting plane inclined only to the h. p. The elevation of the section 
is therefore the line jiq^ and, as that section is a circle contained by 
^ oblique plane, its plan must be an ellipse. The minor axis je^ of 
this ellipse is determined from pq. Then the major axis will be in a 
horizontal of the plane represented in plan indefinitely by ig bisecting 
^ in o. This axis will therefore be projected equal in length to the 
diameter of the circular section, and that length can be taken from the 
elevation pq. Make then or and 09 equal to dp\ and construct the 
ellipse. The points of contact of this curve with the contour circle in 
plan may be found by drawing the elevation of the horizontal great 
circle of the sphere. The elevation m' of the intersection of this circle 
with the cutting plane is that of the required points of contact, and 
the plans m and n are projected from it. More than half the circle of 
section can be seen in the horizontal projection, the dotted or hidden 
portion being the shorter ai*c between these two points of contact 

Case 2* In Plate XXXII., fig. 2, the same problem is solved, 
except that, in that case the cutting plane is inclined to both the planes 
of projection. The circle of section is therefore projected as an ellipse 
in both plan and elevation, and the construction required is that for 
obtaining points in the conjugate diameters of these ellipses. 

The circles whose centres are d and c are the projections of the 
given sphere, and Vmn is the cutting plane. A vertical plane 9 si is 
first assumed, containing the centre of the sphere, and having its h. t. 
perpendicular to mn. This plane intersects the solid in a great circle, 
and the given plane in a straight line «'^', 9%, The new plane is then 
ecmstmcted about its h. t. into the h. p., with the circle and atni^'V» 
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line just mentioned. To do this, st is assumed as a ground line, c^ is 
projected from c at a distance from st equal to that of c above XY, 
and the great circle is drawn. Kext, «S is made perpendicular to at and 
equal to 9S, Then %t represents the constructed intersection of the 
cutting plane and the assumed vertical ona This line is seen to 
meet the circle in p" and (f^ and the plan ^q of the minor axis of the 
ellipse is obtained (considering the plane to be folded back into its 
vertical position) by drawing projectors from 'p" and (f to meet 9i, 
The elevation 'pcf is then directly projected upon %*i from py. The 
length oi p"^ is that of the diameter of the circle of section. If ^ be 
bisected in o, and wz be drawn parallel to the h. t. of the cutting 
plane, that line will represent the indefinite plan of a second diameter 
of the circle, which, being horizontal, must be equal in length to p'^y 
ow and oz are therefore made equal to o^, and oW and oV are pro- 
jected upon the elevation. The ellipse in plan can be readily drawn, 
as the major and minor axes are known, but the four points, p\ w\ ^, z\ 
in the elevation do not give the extremes of the principal axes of the 
curve. The lines p'q' and w'z are conjugate diameters, for each bisects 
all chords of the figure parallel to the other. Hence, as shown in 
Problem LXXvIL, Plane Geometry, the figure can be accurately 
obtained by the aid of the circumscribing parallelogram 1, 2, 3, 4. 
The ellipse touches the contour circle in elevation in points a and b\ 
the positions of which may be readily discovered by drawing EF, the 
plan of the vertical great circle of the sphere. For /'6'a', parallel to 
I'm, is the elevation of the intersection of the plane of this great circle 
with the cutting plane. A converse proceeding on the plan would 
discover the points of contact of the ellipse and circle. 



Problem CLXXII. 

To determine the projections and true form of the section of a 
vertical prism made by a cutting plane inclined to both planes of 
projection, and to show the development of the cut sur&ces of the 
solid. (Plate XXXIIL, ^g. 1.) 

In the figure the given solid is the pentagonal prism ABODE, and 
the cutting plane is vy'A", As the faces of the solid are all vertical 
planes, their projections or traces in plan will also be the projections 
of any lines upon them. Hence, if every face of the solid were cut^ 
the entire plan of the section would be the pentagon (Aode* In the 
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case before ns, however, one edge of the prism is uncut, hence the plan 
of the section is the figure aedgfh. It remains, therefore, to find the 
elevations of the points where the cutting plane meets the other vertical 
edges. The problem is thus resolved into finding the intei'section of 
a vertical line and an oblique plane (Problem CIX., Chapter YIL). 
Taking the edge through A as an example, draw a line cut^ parallel 
ix> fhl'y to represent in plan a horizontal line passing through the 
point of siection on the vertical edge aV. The v. t. of this line 
(as it is contained by the plane of section) will be in the v. t. of 
the plane. AV is the elevation of the horizontal, and its intersection 
a' with aV gives the veiiiical projection of the point where the 
catting plane meets that edge. The other points, Ved\ are found in 
a similar manner, and the whole elevation is completed by joining 
these points together with the elevations of F and G, which are of 
course upon XT. 

There is another construction for obtaining the vertical projection 
of the section, which depends upon the assumption of v. p.'s containing 
the edges of the solid, and using the intersections of these planes with 
the catting one to obtain the required points. But this is not so 
convenient a method as that shown in the figure. 

To determine the true shape of the section, the cutting plane is 
constructed about either its h. t. or v. t. into one of the planes of 
projection. It is generally solved by adojpting the former plan, as 
being perhaps more readily understood. 

Taking the case of the point E, the student will see that when the 
plane of section is " constructed'' as described, that point will move in a 
V. p. perpendiculjBx to /"A" — ^the hinge of rotation — eE being the trace 
of this plane upon the h. p. Further, it will move in a circle in this 
plane, having t for its centre, the radius of the curve being equal to 
the actual distance of the point from the h. t. of the cutting plane. 
To obtain this distance, a right-angled triangle must be conceived as 
fitting beneath the plane of section, so that its base coincides with et^ 
and its perpendicular with the edge containing E. Then the 
hypotenuse will give the desired distance. This triangle is shown 
folded about its base into the h. p. thus : — eE' is drawn perpendicular 
to ety and equal to the height of point e' above XY, E' is joined tot; 
JS!t is the radius of the circle of rotation. Then, taking t as centre, 
and iE! as radius, the arc E'E gives, by its intersection with eE, the 
point E. All the other points having been constiiicted in the same 
way, and notiag that / and g, being on the hinge-line, do not mov^^ 
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the true shape of the section is found by joining them as shown in the 
figure. 

By the development of the faces of the solid is meant the bringing 
them all into one plane by, as it were, unfolding them about their 
edgeSi This is shown in the case before us, in fig. 2, where E^ Ej 
is first drawn equal in length to the sum of the five edges of the 
base, and, at the equidistant points, E^ D^ C^ B^ A^ and E^ lines 
perpendicular to E^E^ are set out equal in length to the long edges 
of the solid. The complete rectangle E^^^^^E^ then represents the 
surface, which, if refolded on the four lines, could be made up into the 
original pentagonal prism. The points of section upon the edges are 
then set along the perpendiculars at distances from E^E^ equal to 
their heights above the h. p., as shown in the elevation. Thus, E^^i 
is equal to the height of e' above XY, etc. If all the edges were cut, 
the development of the section would be completed by joining these 
points together, noting that E^E^^ has to be taken twice, once at each 
extreme of the rectangle, so that they may coincide when refolded. 
But two of the section points occur upon base edges, and, to show 
these points on the development, GxD^ must be made e<}ual to ^ in 
the plan, and F^B^ to/6. The points must then be joined as shown. 

Problem CLXXIIL 

To detennine the projections and true fonn of a section of a 
prism (axis horizontal) made by a given catting plane. (Plate 
XXXIV., fig. 1.) 

This is really a very elementary problem, the construction required 
being only that for finding the points of intersection of the edges of 
the prism with the given plane. These edges being horizontal lines, 
the method adopted is that shown in Problem CIX., Case 1. The 
edge EL intersects the plane in p j9, for it there meets a horizontal 3'3 
in the plane of the same height above the h. p. as itself. The edges 
AH and BI being on the h. p., the L t. of the cutting planes gives 
the line of section on the face ABIH. The true shape of the section 
is shown at OPQ....V, where the plane has been "constructed" about 
its V. t. into the v. p. in the same way as described in the previous 
problem. 
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Pboblem CLXXIY. 

To determine the projections and true form of a section of a 
cylinder (axis horizontal) made by a given catting plane. (Plate 
XXXIV., fig. 2.) 

The construction employed in the case of the prism is applicable to 
the cylinder, as the generatrices of the latter can be treated like edges 
of the former. But, as the section is known to be an ellipse, all that 
is necessary is to determine two conjugate diameters in each projection, 
and to complete the curves by inscribing them in two rhomboids whose 
sides are parallel to those diameters. Thus, in ^g, 2 the traces on the 
plane of the highest and lowest and two intermediate generatrices only 
are determined. This gives four points, g'g^ h'h, pp, and q'q, which are 
at the extremities of conjugate diameters * of the projected ellipses, 
and the curves are inscribed in the parallelograms 1, 2, 3, 4, and 
5, 6, 7, 8, whose sides are parallel to these diameters. The true form 
can be deduced, as at GPHQ, by constructing the plane of section 
with the two conjugate diameters, GH and PQ, about its v. t. into the 
▼. p. For the ellipse inscribed in the parallelogram 9, 10, 11, 12, 
(having its sides parallel to GH and PQ), is the true form of the 
section required. 

Pboblem CLXXV. 

To determine the projections and true shape of a section of a 
vertical right pyramid, by a catting plane inclined to both planes 
of prqjectioni and to show the development of the cut surface of 
the BOUd. (Plates XXXV. and XXXVI.) 

The student will see that in this problem he has to deal with edges 
which are inclined to both planes of projection; hence the construction 
he was able to adopt in the previous problems, where the edges or 
generatrices were parallel to one plane, cannot be used here. There 

* That these are conjugate diameteis can be readily proved by assuming that 
the four generatrices used are the lines of contact of a circumscribed square 
prism. The cutting plane would then give the parallelograms as projections of 
the section of this prism, and the ellipses would have the four lines in each case 
for tangents. But if a diameter of an ellipse be parallel to the tangents at the 
extremities of another diameter, these two diameters are conjugate (see Plane 
Geometry)* 
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are several metliods of solution applicable, and tlie student will see 
in tlie cases set before him that the selection of either of these depends 
upon the conditions of relative position of the pyramid, the co-ordinate 
planes, and the plane of section. 

Case I. (Plate XXXV., ^g, 1). — Tlie pyramid given is hexagonal, 
and the plane of section is v'fh* The principle upon which the 
construction used in this case is based is the following : — Vertical 
planes are assumed containing the edges of the solid. The inter* 
sections of these planes with the given cutting plane pass through 
those edges, giving the required points of section. Thus the assumed 
plane w'wx is a vertical one, and it contains the edges IE, IB. 
The elevation of the intersection of this plane with the given 
one vflh is w'x^ and the points n\ q, where this line meets the 
elevations i'e and i'b\ are the vertical projections of the points of 
intersection of the cutting plane with those edges whence the plans n 
and q can be obtained. In the same way all the edges of the pyramid 
could be treated, and the entire projections of the section determined. 
But it would often be extremely inconvenient to use both traces of 
these vertical planes, as their intersections with those of the given one 
would be so remote. Then the following expedient may be adopted, 
which at once gets rid of the difficulty : — 

It will be seen that, in using the intersection of the vertical plane 
w'wx with vfhf we have not only discovered the points of inter* 
section of the edges IB and IE with the cutting plane, but also 
that of the axis. Hence i" is the elevation of a point in the intersections 
of all tlie vertical planes with Uie given one. Therefore only one other 
point in each of those intersections need be * determined. Taking 
the case of the edges AI, DI, the h. t. of a v. p. containing them is 
ay, and yy is the v. t Hence, as yy' meets v'f in y\ that point is in 
the vertical projection of the intersection required. If, then, from y 
a line be drawn through i'^, it will be the elevation of the intersection 
of the plane containing AI and DI with the plane t//%, and will deter- 
mine the vertical projections of two more points, o' and f*. Again, in 
the case of the edges CI and GI, it is most convenient to use the h. t.'s 
of the two planes which meet in 2;; for as that is the plan of one 
point in their intersection, the elevation z enables 11s to complete the 
vertical projection of the entire intersection by drawing z'i" to meet e'i 
and gi in p' and m'. 

The true form of the section is obtained in exactly the same; maimer 
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as in the previous problem, t.&, the section is brought into the h. p. 
by revolving the cutting plane about its h. t. 

The development of the pyramid is shown in fig. 3, where all 
the triangular faces are brought into one plane, by unfolding them, 
as it were, about their edges. To make this drawing, the real 
length of one of the slant edges must be used as the radius of 
a curve along which the series of base edges must be stepped 
as chords, and afterwards joined as shown. The right-angled triangle 
I1B (fig. 2) is the true form of a semi-section of the pyramid made 
by a V. p. containing the edge IB, I'B being equal to ih and I'l 
to the axis. Hence I'B gives the real length of the edge. Then, 
"with I (fig. 3) as centre, and a radius equal to I'B, the arc O^G^ is 

drawn, and G-^A^, A^B^, and E^G^ are made equal in 

length to the base edges, and joined. Then from I^ lines are drawn 
to these points, and the whole figure IiG^G^I^ is the development 
of the surface of the pyramid. To mark upon this figure the line of 
section of the cutting plane, it is necessary to find the real distance 
of the points of section along the edges from the base. This is 
readily done by drawing from the vertical projections of those points 
parallels to XT, meeting the true edge I'B. Thus the parallel from 
w! to M' discovers upon TB the distance of point M from the vertex 
or from the base. Then, as that point occurs upon GI, G^M^ in fig. 3 
is made equal to BM^, and so on with regard to the others. Then, by' 
joining these points, when found, the crooked line obtained gives the 
development of the cut required. 

Case 2. In Plate XXXVI., fig. 1, the projections of a square pyra- 
mid and the traces of a cutting plane are so arranged that, in adopting 
the same construction as was used in the last case for determining the 
projections of the section, the assumed vertical planes containing the 
slant edges would in one instance be parallel, and in the other perpen- 
dicular to the original vertical plane of projection. In such an example 
a slight modification of the construction is necessary. The vertical 
plane containing the edges YA, YC cuts the solid in a figure which is 
an isosceles triangle, and aYc is a drawing of this figure brought 
into the h. p. by rotating it about its base ac (2;Y being made equal 
to tn?'). The intersection of this plane with the cutting plane is a 
line parallel to the v. tr Hm^ and VvfC represents this line brought into 
the h. p* By this means E and F, two of the required points of 
flection^ are obtained, and also their heights above the b.i^. TV^'^^xk^ 
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e and / are projected from E and F, and the elevations e and f are 
obtained as usuaL* Again, the vertical plane containing the edges 
BY, DV is perpendicular to the original v, p., and the traces coincide 
indefinitely, therefore, with the projections of the intersection of the 
planes. But if the section of the solid and the intersection of the two 
planes be brought into the h, p. by folding them about bd, the other 
points of section G and H can be determined at once. The triangle bY'd 
is the section of the solid, and St is the intersection of the planes 
'^ constructed " as described, the arc S « being struck with centre ^. 
The plans g and A are projected from G and H, and the elevations 
g' and A' from g and A. 

Case 3. Another solution of the same problem, which is ingenious 
and sometimes very convenient (especially when the pyramid is an 
irregular one), is shown in Plate XXXYL, fig. 2, where an hexagonal 
piyramid is supposed to be cut by a plane of section. 

A horizontal section of the solid is first taken at any convenient 
height. Thus, in the figure s't' is the trace of a horizontal cutting plane, 
and the hexagon 1, 2, 3, 4, 5, 6 is the plan of the section. Next a 
horizontal line in the given cutting plane is determined, of the 9arM 
height as the assumed h. p., or, in other words, the intersection of the 
two planes is obtained. In the drawing ^^ is the horizontal projection 
of this line. Now, it will be seen that 2, 3 meets this line in 2; ; and 
as that point is in the plane of the fieu^e YCD, and also in the plane 
Imn, it must be one point in their intersection. Then, by producing 
cd to meet mn^ another point y is obtained, and yz is the indefinite 
projection of the intersection of the two planes. The portion ik is 
therefore the plan of one line in the required section of the solid. 
Again, i must be a point in the section upon the next face Y!BC ; 
and by producing he (the h. t. of the plane of that face), to meet mn 
in t&, a second point is obtained, and ^oih can be drawn to deter- 
mine lA. In this way the whole plan can be completed, and the 
elevation projected from it. 



A very interesting problem can be suggested at this stage, viz., *' to 
draw a sectional elevation of a frustum of the pyramid projected up(Hi 
the plane of section." This is shown at v^, o^i ^i> c^ eta, where the 

* The points e' and/' could he also obtained by finding the elevation of poiiit 
m" on XY, and drawing a line through it parallel to Vm\ This is reaUy the 
same constmction as the above, but saves drawing the triangle aVc 



Projection of Flat and Curved Surfaces:. 213 

lower frustum of the solid is supposed to rotate upon the v. t. of the 
cutting plane until the section coincides with the v. p. The true form 
of that section is first found by '' constructing'' the plane with the 
figure upon it into the v. p. 

To obtain the projections of the points of the base, the following 
construction is employed : — ^A new plane, r'oix^ is assumed, contain- 
ing the axis and perpendicular to the cutting plane, and its inter* 
section, t'ocf^ rx^ with the latter is determined. This intersection 
passes through the axis at the point o, where it is cut by the given 
plane of section. Next, these two planes are conceived to main- 
tain their relative positions during the " rotation " of the given one 
upon its v. t.; and, of course, when that rotation is completed, the 
assumed plane becomes perpendicular to the original vertical plane, 
and can be represented by its trace thereupon. If, therefore (knowing 
that point r' remains stationary), the position of point o^ be obtained 
by the same construction as that adopted for the other points of the 
section, and r'oi be joined, that line will represent on the v. p. the 
trace of the assumed plane containing tiie vertex. The vertex is then 
j»t>jected at t^ upon this plane from t/. 

Having thus obtained the projection of point Y, it is known that the 
projections of the edges of tiie solid must all pass through that point, 
and also through the points of the section. Draw, then, through v^ a 
series of lines passing through g^, A^, t^, ^, p^, and q^, to represent the 
indefinite projections of these edges. Again, the comers of the base 
of the solid move in planes perpendicular to the hinge of rotation l*m. 
If, then, through the elevations a', 6', </, d\ e', and f perpendiculars 
to Fm be drawn, these lines will represent the traces of the planes in 
which these' points move, and the intersection of either of them with 
the edge upon Which the corresponding base comer occurs will give 
the desired projection of that point ; thus, a'a^ is made perpendicular 
to Tm, and meets the edge v-^a^ in o^, which is the projection of A 
upon the plane of the section. 

PnoBLEM CLXXVL 

To obtain the projections and tme form of the section made by 
a given plane cutting a given vertical right cylinder; and to 
develop the cut surface. (Plate XXXVn., figs. 1 and 2.) 

If the cylinder were treated as a prism with an infinite number of 
edges (the generatrices of the surface being consldsrad. «&ic«<^'c«bisq&x^ 
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those edges), the construction adopted in Problem CLXXIL would 
apply in this case. The curves, which would be the required projec- 
tions, could then be traced through the several points determined, their 
accuracy depending on the number used. 

But as it is known that the section of the cylinder must be an 
ellipse (the cutting plane being inclined to the axis), it is really only 
necessary to determine conjugate diameters of the ellipses which are 
the projections of the curve, and the figures can then be completed 
by constructions explained in the Plane Geometry. 

In the plate the projections of a cylinder are given, and the plane of 
section is vfh. 

Commence by drawing hd and ac upon the plan, respectively per- 
pendicular and parallel to the h. t. of the given cutting plane. These 
two lines will be the indefinite horizontal projections of the major and 
minor axes of the elliptical section, for the circle ahcd is the plan of 
the cut, and its diameter hd contains its highest and lowest points. 

The elevations of these two lines can then be determined as contained 
by the plane v'/A, the four points a', 5', c', and d' occurring upon 
generatrices of the cylinder, as shown. Or a vertical plane K'K^ may 
be assumed, perpendicular to v'fh and containing hd. The intersection 
of this plane with the cutting one can then be shown in elevation, as 
K'^ and h'd' can be project^ from h and d upon this line. AC is a 
horizontal of the plane ; its elevation is therefore a horizontal line, aV. 
As the vertical projections h'd! and ac are not the major and minor 
axes of the ellipse in elevation, the curve can best be constructed 
by using the circumscribing rhomboid, as Imnpf having its sides 
parallel to a'c and 5'J', and by proceeding as shown in the Piano 
Geometry. 

The two principal axes of this figure are given in the drawing, and 
the method of obtaining both their direction' and length is explained 
in Problem LXXIX., Plane Geometry. 

The student will notice that the ellipse in elevation h'a'd!c' touches 
the extreme generatrices in points / and «', and he can find the 
exact points of contact by drawing ra in plan parallel to XY, to meet 
the h. t. in 3^ ; the elevation gi gives a point from which a parallel to 
v'f* can be drawn, meeting the generatrices mentioned in r' and *', the 
points of contact required. The explanation of this will suggest itself 
to the reader by reference to Case 2 in Problem CLXX., as the prin- 
ciple involved is the same. 

The true form of the section is given at A6CD, where the 
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major axis BD is obtained by constructing the plane of section 
into the h. p., in exactly the same way as shown in previous 
problems, and AC is made equal to the diameter of the cylin- 
der. In fig. 2 the development of the surface is shown as a rectangle, 
one side, B^D^, being made equal to the circumference of the circle 
ahcdj* and D^D^^j to the length of the cylinder. Points in the 
development of the curve of section are obtained by assuming a series 
of generatrices at equal intervals around the surface, and showing 
these upon the rectangle by dividing D^Dj into a corresponding 
number of parts, and drawing parallel to B^D^jj through the points of 
division. These generatrices are also shown in elevation, and also the 
heights above XY that the curve meets, these several lines are then 
taken upon their corresponding lines in the development, and the 
desired curve traced upon it. Thus, upon the generatrix through b, 
the point of section is seen in elevation to be at a distance (b'bj) from 
XT. That distance is marked from B^ to B^^ in the development. 
Only four of these are given in the drawing, so as not to confuse ; but 
the greater the number the more accurate the curve. 

Peoblem CLXXVII. 

To determine the projections and the true form of the section of 
a given vertical right conci made by a given catting plane ; and to 
develope the conical surface with the curve of section. (Plate 

xxxvin.) 

This problem could be solved by adopting the construction used in 
the case of the pyramid, if generatrices of the cone were assumed as the 
edges of such a solid, and the curves required could be traced through 
the points of section so determined ; but as the cutting plane is parallel 
to no generatrix of the surface, and as the section is entirely on one 
side of the vertex, we know that the form of the cut is an ellipse, and 
that its projections are also ellipses. Hence the better method is that 
which enables us to find conjugate diameters of the curves directly. 
This can be done by the following construction : — 

Assume a vertical plane containing the axis, and perpendicular to 

* Generally speaking, it is sufficient to divide the circle abed into a large 
number of parts, and to step the chords of the arcs along a line to obtain this 
side of the rectangle; but it is rather better to take the length, 2irr, from a 
good scale. 
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the catting plane, and find their intersection : 9' 9^ is the assumed plane, 
and siy Bt the projections of the intersection. Part of this line is 
the major axis of the ellipse, and the extremities of it are in. the two 
generatrices contained by the assumed Tertical plane. Hence their 
elevations %a and %h\ meeting «Y in the two points r' and p\ deter- 
mine the vertical projection of the major axis, and 971 is its plan. 
Bisect rp in 0, and draw voq through parallel to the h. t, as the 
indefinite plan of the minor axis, and determine its elevation as a 
horizontal of the catting plane. To discover the length of this minor 
41X18, conceive a horizontal section of the cone at the same height as 
the line just found. The plan of this section would be a circle of 
radius (vY ) ; and as the line WM meets the conical surface in two 
points, and further, as this circle contains all the points on the surface 
of the same height as the line, the points vo and q must be the hori- 
zontal projections of the extremities of the minor axis required, and 
vf and c[ are the elevations. 

It so happens in the drawing given that the two axes in the plaa 
are equal, and hence the projection is a circle. The ellipse in eleva- 
tion is inscribed in the rhomboid 5, 6, 7, 8 as in previous problems, 
and the points of contact x and z with the extreme generatrices ilg*^ 
and ^Ic are discovered as in the last problem. 

The true form of the section is shown at PQHW, where the plane 
is folded as usual about its L t. into the h. p. ; but it will be noticed 
that, as PQ is in a horizontal of the plane, W and Q can be found on 
a line bisecting PR at right angles, its length being equal to v:q. 

To develop the surface, take % as centre and %lc as radius, and 
draw an indefinite arc ijcl^). Cut off from this arc a portion (J£V^ 
equal in length to the circle which is the base of the cone.* Then the 
sector Hkl^ is the development of the entire conical surfEUM. To show 
upon it the curve of section, a series of generatrices must be assumed 
at equal intervals. Six of these are shown in the drawing in eleva- 
tion, obtained from six points in the plan, stepped at equal distancesi 

* To do this the general method is to divide the circle in plan into a con- 
venient number of parts, and to step the chords of one of the small arcs along 
the curve ; but this must necessarily be inaccurate. The following is a better 
plan : — Remembering that arcs of circles struck with the same radius are pro- 
portional to the angles subtended at the centre, and also that arcs subtending 
the same angle at the centre are proportional to the radii, a proportion as 
^H \%k\\ 360** : f discovers in its fourth term f, the angle which, if made at f, 
cut» off the arc required. 
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commencing from a. ♦ These are a'l!^ IT, 2't', feV, 3T, and 4V. The 
arc VkP is then divided into six equal parts and lines, joined from the 
points of division to i\ to represent these generatrices on the developed 
cone. The distance from the apex to the point of section upon 
any generatrix is found by drawing a line through the elevation of 
that point parallel to XT, until it meets i!V or t^. As these two 
generatrices are projected full length in elevation, the distance of the 
point of section from % or K gives the length which must be cut off 
from the corresponding developed generatrix. Thus 3'i' is cut at 3. 
Then a line 32, parallel to XT, gives at 3^ a point which tells us that 
xZ" is the distance from the vertex that that generatrix meets the 
section. Then upon t'. III (the development of that line), a portion 
{y'\^ is cut off, and hence a point is fo^d in the developed curve of 
section. The student will, it is hoped, be able by the drawing to 
appreciate the remainder of the constructibn. 

Problem CLXXYIIL 

To determine the projections of the seetion of an ellipsoidal sur- 
fSEtce^ made by a given catting plane. (Plate XXXIX) 

In the case shown the eUipsoid has one of its principal axes verticaL 
The section is in true form an ellipse, and so are its projections; 
hence we proceed to determine the plan and elevation of the major and 
minor axes of the curve. The major axis is in a vertical plane con- 
taining the long axis of the solid, and perpendicular to the cutting 
plane, and is part of the intersection of those planea Proceed then 
to find the projections of the intersections of the planes xtfh and 9sU 
Then tii^ st contains the major axis of the section, and shows that the 
axis is cut at point cfe. Next proceed to find where this intersection 
meets the surface of the solid. To do this it is necessary to bring the 
line s'f, 8t into a plane parallel to the v. p., as the generatrices cut by 
this line are in a plane inclined to it. With e as centre^ radius ct, 
draw the arc fT until it meets a parallel to XT through c. Project 
T* from T, and join </T'. From the elevation it will then be seen, that 
the line of intei*section found passes through the generatrices of the 
ellipsoid at certain heights shown by P' and Q'. Transfer these 
heights by horizontal lines to p and q\ and project the plans p and q. 
llien p'q't pq is the major axis of the section ; the minor axis being 

* In the plate, the distances Ij and 2^ have been inadvertently meaauxod 
llightiy unequal; they should be alike. 
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a horizontal line bisecting FQ. Draw, therefore, lines through a', 
a to represent the indefinite projections of this horizontal To find 
where it pierces the ellipsoid sarfaoe, conceive a horizontal section of 
the solid at the same height as this Una Its plan is a circle, radios 
equal to a'6, and having its centre at c. This circle discoven 
points m and n, the horizontal projections of the extremities of tlie 
minor axis, from which m' and n' can be projected. The elevation of 
the curve is obtained by the aid of the circumscribing rhomboid, or the 
major and minor axes of the ellipse could be obtained from the two 
conjugates. The points x and y, where the ellipse is in contact with 
the elevation contour of the solid, is found in a similar way to that 
adq)ted in previous problems. The intersection oi a vertical plane 
containing the generatrices forming this contour, with the given cutting 
plane, passes through these points of contact. Thus cz is the h. t. d 
such a plane, and zy is the elevation of its intersection with v/A. 
Then x and y are the vertical projections of the points of circle, and 
t and T in the plan where the ellipse meets the plan is found by the 
converse construction. A horizontal plane containing the great circle 
of the solid intersects the cutting plane in a line whose plan passes 
through these points. 

Problem CLXXIX 

To determine upon a plane of projection the trace of any given 
right cylindrical surface whose axis is inclined to that plana 
(Plate XL., fig. 1.) 

This problem really amounts to finding the true shape of a section 
of the cylinder made by the plane of projection, or by any plane 
parallel to it. In Plate XL., fig. 1, the axis of a right cylinder is 
inclined to the h. p.; hence its surface must be intersected by the 
h. p. in an ellipse, the points of which would be the horizontal traces 
of all the generatrices of that surface. The h. t. of the axis AB is at 
6, giving the centre of the ellipse. 

The two extremes of the major axis, f and e, are the horizontal 
traces of GI and AK, the uppermost and lowest generatrices. The 
minor axis must be cd passing through h at right angles to e/^ and as 
its length is equal to the diameter of the cylinder, rtxn and st being 
produced determine points o and d. This problem will be found to 
be of great service in questions upon shadows and tangential planes 
to caiired surfaces, and frequently tlxe student may have the cylindrical 
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surface inclined to both planes of projection, instead of, as in the plate, 
only to one. In such a case he must make an auxiliary elevation 
parallel to the axis, and proceed as just directed, as the problem would 
then be reduced to the instance here given, or he must find the traces 
of any four generatrices, which divide the surface into four equal parts, 
and of the axis, and get the ellipse by using the circumscribing rhom- 
boid, whose sides would then be parallel to conjugate diameters pass- 
ing through these traces. 

Problem CLXXX. 

To determine the horizontal trace of a given right conical soifacei 
whose axis is inclined to the h. p. (Plate XL., fig. 2.) 

By the definitions on the first page of this chapter, the student -will 
see that this trace must be an ellipse. It is therefore the aim of the 
construction to discover the two axes of the figure. The h. t. of the 
generatrices AC and AD are at C and D, and these two points are the 
extremes of the major axis required. Bisect CD in E, and draw EjEu 
through that point perpendicular to CD. This will be the indefinite 
plan of the minor axis ; and the student must hei*e carefully note that 
the h. t' of the axis AB is not the centre of the elliptical trace, as it 
was in the case of the cylinder; neither do the traces of those 
generatrices which are intermediate between AD and AC occur upon 
the minor axis. Produce EjE^j to meet XY in E^ ; then aW- is the 
vertical projection of two generatrices AE^ and AE* (the former in 
front, and the latter at the back of the conical surface), whose hori- 
zontal traces occur upon the minor axis. Then the question resolves 
itself into finding the distance to which these two lines spread^ on 
either side of a vertical plane containing the axis. To determine this, 
conceive a section of the cone perpendicular to the axis passing through 
E^ : Jem! is the elevation of such a section. If, then, one half of this 
section, which is in true form a circle, be folded about its diameter 
until it is vertical, as partly shown in the arc A;'E", having its centre 
at 6", a perpendicular to mU through E^, and meeting this arc in E", 
will give E'E", the distance that the generatrix AE^ spreads in front 
of the bisecting vertical plane, and therefore the length of the semi- 
minor axis required. This length is then transferred to EEj and 
EEjj, and the elliptical trace completed. 

This problem has been referred to, and is required in the sol^txcs^^^ 
of Problem CXXV., Chapter VII., and ProVAem. CilJXXX.., <^>Mc^\«3t 
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X. It will be found of great service (like that upon the cylinder) 
in many problems on shadows and tangent planes; and the same 
remark applies here, as was used about that question in regard to the 
case when the axis is oblique to both planes of projection. An 
auxiliary elevation must then be made on a plane parallel to the 
axis, and the trace can be obtained by the above construction. And 
the student must be careful to note that, as the axis of the cone does 
not give by its trace the centre of the ellipse, he could notr here adopt 
the method of the circumscribing rhomboid, because conjugate diameters 
must pass through that centre. 



Problem CLXXXL 

On a given vertical right cylinder, to determine, by its prcyeo* 
tionsy a helix of a given pitch. (Plate XLL, fig. 1.) 

If a line upon a right cylindrical surface cuts all the generatrices at 
the same angle ^, that line is called a hdix. In the mechanical arts, it 
is recognised as the '' screw thread," and the term '' pitch" is used to 
indicate the distance between two consecutive winds of the same thread 
measured along a generatrix. When the surface and the helix are 
developed on a single plane, the latter becomes a straight line, as will 
be seen in the plate. In fia^t, if the right-angled triangle ARt' were 
made to envelope the cylinder in such a manner that the base At' should 
coincide with the circular base of the solid, the hypotenuse AR would 
be identical with the helix, and the perpendicular of the triangle would 
measure the '^ pitch." 

The projection upon a plane, of the curve of a helix, is known as 
the '' sinusoid," and can only be determined from a series of points in 
it. Hence, the greater the number of these obtained, the more accu- 
rate the entire performance. To project the helix, then, proceed as 
follows : — 

Divide the circle, which is the plan of the cylinder, into any con- 
venient number (16 in the figure) of parts, and thence obtain the 
vertical projections of a series of equidistant generatrices. At aV 
mark off the length of the desired '' pitch" or '' rise," and divide it also 
into the same number of equal parts, as at 1, 2, 3, eta Throu^ 
these points of division, take horizontal sections of the cylinder, and 
these sections will meet the generatrices in a certain order, thus:— 
The aection through 1 meets the geneiutrix through 6' in 1'; that 
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throagh 2 meets the next one through c' in 2', and so on ; one half of 
the curve is on the front of the cylinder, and the other half on the 
back, these two halves being symmetrical and reversed. The develop- 
ment can give little trouble, after the explanation in Problem 
GLXXVI. The helix becomes a right line meeting all the generatrices 
at the angle 9. 

It is very interesting, by the aid of a paper model of the triangle 
wound round a wooden cylinder, to illustrate to one's self the following 
fiu3t: — 

If the triangle be partly unwound, by commencing with the point 
A, the free portion being always flat or plane, that part of the hypo- 
tenuse not in contact with the cylindrical surface would be tangential 
to the curve at its point of departure. The angle A would describe, 
on the horizontal plane, a path which would be the involute to the 
plan circle (the method of construction of this curve is given in the 
Plane Geometry), and the plan of the free hypotenuse at any one of 
its sequence of positions, would be a normal of the involute. 

Further, the elevation of the free part of the hypotenuse would give the 
tangent to the sinusoid, which is the projection of the helix. This is not 
shown in the drawing, as it would complicate the figure too much. 

Problem CLXXXIL 

To determine the projections of a helix traced upon the surface 
of a vertical right cona (Plate XLI., fig. 2.) 

This is a companion problem to that just described, and before 
proceeding to demonstrate its construction, it would be advisable to 
note in what respects the properties of the one curve differ from those 
of the other. In the first case, all its points were equidistant from 
the axis of the surfisu)e of revolution ; but in the other, the points of 
the curve gradually approach the axis. The helix upon the cylinder 
cuts all the generatrices at the same angle ; that upon the cone does 
not do so. When it is developed together with the conical surface, it 
becomes an equable spiral, gradually approaching the vertex of the 
sector by equal increments as measured along equidistant generatrices. 
Thus, if there be m of these lines conceived at equal intervals around 
the surface, the amount of approach between any following pair would 

be -• of the pitch. 
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This last property enables lis to construct very readily the projec- 
tions of the curve as follows : — Develope the surface of the cone as 
v'Ra' (Plate XLI., fig. 2), and divide it into any number of equal 
parts by lines through v' (16 in the figure). Divide the circle, which 
is the plan of the cone, into the same number of equal parts, and 
show the plans, and thence the elevations of a series of generatrices 
of the solid. At ar set off the desired pitch,* and divide it into the 
same number of equal parts, and take horizontal sections of the cone 
through each of the points of division. Then proceed as in the last 
problem to mark points in the elevation of the curve, by noting where 
the first section meets the generatrix through h\ and the second through 
c\ and so on. This gives points 1', 2', 3', 4', etc. The plans of these 
being projected on the plans of the lines on the cone, the equable 
spiral 16^, 12^, 8^, can be drawn, which is the horizontal projection of 
the helix. To develope the curve, take v as centre and through each 
of the points of division between a and /, draw arcs to meet the lines 
which represent the developed generatrices. Thus, as point 8' occurs 
on the generatrix through t", the arc through 8'' must be arrested at 
its intersection with vX The drawing, it is hoped, will give any 
further explanation required. 



EXERCISES. 

1. A vessel is in the form of a hollow cone, 10 feet long, and having a base 
4 feet in diameter, material T thick. It is tilted, so that its axis is inclined 60°, 
and is partly filled with liquid, which reaches to a point one-third of its length 
from the base, measured along the axis. Draw its plan, and that of the water- 
mark upon the inside of the vesseL Scale •^. 

2. Draw the projections of a tetrahedron of 3" edge, with one face in the h. p., 
one edge of that face being perpendicular to the vertical plane of projection. 
Determine the true form of a section, made by any plane, inclined to both planes 
of projection. 

3. A cone ^ long, base 3" radius, lies with its side upon the horizontal plane, 
so that its axis is parallel to the v. p., and 3" from it. The h. t. of a plane of 
section bisects the line of contact with the h. p., and meets the v. p. at an 
angle of 65**; the v. t. makes 30° with XY, both traces tending towards the 
base. Give the projections and true form of the section. 

* Frequently this problem is set in such a way that the helix may make a 
certain number of turns in reaching the apex ; if so, the whole line %fo! must be 
divided into that number of equal parts to obtain the pitch. 
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Hint.— Take a series of vertical planes, each passing through the apex of the 
oone. These planes wiU contain generatrices of the surface, and their intersec- 
tions with the given plane will pass through these generatrices, giving points in 
the desired section. 

4. An ellipsoidal surface is generated by the risvolution of an ellipse, 3* by 
2*5'' about its shorter diameter, which is verticaL A cutting plane has its h. t. 
tangential to the plan, and meeting XY at 45% whilst the v. t. meets the same 
line at Tff, Draw plan and elevation, and true form of the section. The centre 
of the plan is V from XY. 

5. Arrange a cone, standing on a vertical cylinder, with their axis in the 
same straight line and verticaL Dimensions of base and height in both cases to 
be 2* diameter and 2*5" respectively. Make the h. t. of a plane of section to 
meet XY at 67°, and to be '5" from the plan, and arrange the v. t. to pass 
through the elevation of the apex of the cone. Find the true shape of the 
section of the compound solid. (The centre of the plan should be 1 *5'' from 
the V. p.) 

6. A cone has its axis horizontal, but inclined to the v. p. at 70°. (Dimeu- 
sions : base, 3" diameter; height, ^,) Kequired its trace upon the v. p. of pro- 
jection, when the apex is 3*5'^ from the v. p. 

7. A spiral spring, axis vertical, is of the form of a square screw thread ; 
size of square, i"; external diameter on the plan, 3"; pitch, 2*25\ Draw the 
elevation of ont complete turn of the spring. 

Hint. — ^This is really a projection of four helices ; two on the external cylinder 
of 3* diameter, and two on a second cylinder, having the same axis, but of 2" 
diameter. The pair on each surface are parallel curves, half an inch apart, 
measured along the generatrices. 



CHAPTER XIL 

THE PROJECTION OF SOLIDS, INSCRIBED IN, OR CIRCUMSCRIBING, 

THE SURFACES OF OTHER SOLIDS. 

Physically, it would of course be impossible to place one soUd within 
another; but, geometrically, a solid is said to be inscribed within 
another one, when all the points of the former are contained by the 
surface of the latter. In this sense a tetrahedron, or a cube, can be 
inscribed in a sphere, an octahedron in a cube, eta, etc. A surface of 
revolution, such as a sphere, would be said to be inscribed in a cube 
when all the planes of the faces of the latter were tangential to the 
surface of the former. 

The five regular solids, viz., the tetrahedron, cube, octahedron, 
dodecahedron, and icosahedron, can all be inscribed in the sphere, as 
the angular points in each are equidistant from a fixed point within, 
which, therefore, coincides with the centre of the spherical surfisu^. 
A certain relation exists between the diameter of the sphere and the 
length of the edge of any inscribed regular polyhedron. By a few 
simple exercises on their trigonometrical properties, the following 
ratios and relations can be demonstrated : — 

1. The diameter of the sphere : the edge of the inscribed tetrahedron 

• * V 3 • 1^2, 

2. The diameter of the sphere : the edge of the inscribed cube 

• • V 3 I 1. 

3. The diameter of the sphere : the edge of the inscribed octahedron 

: : s/2: 1. 

4. It follows from 1 and 2, that, in the same sphere, the edge of 
the inscribed tetrahedron is equal to the diagonal of the face of the 
inscribed cube. 

5. The vertical distances between two parallel and opposite faces of 
a dodecahedron, *)Biid of an icosahedron, inscribed in equal spheres, are 
the same. 

6. The edge of the inscribed dodecahedron is equal in length to the 
major segment of the edge of the inscribed cube, when medially divided, 
or the two lengths are as 1 : J( ^5 - 1). 
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7. The edge of tbe inscribed cube is equal to the diagonal of a face 
of the inscribed dodecahedron. 

8. The octahedron has three principal plane sections passing through 
the centre (each containing two axes), which are squares. When the 
solid is inscribed in a sphere, these squares are inscribed in great circles 
of its surface. 



But the comparative lengths mentioned above can be arrived at 
geometrically in a very simple manner, by constructing diagrams simUar 
to those showa in figs. 2, 3, and 4, Plate XLIL, thus : — 

Take any line, AB (fig. 2), equal in length to the diameter of the 
circumscribing sphere, and upon it construct a semicircle. Divide 
AB into three equal parts in C and D, and into two equal parts at E, 
and raise perpendiculars to it through D and E to meet the semicircle 
in F and G. Join AF, BF, and AG. 

Then if AB be the diameter of a sphere, AF gives the length of the 
edge of the inscribed tetrahedron, BF of the inscribed cube, and AG 
of the inscribed octahedron ; and it can be proved that these lengths 
are numerically in the ratios shown in the paragraphs numbered 1, 2, 
3, of this chapter. 

Again, turning to figure 4, AB representing as before the diameter 
of the sphere, at A raise AC, a perpendicular to AB, and equal to it. 
Join to E (the centre of the semicircle), to meet the arc in D. Join 
AD. Then AD is the length of the edge of the inscribed icosahedron. 

To obtain the edge of the inscribed dodecahedron (fig. 3), divide 
B^F^, the length of the edge of the inscribed cube, medially (Problem 
VI., Plane Geometry) in H. Then the greater segment, B'H, is what 
is desired. 

Bearing these facts in mind, we proceed to investigate the construc- 
tions of a few problems with which they are intimately connected. 

Problrm CLXXXm. 

Given the projections of a tetrahedron, to determine those of the 
inscribed and circumscribing spheres. (Plate XLIL, fig. 1.) 

The centre of the inscribed sphere is a point equidistant from each 
of the faces of the tetrahedron, whilst that of the circumscribing one 
is equidistant from all its angular points. Bj arranging the tetra- 
hedron, so that its base is horizontal^ and one of its otb&x iAX^^^&S&^x- 
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pendicular to the v. p., as illustrated in the plate, the construction is 
much facilitated. 

Taking the case of the inscribed sphere first, ib is clear the 
centre must be on the vertical axis of the solid d''d\ as that line is 
a locus of all points equidistant from the three faces meeting in dH. 
Then it is also eyident that the centre must fall upon any plane 
which bisects the dihedral angle between two faces. Such a plane 
is shown by its traces, vb'h (v'b* bisecting the angle cfVc). The 
intersection o' of this line with the axis eTc^', is the elevation of the 
centre of the required sphere. * The radius is determined by a perpen- 
dicular through o' to d"b\ The plan has its centre at d, and is of 
course of the same radius as the elevation. The points of contact of 
the sphere with the four faces of the tetrahedron are shown in the 
plan at d, e,/y and g; d ia that which occui-s upon the base ABC, 
whilst e is projected from e' upon the line bisecting the angle a<f6, and 
y*and g, which are upon the same horizontal circle of the sphere repre- 
sented in elevation by et\ are determined by a circle through e, having 
d for its centre, their positions upon this circle being obtained by lines 
which bisect the angles ode and cdb respectively. The elevation of G 
coincides with that of F, being immediately in front of it. 

The circumscribing sphere, i,e,y that which passes through the four 
angular points of the tetrahedron, has the same centre as the inscribed 
one, and as the edge CD is parallel to the v. p., the vertical great drde 
of the sphere which determines the elevation passes through cT and c; 
but the circle, which is the plan, does not contain a, &, and c, for those 
points are not upon the horizontal great circle, but have positions 
below it upon a smaller but parallel circle of the sphere. 



Problem CLXXXIV. 

Given the projections of a sphere ; to determine (1) those of the 
inscribed tetrahedron ; and (2) of the circumscribing tetrahedron. 
(Plate XLIL, fig. 6.) 

As in the given problem there is no restriction regarding the 
position of the required solids relative to the planes of projection, it 
will be most convenient to assume their axes as vertical, because, by 

* The centre of the inscribed and circnmscribing spherea coincides with the 
centre of gravity of the tetrahedron, and hence is on the axis, at a point J of iti 
length mewsured from the base. (See Treatises on Mechanics.) 
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doing so, it is assured tliat at least one face of each will be parallel to 
the h. p. 

Proceeding, then, to determine the inscribed solid first, draw d!d 
thix>ngh o' to represent the indefinite elevation of the axis. Divide 
this line, d'd, into three equal parts, and at point 3 set out &V perpen- 
dicular to it, to meet the circle in c'. Join c'cT, and, according to the 
construction explained at the commencement of this chapter, this line 
determines the length of the edge of the inscribed tetrahedron. 
Assume it as the elevation of one edge i*equired, and obtain its plan 
oc through o. Set out oa and oh at angles of 120^ with oc, and equal 
to it in length. Join a5, hCy oe, to complete the entire plan. The 
elevation of the horizontal face ABO is 6V, the point 6' being pro- 
jected from h, and h'd' completes the entire vertical projections of the 
solid. The faces BAD, ABC, being perpendicular to the v. p., are 
projected thereupon simply as straight lines. 

The circumscribing tetrahedron can be assumed very conveniently 
to have its edges and faces parallel to those of the inscribed one. 
Hence, f^k' is drawn tangential to the elevation circle, and parallel to 
W, meeting the axis produced in k^ and then /'A;' eLadfg* become the 
elevations of two faces, and the point g' is fixed by k'g^ being made 
parallel to c'd', as that line is the vertical projection of an edge of the 
circumscribing solid parallel to CD. The plan of KG being obtained, 
those of the edges KF and KE can be deduced by the same construc- 
tion as that adopted in the case of the inscribed solid. 

The points of contact of the sphere with the four faces of this tetra- 
hedron could be obtained in the same way as shown in fig. 1. 

Problem CLXXXV.* 

To complete the plan of a cube inscribed in a given sphere, when 
that of ONE comer, and of an edge containing that point are known. 
(Plate XLIII., fig. 1.) 

In the figure shown, the circle EFZ, having o for its centre, is the 
plan of the given sphere, b, of one point on its surface, and bt of the 
indefinite edge of the required inscribed cube. 

1. A vertical section of the sphere is taken through bt. In true 

* It is advisable to defer the study of this problem and the next until the 
student has read the chapter upon Horizontal Projections, but they are inserted 
here to complete a sequence. 
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shape this section would be a small circle of that sphere, whilst the 
edge of the cube, which is given in direction, would be a chord of this 
circle. On FQ a semicircle is described, which represents one half of 
the above small circle, constructed into a h. p., and B' (obtained bj a 
perpendicular to PQ through b) gives the position upon this circle of 
the known comer B. In fig. 3, the length of the edge of the cube is 
deduced at BC, as explained at the commencement of the chapter. 
This length, when transferred from B' to C (fig. 1), decides the posi- 
tion upon the small circle of the second point of the given edge BC; 
and c, its plan, completely determines one line of fche required projec- 
tion of the cube. 

2. The plane of the face contiguous to BC, and containing B, is per^ 
pendicular to that line. Hence, v'f drawn through B', perpendicular 
to B'C, is the V. t. of that plane upon the plane of section, and /A is 
the h. t. This plane also cuts the sphere in a small circle passing 
through three known points, B, E, and F. If, then, the point B be 
brought into the h. p., by rotating the plane v'fh about its h. t., and a 
circle be determined passing through B, E, and F, that circle (having 
w for its centre) will be the one which circumscribes the square face 
perpendicular to the edge BC. 

3. The square BAGM is inscribed in this circle, and then its plan 
is determined when brought into its correct position upon the plane 
v'/h. This gives hagm; and each of the other edges of the cube being 
parallel to one of the three proceeding from 6, its projection can be 
finished without further determination of the planes of the faces. 

The student will notice that the comers of the cube in plan are 
indexed ;♦ and further, that no separate elevation is given. If he 
will defer the consideration of these points until he has read the 
chapter upon Horizontal Projection, he will then understand the object I 
of the figures, and why an elevation is not required. 

Problem CLXXXVI. 

To complete the plan of a tetrahedron inscrifled in a given - 
;9piiere, when that of one angular point, and of an edge ocmtainisg 
that point, are known. (Plate XLIXL, fig. 2). -i 

In the plate, the circle EFT is the plan of the given sphere; a, of " 
the given angular point, and as of one of its edges, indefinitely. i 

* The unit assumed is *1\ and the centre of the sphere is supposed to be oon- 
tained by the horijtontal plane, to which the indices refer. 
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The principle upon which the construction is based is as follows : — 

1. The edge AC, whose indefinite plan is known, is made finite, bj 
obtaining the real length of that edge, and projecting the unknown 
point c from C in exactly the same manner as that adopted in the case 
of the cube. 

2. The axis being known to pass through the centre of the sphere, a 
plane is determined through C perpendicular to that axis. This must 
be the plane of the face opposite to the given angular point A, t.e., 
regarding A as the vertex of the tetrahedron, this plane would contain 
the base BCD. 

3. The small circle in which this plane intersects the circumscribing 
sphere is constructed into the L p., and the equilateral triangle repre- 
senting the base BCD is inscribed within it 

4. The plan of this face is obtained when brought into the plane 
determined, and the whole projection is completed by joining its 
several points to a. The following explains the detailed steps of the 
solution : — 

The length of the edge is determined at AC, in fig. 3. The inde- 
finite plan, o.^., cuts the contour circle in E and F. On EF a 
semicircle is described, and the position of point A' is obtained by a 
perpendicular to EF through a. Then the chord A!G is made equal 
to AC, and c is projected on etc from C. Through o and a, the line ax> 
is drawn as the plan of the axis, and this line is taken as the 
intersecting line of a plane of elevation, so that the original contour 
circle in plan becomes also the contour circle in elevation. Then as 
the point A is on this circle, and its height above the plane of the 
centre is shown at aA', that height is transferred to a', and the line 
through a! and o, becomes the indefinite elevation of the axis AO. 

The elevation of point C, upon the assumed v. p., is at c\ deter- 
mined thus : — ^Through c, a projector c, c", is drawn perpendicular to 
xy^ and <fc' is made equal to cC, because that distance represents the 
height of point C above the h. p. through the centre. Then, if vfhQ 
drawn through t, perpendicular to ao, and fh be made perpendicular 
to xy^ the plane represented by its traces, v'fh, will be that of the 
base BCD, because it passes through one of the angles of that base, C^ 
and is perpendicular to the axis. This plane cuts the sphere in a circle, 
of which PQ is a chord. If, then, point C be constructed into the 
h p. by rotating the plane vfh upon its h. t., a third point in the 
circle will be obtained, and the whole can be described passing through 
PQand 0. In this circle^ the equilateral triangle CBD ^&\xaRSC^c^^> 
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and its plan obtained when folded back into the plane tlfh^ giving the 
horizontal projections of points B, C, and D, which are then joined 
severally to a to complete the required plan. 

Peoblem CLXXXVIL 

Qiven the projections of an octahedron, to determine those of the 
inscribed and circumscribing spheres. (Plate XLIY., fig. 1.) 

In the figure, the given octahedron has its axis vortical, and it 
follows from this that the square ABCD, which contains the other two 
axes, is horizontal. Again, this square is inscribed in a great circle of 
the circumscribing sphere \ hence, e being taken as centre, and ea as 
radius, the circle GH becomes the horizontal projection of that sphere. 
The elevation G'H' has its centre at o, and passes through the two 
extremities of the vertical projection of the axis ^f*. 

To obtain the inscribed sphere, draw eM perpendicular to a5, to 
represent the trace of a vertical plane bisecting the face AEB. At 6 
draw eN perpendicular to eM, and join MN. Then MN will be an 
elevation of the face AEB on a v. p. perpendicular to it. At e set 
out eO'' perpendicular to MN, and describe a circle, with e as centre, 
and passing through G''. This circle will be the plan of the inscribed 
sphere, for eG'' gives the length of a line perpendicular to the face 
AEB, through the centre of the octahedron. There are eight points 
of contact, the projections of which are shown in the figure. The axis 
being vertical, the upper four of these are immediately over the lower 
four. The plan g is projected from G'' upon eN, and A, t, and h occur 
upon a circle through ^, and also upon lines bisecting the angles formed 
at e. The elevations are obtained by drawing the two horizontal lines, 
which represent the vertical projections of the small circles of the 
sphei'e, of which g^ h,ifkia the horizontal projection, and determining 
upon them the points g, g^, h', h/', eta, from the corresponding plans. |) 

Problem CLXXXVIII. (Honours Exam. Paper, 1870.) 

The centre o of a sphere of 1*5'' radius is 1*75'' above the paper. ^ 

A point a on the surface, and ^'V high, is the plan of one comer A ^ 

of an octahedron inscribed in the sphere. The edge AB is inclined ^ 

at 45% and its plan ab passes through a and is ll"" from O. Tb ^ 

complete the projections of the inscribed solid. (Plate XLIY., fig. 2.) :^ 

First draw the circles to represent the projections of the sphere i^ 
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Next, find a point a' on the elevation 2'T above XY, and aasume it as 
that of the given comer of the octahedron, and determine its plan a 
on a line through O, parallel to XY. Next, draw a line through a in 
plan, tangential to a circle, centre O and radius 1 'I'', to represent the 
indefinite plan of the given edge AB. To fix point 6, consider the 
line just obtained as the interaecting line of a new v. p., and make 
an elevation on it (A'B') of the edge whose inclination (45^) is given, 
its length being that of the edge of an octahedron inscribed in the 
given sphere (see ^g. 1, Plate XUL), and project h from B'. 
Through a draw ao^ and produce it, making of^ oa, and consider (if 
as the plan of an axis of the octahedron. Its elevation is a'f' The 
plane containing its other four angular points is perpendicular to this 
axis, and is represented by its traces rst^ r'a being drawn through o', 
perpendicular to af'. The point whose plan is 6 is contained by this 
plane ; and as by the arrangement the plane is perpendicular to the 
v. p., the elevation b' is upon its v. t. This plane should then be 
folded about its h. t. into the horizontal plane, by constructing two of 
its points, o' and b\ The circle which contains the four points of the 
square, of which B is one, should then be drawn, and the square 
inscribed in it When folded back into its place on the plane v'/h, 
the projections can be completed. 

Problem CLXXXIX. 

Given the projections of an irregular four-faced p]rramid, to 
determine those of the circumscribing sphera (Plate XLY., fig. 1.) 

This problem is really identical with that solved in Chapter YII^, 
p. 162, where the construction was described to determine a sphere 
passing through four points given by their projections, and that method 
of solution would be preferable in most cases to any other ; but the 
pyramid shown in Plate XLY. has one of its faces, ABC, upon the 
b. p.; and that being so, another and shorter solution can be adopted. 

First, find the circle upon the plan which passes through a, b, and c. 
Its centre is o. This circle is necessarily upon the surface of the 
required sphere, and its plane is perpendicular to the line joining o to 
the centre of that sphere. Hence o is the plan of the centre, and its 
elevation must be contained by a perpendicular (sf) to XY through o, 
Agftin^ conceive a v. p. parallel to the original v. p. passing through 
the vertex of the pyramid. Such a plane would cut the sphere when 
determined in a vertical circle. The horizontal trace of a ^Ia.'Ql^ 
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answering this description is shown at EF; and because this plane 
meets the horizontal circle through a, 6, and c in E and F, those two 
points must be contained by the vertical circular section spoken of, and 
their elevations E' and F', when joined to cT, give E'cT and Yd\ two 
of its chords. By bisecting either of these at right angles as at HO', 
the elevation O' of the centre is discovered, for that point is the vertical 
projection of a line perpendicular to the plane of one circle of the 
sphere and passing through its centre. The real distance of the point 
O from either A, B, C, or D has next to bo determined. This is 
shown at OA, where o is joined to a, and aA perpendicular to oa is 
made equal to the difference in heights of O and A, and oA is used as 
the radius of the required projections. The chord Yd! is also bisected 
and GO' drawn, to show the student that either of these would sei*ve 
the same purpose. 

Pboblem CXC. 

Given the projections of an irregular four-faced pyramid, to 
determine those of the inscribed sphere. (Plate XLY., fig. 2.) 

The plane which bisects the dihedral angle between two of the faces 
must contain the centre of the required sphere, as such a plane is a 
locus of all points equidistant from the planes forming the dihedral 
angle. If, then, three planes be found, each of which bisects the angle 
between two contiguous faces, the common intersection of these three 
planes must be the centre of the required sphere. By arranging the 
pyramid so that one of its faces is on the h. p. and another is perpen- 
dicular to the V. p., the solution is facilitated. 

In Plate XLY., fig. 2, an irregular pyramid ABCD is given by its 
projections, and is so placed that the face ABC is upon the h. p., and 
ADB is perpendicular to the v. p. Hence the two lines d'a and dc 
measure the dihedral angle between those two faces, and t;V is the v. t. 
of a plane bisecting that angle. The centre of the required sphere 
must therefore be contained by this plane. At otfy' a new plane of 
elevation is assumed }>erpendicular to the face BDC, and StC is the 
vertical trace of the plane of that face, and i'c of the plane bisecting 
the angle between that face and the base. By a similar proceeding at 
^'(fy the traces of the planes of the face ADC and the corresponding 
bisecting plane are determined. The intersection of these three bisect- 
ing planes gives the centre of the inscribed sphere required. This 
jnteroection is found by determining the plans of level lines at the 
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same height, one upon each plane, in the same way as was described at 
Chapter IX., Problem CLVL, kl being the horizontal projection of one 
of these upon plane v'a\ while mn and gh are the plans of those upon 
the two other planes t'c and fa. Then n being a point in the inter- 
section of ffa with t'e, the line ho drawn through 6 and n determines 
in plan the complete intersection of those planes. Similarly ao is the 
plan of the intersection of the planes bisecting two other faces, and o 
is therefore the horizontal projection of the centre of the sphere 
required. The eleyation o upon va and o'p, perpendicular to a'd'^ 
discovers the length of the radius, enabling us to complete the plan 
and elevation. The points of contact of the three sloping faces, of the 
pyi-amid with the sphere are shown at p,jp, r,ry and q,q. Taking one, 
for example, from the centre of the sphere in plan, ow is drawn per- 
pendicular to the edge he, which is the h. t. of the face BOD. This is 
the plan of a line perpendicular to that face through o, and its eleva- 
tion o'^Q, upon the auxiliary v. p. xy, gives Q, the intersection of that 
line with the face. Its plan (g) is projected from Q, and the elevation 
q is obtained from this plan. 

Problem CXCI. 

Given the projections of a sphere, also those of the axis of a cir- 
cumscribing cylinder; to complete the projections of the latter, 
and to determine the circle of contact of the two surfaces. (Plate 
XLVI., fig. 1.) 

As the generatrices of the cylinder are at all points equidistant 
from the axis, the line of contact of the two surfaces is a great circle 
of the sphere whose plane is perpendicular to the axis; hence the 
centre of the circle coincides with that of the sphere. 

Under the conditions arranged in Plate XLYI., fig. 1, the axis 
of the required cylinder is oblique to both planes of projection, 
so, to simplify the construction, a new elevation is made upon 
a V. p. containing the axis. The circle having C for its centre 
is the new projection of the sphere, and 0'^ that of the axis, i being 
its h. t. Under this aspect, therefore, the axis and the generatrices 
of the cylinder being parallel to the plane of projection, and the 
plane of contact being perpendicular to these, its v. t. will be 
at right angles to Q>t, Hence through Q' a line {r'z) is drawn 
to represent this v. t., and r'p'y part of this line, is the elevation 
of the circle of contact, whilst rh and pa, taken parallel tA C;t.^ 
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are the projections of the uppermost and lowermost generatrices of the 
cylinder; h and a being the extremities of the major axis of the ellipse, 
which is its horizontal trace. The plan of the circle of contact is the 
ellipse (ypqr. The minor axis j^ is projected from p and r, and oq^ 
bisecting j^r, is equal to the diameter of the sphere, being a horizontal 
line. The plan of the circumscribing cylinder is completed by paral- 
lels to ct through o and q^ and the elliptical horizontal trace has its 
minor axis equal to the diameter of the cylinder, as described in a 
previous chapter. The elevation can be obtained by a reverse con- 
struction to that just described,^ t.e., the elevation may be treated as 
a plan. This needs no further description, the construction lines being 
shown on the plate. 

The traces of the plane of contact are obtained thus : — ^Through z 
(the h. t. of fr) the h. t. of the plane is drawn, for PR is a line in 
the plane, and the v. t. passes through t(7, both lines being of course 
perpendicular to the projections of the axis. 

This construction is required when the shadow of a sphere is to be 
projected, the rays of light being parallel. That is why certain parts 
are shaded, the explanation of which will be found in a coming chapter. 

Problem CXCIL 

Given the projections of a sphere, also those of the vertex and 
axis of a cone enveloping the sphere; to determine the projec- 
tions of the circle of contact (Plate XLYL, fig. 2.) 

This is a companion problem to the preceding, and its solution 
is based upon principles similar to those described in that case, 
except in one point. The necessary modification arises from the fact 
that the generatrices of a cone are not at all points equidistant from 
the axis; hence the circle of contact is not a greaJb circle of the sphere, 
and its plane does not therefore contain the centre of the solid. 

In the auxiliary elevation RT' represents the line of contact, and r 
and jo, the extremities of the minor axis of the ellipse in plan, are pro- 
jected from it as before. The major axis oq, is then drawn indefinitely 
at right angles to and bisecting j9r, and is made equal to jpV (which 
gives the length of the diameter of the circle), for it is a horizontal 

* The elevation of the circle of contact could be easily obtained by deter- 
mining that of the four points OPQR (their height, above the h. p. being known 
from the auxiliary elevation), and passing an ellipse through them, as tiiey are 
at exttemitiea of conjugate diameters. 
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line, and is therefore projected full length on the h. p. The student 
will see that the two points o and q do not fall on the contour circle 
which is the plan of the sphere, but that the ellipse is in contact with 
that circle at a and Sy These two points may be determined by 
drawing upon the auxiliary elevation a line through C parallel to 
the plan of the axis of the cone. Hiis line is the elevation of the 
contour circle in plan, and 8, its intersection with pr, is the vertical 
projection of the two points where that circle meets the circle of con- 
tact ; then a and a^ are projected from it. It should be noticed that 
the plans of the extreme generatrices of the cone meet the circle of 
contact in the same points a and 8y 

The ellipse, which is the L t. of the cone, is shown in the plate ; but 
as the construction necessary for its determination was given in 
Problem CLXXX., Chapter XL, it is not repeated here. The eleva- 
tion of the circle of contact upon the original v. p. could, of course, be 
obtained in the same manner as the plan; but in the drawing four of 
its points have been determined at the extremities of conjugate 
diameters, viz., o\ p\ q\ and r , and the curve has been traced as 
inscribed within the parallelogram 1, 2, 3, 4. 



EXERCISES. 

1. Drew the projections of a cube of 3" edge in any position at pleasure, so 
that neither of its edges is horizontal, and determine the inscribed and cir> 
cnmscribing spheres. 

2. If the edge of a tetrahedron inscribed in a certain sphere be 3'' long, deter- 
mine that of the cube inscribed in the same sphere. 

3. Show the octahedron inscribed in a cube of 3" edge, whose angular points 
are in the centres of the faces of the latter, and determine by a geometrical 
diagram the comparative lengths of the edges of the two solids. 

4. Draw the projections of an octahedron, inscribed in a sphere of 2^ radius, 
when one of its axes is inclined 30"* to the h. p. of projection. 

5. Show the projections of an octahedron circumscribing a sphere of 2!* radius, 
in such a manner tiiat one face of the circumscribing solid is vertical and inclined 
30** to the V. p. of projection. 

6. Show how to obtain the projections of a tetrahedron circumscribing a given 
sphere, so that one of its edges is parallel to a given line. 

Hint. — ^Take a section of the sphere by a plane containing the given Une, and 
proceed, as in Problem CLXXXIV. of this chapter, to circumscribe the 
required solid about the given one. 



CHAPTER XIII. 

ON THE INTERPENETRATION OF GIVEN SOLIDS. 

When one solid pierces another, the surfaces give rise, by their 
intersection, to lines of interpenetration, which are crooked or curved, 
according as the surfaces forming them are plane or rounded. 

Should a portion of one solid be entirely hidden within the other, 
i.e,, should the exposed part of the one consist of two completely 
detached pieces, then two lines of interpenetration result, as in Plate 
XLVII., fig. 1, 'where the horizontal cylinder, by passing through the 
vertical one, traces on the surface of the latter two closed curves, <me 
of entrance, and a second of exit. But if the solids be so placed that 
one is only partially buried within the other, like the pair of cylinders 
shown in fig. 2 of the same plate, then only one continuous line of 
interpenetration is generated, which reflects back upon itself as shown. 

The problems of this chapter are intended to illustrate to the student 
some of the most approved methods adopted for determining the pro- 
jections of these lines which are more or less complicated, according to 
the conditions of position and form of the penetrating solids. 

Grenerally speaking, a series of sections is taken, the characters of 
which are such that they are projected either as circles or straight 
lines ; and the student will see, after perusing the coming cases, that 
this is settled entirely as a matter of convenience. These sections 
give traces upon the suifaces of the solids which meet in the required 
line or Hues of interpenetration. 

Frequently, too, advantage is taken of auxiliary projections, so 
arranged that they may assist in discovering points in the line required. 
But to give a general rule for working these problems would be impos- 
sible, as the nature of the surfaces, and their relative positions to one 
another, as well as to the planes of projections, can be so varied that 
the construction to be adopted must be that which, by its convenience 
of draughtsmanship, renders itself most suitable to the case under 
consideratioiL 
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Pboblem CXCIIL 

To determine the projections of the line of interpenetration of 
two given right cylindersy the axis of one of them to be perpendi- 
cular to a plane of projection. (Plate XLVIL, figs. 1 and 2.) 

Two cases of this problem are illustrated, in the first of which the 
ODO cylinder completely pierces the other, giving a line of entrance 
and another of exit; whilst in the second, it is only partiaUy 
embedded, and a single line of interpenetration therefore results. 
Further, in the first case, the axes of the two solids meet, and the 
consequence of this is, that the curves of penetration are bisym- 
metrical on either side of a vertical plane containing those axes; and 
if the elevation plane were taken parallel to this one, the portions 
of the curves which occur upon the front of the vertical cylinder 
would cover those on the rear, and the elevation of the two halves 
would coincide. 

The construction adopted for obtaining points in the interpene- 
tration is the same in both instances. In fig. 1, vertical sections 
of the horizontal cylinder are taken parallel to its axis. The 
section planes are so arranged that they trace upon the surface a 
succession of lines or stripes at equal distauces around its circum- 
ference*, and the positions of these in the plan and elevation are deter- 
mined by folding one half of the cii-cle of the base into a plane parallel 
to the respective plane of projection. Thus, a semicircle on 5M3', 
represents half the base folded about its diameter into a vertical plane. 
This semicircle being divided into any number of equal parts (eight 
in the figures), the points T, 2', 3', .... 16' on the ellipse, are 
projected from the divisions on the semicircle. A similar proceed- 
ing in plan obtains the corresponding projections, 1, 2, 3, ... 16. 
Lines then drawn through each of these points in plan and elevation, 
parallel to the projections of the axes, deteimine the series of stripes 
which are really the traces on the surface of the cylinder of the 
assumed planes of section previously mentioned. 

In numbering these, it is most important to notice that the upper- 
most and lowermost traces in elevation are projected as the centre one 
in plan, and vice v&rBO, 

* Of coarse, the foremost and rearmost lines would be traced on the cylinder, 
not by cutting planes, but by vertical tangent planes, of which these are the 
lines of contact. 
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An the other cylinder is vertical, all points on its surface are pro- 
jected horizontally upon the circle, which is its entire plan; hence the 
arcs eo and 9w (fig. 1) are the projections of the two curves of inter- 
penetration, whilst (2, c, 5, a, eta, are those of an intermediate series of 
points in them. 

The elevations a', h\ c', d', etc., are obtained fix>m the plans upon 
the vertical projections of the lines upon which they occur. 

From each point in the plan, except e and o, two points in the eleva- 
tion are deduced, because the stripe which passes through a point on 
the upper surface is, by the arrangement of the divisions, vertically 
over one in the lower surface. Thus, from c we get c and g', the 
former on the stripe through 7', and the latter on that through 11'. 
The two kidney-shaped curves are then traced through the points 
found. To determine which part of these lines should be dotted, con- 
sider that all that occurs upon the vertical cylinder behind T^ and T^, 
and also all that occurs upon the horizontal one behind its uppermost 
and lowermost stripes, represented in plan by the line tia, would be 
hidden. Hence, on the left-hand curve, all is seen in elevation that 
is represented in plan between u and w ; and on the right-hand one 
between T^ and o. 

The points of contact of the curves with the vertical contour lines 
in elevation are obtained thus : — ^A section, parallel to the original 
V. p., through t; is taken, and through the points T^ and Tg, where its 
trace meets the circle, two extra stripes, T^^ and T^^, are drawn. 
The elevations of these pass through K' and K" (M'K' and M'K" 
being made equal to K^), and intersect the vertical contour lines of 
the cylinder in t' and f. 

The same construction is adopted in the case shown in &g, 2, 
where the curve is single, and the only point requiring further expla- 
nation is that regarding the determination of A' and A'', where two 
loops of the curve reach their highest and lowest points. A plane, 
tangential to the vertical cylinder, and parallel to the axis of the 
oblique one, is shown by its trace AB on the h. p. This plane cuts 
the latter cylinder in two lines or stripes, whose elevations pass 
through B' and B" (C'B' and CB" being equal to CB). Then through 
the point of contact A, in plan, a projector obtains A' and A'' upon 
these elevations. From considerations, described in the provious case, 
it is to be inferred that in elevation the portions of the curve between 
k' and e' and between if and e" are seen, and the remainder hidden, 
and therefore dotted. 
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Pboblem CXCIV. 

To determine the projections of the carve of interpenetration, 
when a cone pierces a vertical right cylinder. (Plate XLYIIL) 

The construction used to solve this problem is analogous to that 
desmbed in the preceding one, «.«., the surface of one solid (the cone) is 
divided into an equal number of parts by stripes or lines, which are 
the traces upon it of a series of cutting planes. These assumed planes 
are vertical, and all pass through the apex. The position of the points 
1' ly ^ % 3' 3y etc., on the base being obtained by the same con- 
struction as described in the case of the cylinder, the projections of 
the lines or stripes are completed by joining to those of the apex ; or 
if, as in the plate, only a frustum of the cone be used, the other base 
is divided in the same way as the first, and the lines are ditiwn through 
the corresponding points of division. The remainder of the construc- 
tion for obtaining the curve needs no further explanation. The 
points i and f^ where the vertical contour lines of the cylinder are 
tangential to the line of interpenetration, ai^e determined in the same 
way as in the case of the cylinder. 

If the cone had only partially embedded itself in the cylinder, the 
curve would have been single, and the points corresponding to A' and 
A', in Plate XLVII., ^^, 2, would be found in the same way as shown 
in that drawing, except that the vertical tangent plane to the cylinder 
would have to pass through the apex of the cona The student should 
set himself cases of this kind, vai-ying the positions of the two solids. 

Pboblem CXCV. 

To determine the projections of the line of interpenetration of 
a cone with axis vertical, and a cylinder with axis horizontal. 
(Plate XMX.) 

The principle upon which the construction used for this case of 
penetration depends, may be described as follows: — ^The solids are 
each cut by a series of horizontal planes, the cone in a number of 
circles, decreasing in diameter towards the apex, and the cylinder in 
lines parallel to its axis. Taking a single section plane, for example, 
the plan of its traces on the surfaces of the two solids would be a circle 
and a rectangle; and if that section plane passed through the Una q£ 
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interpenetration, the points where the sides of the rectangle met the 
circle would evidently be in that line. 

In the figure, A is the plan of the axis of the cone, which is there- 
fore the centre of all the circles which are the horizontal projections of 
the assumed sections of it. 

First, the surface of the cylinder is divided, as in the previous cases, 
into equal parts by horizontal lines. Thus, the line passing through 
15', 11' in the elevation, is the vertical projection of the rectangle 
traced upon the surface by a horizontal cutting plane at that height. 
This same plane cuts the cone in a circle, having PQ for its radius, 
and this circle is shown on the plan in full Hence, it is readily seen 
that four points in the plan of the line of penetration are discovered 
in c, g, i, and n, where the sides of the rectangle meet the circle. 
The elevations c', g\ i\ and n', are projected from these upon the 
lines through 15, 11. 

All the desired points could be found in this way except v'v^ and h'h] 
and the student will see that it is highly important to determine these 
exactly, as they are the extremes in the loops of the curve. To obtain 
them, a section of the solids is made by a vertical cutting plane pass- 
ing through the axis of the cone at right angles to that of the cylinder. 
This section is then folded about its h. t. into the L p. In the figure, 
AA'^B is half the section of the cone, and the circle having T' for 
centre is that of the cylinder. Then Y and H are the points on the 
section whose projections on the original drawing are required ; v and 
h are determined on AB, and v' and A' from these, their heights above 
the h. p. being obtained from the constructed section. The dotted 
lines passing through the projections v and h\ in the figure, are the 
elevations of the tangent lines on the cylinder to the curve of penetra- 
tion at those points. 

The points of contact of the contour lines are not determined in the 
drawing for fear of complication ; but the piinciple for obtaining them 
has been described in previous cases. 



Peoblem CXCVL 

To determine the projections of the line of interpenetration of a 
given sphere with a cone whose axis is vertical. (Plate L., fig. 1.) 

Horizontal sections of this group would trace circles on the surfaces 
of both solids, the meeting points of which would be in the interpene- 
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tration lina As the plans of these would also be circles^ that kind of 
section is best adapted for the solution required. 

To discover the two levels which embrace the portions of the solids 
engaged in the interpenetration, an auxiliary elevation is taken on an 
assumed v. p., containing the centre of the sphere and also the axis of 
the cone. This is shown in Plafce L., fig. 1, below the plan, where 
ST, which passes through v and Wy is taken as the intersection line of 
the new plane of projection, and vTV represents half the elevation of 
the cone on that plane, whilst the circle having w" for its centre 
represents the sphere. Then it is readily seen that the portion of 
the two solids concerned in the penetration lies between points K' and 
A!y and from the heights of these two above ST, the levels between 
which the horizontal sections must be taken can be inferred. The 
plans a and h of the highest and lowest points in the curve are pro- 
jected at once from A' and K'. 

Upon the original elevation a series of horizontal section lines, 
numbered 1, 2, 3, etc., represent cutting planes which have been 
assumed between the two respective heights just found, and the plans 
of these sections are circles in pairs, having w and t; for their centres. 
Thus, taking that which is numbered 2 for an example, the circle 
having w for its centre, and a radius equal to 2,a;, is the plan of the 
section of the sphere, and the circle having v for centre, and radius 
equal to y'z\ is the plan of that of the cone. These two circles meet 
in h and «, thus giving two points in the horizontal projection of the 
curve of interpenetration. The other points are found similarly, and 
the elevations are projected from the plans upon the corresponding 
horizontal lines representing the traces of the different section planes. 
The points of contact of the projections of the curve with the contour 
lines in plan and elevation can be found as before, by sections parallel 
to the planes of projections taken through the centres of the solids. 
Again, this is not shown in the plate, to prevent crowding of lines. 

Problem CXCVIL 

To determine the projections of the curve of interpenetration of 
a g^ven right cone, having its axis vertical with a given oblique 
cone, whose horizontal trace is a circle. (Plate L., fig. 2.) 

This is given as another good instance of the principle involved in 
lining horizontal sections of two solids to obtain points in their line of 
interpenetration. In Plate Ix, fig. 2, the projections of two cones ax^ 
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shown wliich mutually penetrate. That having the vertical axis is a 
light cone, and the circle AB, centre w^ is its plan. The other, having 
V.12. for its axis, is supposed to be generated by a line revolving 
around v. 12 in such a way that one point in it is fixed at Vy whilst 
another point is continually contained, by the circle ST (centre 12), on 
the h. p. All sections of the latter solid parallel to the h. p. will be in 
true form, therefore circles, as will the plans also; but the centres 
will not coincide, but be found at intermediate points along the 
plan of the axis. Its elevation vVH is intersected by a seiies of 
horizontal lines numbered from V to 12'. These are the traces of 
the assumed cutting planes. The centres of the several circles which 
are the horizontal projections of these sections of the oblique cone are 

at 1, 2, 3, etc 12 out;. 12 the plan of the axis. The remainder of 

the construction is similar to that adopted in the last problem. 

The student will find, in drawing the figure, that the intersecting pairs 
of curves, by which the points in the plan of the interpenetration line 
are determined, make angles which gradually become more acute, until 
in two places they are absolutely tangential. This occurs at a and ^ 
which are the horizontal projections of the highest and lowest points 
in the interpenetration. To ensure obtaining these accurately, a line 
should in each case be drawn through the centres from which the 
pairs of circles are struck. Thus a line through 11 and to gives /, 
whilst another through 1 and w gives a. 

Pboblem CXCVIII. 

To determine the interpenetration of a given vertical prism with 
a given sphere. (Plate LL, fig. 1.) 

This problem is intended to illustrate the interpenetration of plane 
with curved surfaces. The principles adopted are the same as 
described in the two preceding problems. Horizontal sections of the 
group are taken, which are circles on the sphere. The horizontal 
projections of these are seen in the plan to penetrate the faces 
of the prism at certain points, from which the elevations can be 
projected. It is best to draw the circles on th^ plan at starting, to 
ensure that certain sections are assumed passing through the main 
points of each curve. Thus each angle of the polygon in plan should 
be contained by one circle, so that the elevation of the points, where 
the edges of the prism meet the sphere, may be determined. In the 
Sgure, the circle passing through a (partly shown) is the plan of two 
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horizontal sections, .one above and one below the horizontal great circle 
of the sphere, and its radius is o.l. From 1 — 1' and l'^ are projected 
on the contour circle in elevation, and horizontal lines through these 
two points determine the vertical projections of the two sections. 
Then f* and f are the elevations of the two points where the vertical 
edge a! a" meets the sphere. 

Through g, h, and k, three points on the plan of the face AB of the 
prism, other circles are drawn, and their elevations obtained in the 
same way, thus determining three more points in each curve of inter- 
penetration on that face. Further, as it is most desirable to know the 
uppermost and lowermost point of each loop before drawing it, the 
following construction may be adopted for that purpose : — Draw from 
the centre of the circle in plan a line, as ot, perpendicular to the plan 
of the face of the prism. This must be assumed as the h. t. of a ver- 
tical plane, which therefore intersects the plane of the face in a vertical 
line, passing through the two points whose positions are desired. 
"With as centre, oi as radius, draw a circle in plan* as the projection 
of two horizontal sections of the sphere, and determine their elevations. 
The vertical line previously mentioned passes through these circles in 
the desired points, i.e., i' and i" are projected on them from i, 

Note. —This problem may be solved by another method. As all plane sections 
of a sphere are circles, each face of the prism may be considered as a portion of a 
cutting plane, thus giving five small vertide oiroles on the sphere, whose projec- 
tions on the V. p. would be ellipses, the entire interpenetration lines on the eleva- 
tion being made up of loops, which are portions of these ellipses. For instance, 
if a. 6 in the plan be produced to meet the circle in a and <, then at becomes the 
horizontal projection of one of these sections, and ^tf is the elevation of its 
horizontal diameter, whilst iT, the vertical diameter, is equal in length to s,t. 
In this way, the five ellipses having been completed« the portions of them 
required can be settled by inspection. 

Problem CXCIX. 

To determine the line of interpenetration of two prisms, one of 
which has its axis vertioal, the other horizontal (Plate LL, fig. 2.) 

When the surfaces of two penetrating solids are all plane, the line 
or lines in which they meet are crooked, and the angular points are 
generated, by the entrances and exits of the edges of each solid into 
and from the faces of the other. 

* This <»rde is omitted in the figure. 
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In the case drawn in the figare, as one prism is assumed to be 
vertical, the square contains the plan of the line of interpenetration ; 
and it is evident that, as the edges dy<X in the one solid, and hn,Vm\ 
in the other, are not concerned in the problem, this line is single, i.e., 
there is not a complete hole on each side. The points 1, 3, 11, 9, 5, 7 
are the plans of the entrances and exits of the edges of the horizontal 
prism into and from the faces of the vertical one, and their elevations 
can be projected at once, as at 1', 3', 11', 9', 5', and 7', 

The three vertical edges, whose plans are a, 5, and c, penetrate 
certain faces of the horizontal prism; and ''which" and '' where" can be 
readily seen when a new auxiliary elevation of that solid, as E', I', L', G , 
is made (perpendicular to its axis). 

Through a, 5, and c draw lines parallel to the axis of the horizontal 
prism* These will be the plans of lines on the surfaces of this prism, 
passing through the vertical edges A, B, and C. Their elevations on 
the auxiliary drawing are at VI, VIII, II, XII, IV, and X. From 
this it is clear that the edge A penetrates the face EFHG at VI, and 
the face EFKI at VIII; and thus the heights of these points are 
known by their distances from x'y\ These heights should be trans- 
ferred to the original elevation of the edge a a". The points of 
entrance and exit of the other two edges are determined in the 
same way. 

There is generally some difficulty experienced by students in dis- 
covering how these several points are to be rightly joined ; and some- 
times, where the line of penetration is complicated, this gives much 
troubla For the sake of making one case clear, and thereby helping 
in many other instances, the following reasoning is given, as perhaps 
the best method of solution : — Regard the plan, and trace the line of 
interpenetration around the horizontal prism, thus : Starting at 1, it 
runs over the face EGHF, until it meets the vertical edge through c at 
2 ; it then continues to rise, over the same face to 3, and afterwards to 
descend over the next face, GHML, till it meets the vertical edge 
through 6 in 4. (Notice that the point where hi meets he is not to be 
used at present, but is required when tracing the curve on the undet 
surfaces.) The line then returns from 4 — still on the fSeuse GHML — 
to 5, and thence, on the face EFHG, to a or 6, which is the trace of 
the other vertical edge A' A'' on that surface. It then passes on to 7, 
on the edge EF ; whence it proceeds, upon the under face EIKF, fitst 
to meet the vertical edge A again in 8, and then to 9, upon the hori- 
zontdl edge IK. Fi'om 9 it rises, on the face IKML, to 10, which in 
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on the vertical edge B, and to 11, on the horizontal edge IK. Lastly, 
it proceeds, upon the lower face EFKI, first to 12, where emerges 
from that face, and then to 1, the starting point. 



Pbobleh CC. 

To detennine the projections of the line of interpenetration of a 
vertical pyramid with a horisontal prism. (Plate LII.) 

In this case, as in the last, the line required is a crooked one, whose 
angular points are generated by the entrances and exits of the edges 
of one solid into and from the faces of the other. Having drawn the 
entire projections of the two solids, proceed to discover where the 
sloping edges of the pyramid enter and emerge from the faces of the 
prism, thus : — Make an auxiliary elevation of the whole on a v. p. per- 
pendicular to the edges of the prism ; then that solid will be projected 
as a triangle (three lines representing its faces). Hence the points 
where the auxiliary elevations of the edges of the pyramid meet these 
three lines, will be the projections of their intersections with the prism. 
Thus V'C is seen to enter the face, whose elevation is F'G' at VI, and 
to emerge at I, and the plans of these points can be obtained at 
once at 6 and 1 ; their projections on the original elevation can be 
determined at 6' and T. 

Having completed this half of the work, proceed next to dis- 
cover the points where the horizontal edges d the prism intersect 
the faces of the pyramid. This is best solved as follows: — ^On 
the auxiliary elevation draw lines from the apex to pass through 
the comers of the prism, which are seen to be concerned in the 
penetration. Thus, in the figure, these lines are Y'G'.and Y'£', 
none being required through F'. Consider these as the projections of 
lines on the faces of the pyramid, and determine their plans, thus : — 
Taking VS', for example, it represents one line on the face V'D'A', 
and another on the face Y'B'A'; find, therefore, the plans 8 and 8^ 
from S', on the base edges da and,a5 respectively, and join to v. Then 
V8 and vs^ are the horizontal projections of these two lines, and their 
intersections (4 and 8) with the edge e,h, are the projections on the 
L p. of the points where that edge enters and leaves the pyramid ; 
and thence their elevations 4' and 8' are obtainable. Points 2 
and 10 are found in a similar manner. The joining of these angular 
|x>int6 of the line of interpenetration can be settled by the aam& ^^soto^^ 
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of reasoning described in the last case, i.e., by mentally tracing the line 
around the horizontal solid in plan. 

In fig. 2, the development of the pyramid, and that of the inter- 
penetration line is given, the only explanation require^ being the 
construction used to find upon that development the positions of points 
4^, 2^, lOj, and 8^. Taking 4i and Sj first, they are known to be 
generated by the penetration of the edge EH with the faces YPA and 
VAB, Produce, therefore, FE* and G'E' in the auxiliary view, 
until they meet the elevation of the edge YA, which is common to 
both these faces of the pyramid, in t and /, and, by horizontals 
through these points, meeting the line VA, which is the true length 
of that edge, in R and T, obtain their distances from the apex. If, 
then, these lengths be transferred to V^A^ in the development 
on each side at t and r, by joining them to 5^ and 3^ in the one 
case, and to 7^ and 9^ in the other, the crossing of these pairs of 
lines will determine the correct positions of 4^ and 8^. Another 
method is shown for obtaining 2^ and 10^. It is known that these 
points are generated by the edge GK intersecting the fiEU)es VCD and 
YCB ; and further, that they are contained by the two lines vw^ and 
vw^y which were used to obtain their plans. Show these lines upon 
the development by making C^Wj and C^Wg equal to cw-^ and ew^ 
and joining to Y^. Conceive, then, a horizontal line on the two faces 
of the pyramid passing through the two points of intersection, and 
determine on the true-length line the distance of this horizontal from 
the base edge& This is shown by a line parallel to oify' through G', 
meeting Y'A in W. On the development draw lines parallel to C^Bi 
and C^D]^, meeting at a distance along Y^C^ equal to AW, and their 
intersections with Y^W^ and YjWg necessarily give the desired points 
10]^ and 2^. 

Fboblem OCL 

To determine the lines of interpenetration of a prism, axis verti- 
cal, and a pyramid whose axis is oblique to both planes of prqjeo- 
tion, (Plate LIIL) 

The construction for obtaining the projections of the pyramid is not 
shown in the plate, it being assumed that the student is familiar with 
it from previous study. The only new difficulty in the determination 
of the line of interpenetration is that of finding the points in which 
the vertical edge of the prism^ of which a ia the plan, enters the faces 
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• 

of tlie pyramid. It is clear that this edge enters YEH above and 
emerges from VGF below. On the plan draw the projection of a line 
on each of these faces parallel to its corresponding base edge, and pass- 
ing through a ; iwn^ pq represent these lines on the figure. Determine 
the elevations mV and p'q' by projecting from m and n upon &v 
and h'v\ and from p and q upon v'f and vg', respectively. Then, 
because these lines MN and PQ lie upon the two faces of the 
pyramid, and meet the vertical edge A' A" in 1' and 4', those two 
points must be the intersections required. The development of the 
prism, and the interpenetration line thereupon, is shown in ^g. 2. 
The rectangle, which is the development of the prism, needs no 
description. The angular points of the penetration line are obtained 
by setting out parallels to the edges, at distances from them, taken 
from the plan. Thus, points 3^ and 2^ are discovered by making A'2^ 
and A'3^ equal to a. 2 and a.3 respectively. Then 3^111 and 2^11 
are made equal to the heights of the points 3' and 2' above XY in the 
original elevation. The student will find no difficulty in this which 
needs any further description. 

Problem CCII. 

Given the plans of two or more irregular pyramids ; to discover 
upon them the line or lines of interpenetration, by contouring 
them at different levels.* (Plate LIY., figs. 1 and 2.) 

In Plate LIY., fig. 1 , the plans of two triangular pyramids, vahc 
and odefy are given, which penetrate. The bases of both are supposed 
to be upon the horizontal plane, the heights of the apices being 
V — 3" and o — 4". If a horizontal section were made of both solids, it 
would trace upon their surfaces lines parallel to the edges of the bases. 
Such a section is shown upon the drawing, taken at a height of 2" 
above the h. p., and marked level 2", The position of this level is 
found by halving any sloping edge of the 4^^ pyramid, and taking two> 
thirds of that of the 3*^ one. Now, it is evident that the meeting 
point of any two base edges is in the line of intersection of the two 
sloping surfaces containing those edges ; for instance, m is a point in 
the intersection of the two faces eof and vac. Further, the levels 
drawn upon these faces meet in a second point of the same line of 
intersection. Hence, as the two levels shown on the drawing, belong- 

* It should be noticed that no vertical projection is used io. tli«%^^T<^c\<saA. 
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ing to the faces just mentioned, meet in 6, the line mq drawn through 
m i^nd 6, and produced urdil arrested by an edge of one of the solids, 
is tlie plan of the intersection of those two surfaces. Similarly, gr 
is the plan of the intersection of the faces eqf&nd avb ; and rq, joining 
the two points where these lines are stopped by the edges, represents 
the meeting line of the face vcb with eqf. The other intersection lines 
are found in the same way. Sometimes these levels have to be pro- 
duced to intersect exteriorly to the surfaces of the solids, and then the 
meeting point is nsed to obtain the direction of the line, which is 
drawn only so far as these two limited faces of the solids are in inter- 
section. 

A more complicated case is given in fig. 2, where an irregular 
triangular pyramid is penetrated by two others, one regular and hexa- 
gonal, and the other regular and pentagonal. The principle adopted 
to obtain the intersections is the same as just described ; and, as every 
necessary working line is shown, the student will find it a very inte- 
resting and not particularly difficult exercise to trace the solution 
without further help. 

Problem CCIII. 

To determine the interpenetration of two irrejnxlar prisms^ whose 
edges are inclined to both planes of projection. (Plate LY.) 

Previous cases have shown the student methods for obtaining the 
interpenetration of prisms and pyramids, where their principal lines 
have been parallel to one or both planes of projection. This problem 
is intended to illustrate the construction necessary, under the more 
difficult conditions of the edges being inclined to both these planes. 
The example selected is that of a four-sided and a triangular prism. 
The first step in the solution is to find their traces abed and efg upon 
one of the co-ordinate planes. A horizontal section of both solids is 
then made by an assumed cutting plane at any height, and the pro- 
jections are shown upon the plans. Thus the plane whose v. t. is ST 
cuts the four-sided prism in a figure whose plan is ABCD, the sides 
of this figure being, of course, parallel to the lines of the h. t. abed, 
and the triangle EFG is the plan of the section of the other solid. 

Each of the lines in which this assumed plane cuts a face is 
contained by that face, and the intersection of any two of tiiese 
(one upon each prism) gives one point in their common intersection ; 
the meeting point of the corresponding horizontal traces giving 
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the necessary second pointy by which the entire intersection can be 
determined. 

For instance, the assumed cutting plane meets the face AIEB in 
AB, and the face EOPG in EG, and these two lines intersect when 
EG is produced in XI, which, being therefore in the planes of both 
faces, is a point in their intersection. Again, the two horizontal 
traces eg and ah meet in I, hence the line I, XT, is the indefinite plan 
of the intersection of the planes of those two faces, and that portion of 
it 6.7, intercepted between the edges which bound these faces, is one 
line in the plan of the interpenetration required. 

By finding systematically, in this way, the line of intersection of 
each face of the triangular prism with each face of the other solid, 
the whole plan can be obtained, and from that the elevation can be 
deduced. When the number of faces is large, the problem is very 
complicated, and only by an orderly and well-arranged notation can 
the solution be satisfactorily accomplished. Further, it is highly 
advisable in such a case to tabulate the results as they are found, in 
some such way as follows (for the case just described, and shown in 
the plate), the face having eg for its h. t. being selected for example : — 

The face EGPO meets the face ABIK in a line through XI and I, 
giving 6.7. 

The face EGPO meets the face BCLK in a line through VII and 
Xin, giving 1.2. 

This face EGPO is not further concerned in the interpenetration, 
as can be discovered from the fact that both 6.7 and 1.2 lie between 
the edges EO and PG. 

The face FGPN meets the face BCLK in a line through lY and 
XIV, giving 2.3. 

The face FGPN meets the face ABKI in a line through VI, 
giving 5.6, etc., etc.* 

It frequently happens that the traces of the faces of the solids meet 
at remote distances; sometimes they are nearly parallel. It is in such 
cases advisable either to use the vertical traces of these faces for obtain- 
ing second points in the intersections, or, if that fail, to make two 
sections of the group, one parallel to each plane of projection ; and 
having determined the projection of the unknown point on one co-ordi- 
nate plane, to use its other projection on XY in the second drawing. 

* Notice that in this case advantage is taken of the fact that point 6 is already 
known, for the meeting point of the two horizontal traces /g and ad does not 
fall Vithin the limits of the plate. 
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As one edge BK is free of the interpenetration, the line reflects back 
upon itself, and there are not two closed figures of entrance and exit. 
For more difficult examples of this kind of construction, the student 
is referred to Plate XXII. of Bradley's EUmenta of Geometrical 
Drcming; but the writer strongly recommends every student to attempt 
such a simple case as has been described^ before investigating the more 
difficult examples there shown. 



Peoblem CCIV, 

To determine the interpenetration line of two given snrfaces of 
revolution whose axes intersect (Plate LYI.) 

A very simple device is illustrated in Plate LVI., which can always 
be adopted in cases where the interpenetration of two elementary 
curved surfaces is required, whose axes are in one plane. The example 
selected includes an ellipsoid generated by the revolution of an ellipse 
about its minor diameter, which is assumed to be vertical, and a cone 
whose axis meets that diameter in Y. In the first place, the elevation 
should be made upon a plane parallel to, or containing the two axes. 
It is so arranged in the plate. 

A series of concentric spheres, having v'v for their common centre, 
would intersect the two given surfaces in circles perpendicular to their 
respective axes, the elevations of which would hence be straight lines. 

Taking, for example, the arc b.sfy let it be conceived as part of 
the vertical projection of a sphere whose centre is at V. Then 
5.5' would be the elevation of the intersection of this sphere 
with the cone (the points 5.5' being determined by the arc cut- 
ting the elevation contour of the cone in those two points), and f/sf 
that of its intersection with the ellipsoid. These sections would 
be circles, traced upon each of the curved surfaces. They would 
meet in two points, one in front and one in rear, that must necessarily 
belong to the interpenetration line, as they are common to both sur- 
faces. The elevation of the two points generated by the intersection 
of the circles selected is at h'. As the axis of the ellipsoid is ver- 
tical, the plans of its section-circles are also circles having their 
centres at t?, their respective diameters being equal to the lines which 
are their projections upon the elevation. This being the case, the 
plans of the several points can be determined directly on those of 
the circles upon which they occur. Thus h and i are obtained from 
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li* upon the circle passing throiigh y^ whose centre is Vy and whose radius 
is equal to j^y. The elevation %'Ki of the curre of interpenetration is 
a single line, for it is bisymmetrical on either side of the plane contain- 
ing the two axes, and that part which is in front covers that which 
is at the rear. The points 8 and t are projected from %* and ^ upon 
the line joining the two centres of the plans. To discover the points 
of contact gyg^ of the plan of the curve with the contour circle of that 
of the ellipsoid, assume one of the sections, as ah\ to pass through the 
centre of its axis. This section will be the greatest circle of the ellip- 
soid, of which the contour circle ah is the plan. Through o! describe 
the arc a'4, centre v, and draw 4,4 perpendicular to the axis of the 
cone, to meet a'6' in g\ From this point g and g^ can be projected on 
the circle ah. The student will see that the entire arcs and sections 
are not shown upon the figure, and that only those portions are given 
which are sufiicient for the determination of the points of the desired 
curve. 

Problem CCV. 

To determine the interpenetration of two right cylinders, whose 
axes are inclined to each co-ordinate plane, and do not meet (Plate 
LVII.) 

The method generally adopted for solving this problem, is to assume 
a series of cutting planes which shall be parallel to both axes. 
Such planes intersect each surface in straight lines corresponding to 
different positions of the generatrices, and these straight lines by 
their intersections give points in the curve. This is certainly more 
convenient than taking horizontal sections of them, which would neces- 
sitate the drawing of a large number of ellipses. It is necessary, 
therefore, first to proceed to find the h. t. of a plane parallel to both 
the axes, 'p'q'y pq, and 8'i\ sL This is done by taking any point ww 
in one of them, and through it drawing a line v/z\ wz, parallel to the 
other. The h. t. required passes through the horizontal traces t and 
z of these two lines. It is not necessary to show the vertical traces 
of these planes, as all those which will be used to cut the two cylinders 
will do so in lines parallel to the respective axes, and their projections 
will hence be parallel to pq\ pq, s't'j and st, so that, if one point only 
in each is determined, the positions of these lines can be assumed. This 
one point for each line is that in which the h. t. of any assumed cut- 
ting plane meets the ellipses, which are the traces on. tVi<^ \i. "^^ ^1 '^^^^ 
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two cylindrical surfaces. These ellipses must therefore be determined 
by the method shown in Problem CLXXIX. 

It will be seen that the h. t. of the plane which we have just found, 
e.g,, that marked E, passes through these ellipses in £1, E2,-£3, E4, 
and through these points the lines marked El.El, E2.E2, on one 
cylinder, and E3.E3, E4.E4, on the other, give the horizontal projec- 
tions of the traces of this plane on the two curved surfaces. Their 
intersections at 6l, 62, eS, and 64, are the plans of four points in the 
curve of interpenetration. Notice that E2E2 is on the under side of its 
cylinder, and so is E3.E3. This helps to settle what part of the curve, 
when formed, should be dotted as a hidden line. A series of h. t's, 
ABCDEFGH and I, are taken, which are parallel to E, the one deter- 
mined, and from each of their intersections with the ellipses, other 
lines upon the cylinders are obtained, and thence other points on 
the plan of the curve. It is very important to consider the cases of 
those two planes, which, cutting one cylinder, are tangential to the 
other. These are lettered I and A in the plate. The line A^A, cuts 
the ellipse (centre q) in A^ and A^, and touches the other ellipse 
(centre i) in A3. The line upon the one surface, passing through A3, 
gives rise, by its intersections with the two corresponding lines through 
A^ and Aj, to two points on the other cylinder, and these latter 
lines are tangential to the curve of interpenetration at those two points. 
Similarly, the plane marked I gives corresponding points i^ and i^ on 
the other side. It is highly desirable to determine these exactly, 
as the curve is more easily and correctly drawn when the tangents 
at its extremes in any direction are known. 

The cutting planes lettered B and F contain the lines which give 
the contour of one cylinder in elevation, and those lettered D and F 
contain the lines which give the contour of the other. It is advisable 
always to use these to obtain the points of the interpenetration on 
those lines. A similar remark applies as regards the plan. 

The readiest way of obtaining the projection of the curve on the 
elevation is to show those of the lines traced by the cutting planes on 
one curved surface, and to project upon them from the plan for the cor- 
responding points. Thus from A3 the stripe A3', A3' in elevation is 
deduced, and a^ and a^ are projected upon it from o^ and o^ in plan. 
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Pboblem CCVL 

To determine the onrve of interpenetration of a cylinder and 
cone, the axes of both sorfiices being inclined to each co-ordinate 
plane. (Plate LYIII.) 

The constructions employed in this and the next problem are 
analogous to that described in the last, t.e.y secant planes are assumed, 
which cut bo A surfaces in straight lines, the intersections of which 
are points in the desired curve. The only modification is, that to 
ensure the sections being straight lines, the cutting planes must each 
pass through the apex of the cone, and be parallel to the axis of the 
cylinder. This will be effected if all the h. t's are arranged to pass 
through the h. t. of a line cV, ce containing the apex c\c of the cone 
and parallel to the axis a'h\ ah of the cylinder. The point mentioned 
is beyond the limits of the plate, but part of the line is shown. The 
remainder of the solution will be understood by reference to the draw- 
ing, which has not been lettered, to avoid want of clearness. The 
same remarks apply in this case as in the last about the desirability of 
using the two secant planes, which give the tangents to the curves, as 
well as those containing the contour lines. Notice that the cone com- 
pletely pierces the cylinder, giving a curve of entrance and another of 
exit 

Problem CCVIL 

To determine the onrve of interpenetration of two cones whose 
axes are each inclined to both co-ordinate planes. (Plate LIX.) 

The only instruction the student will require is that the secant 
planes in this case must necessarily contain both apices. Hence 
their h. t's will in every instance pass through that of the line 
joining those apices. Again, this point is outside the limits of the 
sheet, but it is the line aV, ae which gives the desired position. 
In this case the curve is single, and reflects back upon itself. The 
method of obtaining the two ellipses, which are the h. t/s of the 
two surfaces, is omitted in the drawing, but is described in Problem 
CLXXX. 
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EXERCISES. 

Note.— 77iO«e exerdses marked thus * are considered most advanced, 

1. A hollow vertical pipe, external diameter 3", thickness V'» ^ pierced by a 
cylindrical hole 2" diameter ; the axes of the hole and the pipe intersect, and 
the former is inclined 40' to the v. p. Show the entire elevation. (Exam. 
Paper, Cooper's Hill Engineering College, 1874.) 

2. Arrange an example of a tetrahedron with its base on the horizontal plane, 
edge 4", and show upon its projections those of a horizontal sauare hole of 2* 
side, whose lowest edge is Y ^bove the base. 

3. Show the plan of the line of interpenetration of a cylinder, whose axis is 
horizontal, diameter 2'', and resting upon the h. p., with a sphere of 3^ dia- 
meter, also touching the h. p., the plan of whose centre is 1*75'' from that of the 
axis of the cylinder. (May Exam. 1875. ) 

*4. Take three straight lines in space, no two being parallel, and no two 
intersecting, and determine a point which shall be "lb" distant from each line. 
(Honours, May Exam. 1875.) 

HiETT. — This point is the conmion intersection of three cylinders, having the 
three given lines for their axes, their radius being 75\ There are, of course, 
two solutions. 

5. Draw the plans of two intersecting half cylinders of unequal diameters; 
the half cylinders to rest on the horizontal plane, their axes being in that plane. 
Draw the plans of the curves of intersection, and make a sectional elevation on 
a ground line, making 30% with the plan of one axis. (Honours, May Exam. 
1877.) 

6. A cylinder of 2" diameter and 4'' axis has the middle point of the latter 
coinciding with the centre of a sphere of 3'' diameter. The axis of the cylinder 
ia inclined at 35**. Draw the plan of the intersection of the surfaces. (May 
Exam., Adv. Stage, 1871.) 

*7. Arrange an example of a square pyramid, base on h. p., and a cone also 
on h. p., axis vertical, the plans of the apices to be J'' apart. Dimensions of 
pyramid, 3" square by 4" high; of cone, base 2*5" diameter, height 3*. Deter- 
mine the plan of their intersection by contour lines, or '* lines of leveL'* 

Hint. — More than one level will be required here besides those which are the 
edges on the h. p., as the intersection is made up of curved lines, the accuracy 
of their determination depending on the number of points found. 

8. A right prism, base an equilateral triangle of V sides, edges 4" long, is in 
the following position: — Its long edges are horizontal, and inclined 30*^ to the 
V. p.; one face ia inclined 20"* to h. p. It is penetrated by a cone, axis vertical, 
diameter of the base 2*6" ; one edge at least of the prism being free from the 
conical surface, and one edge at least penetrating it. Determine plan and 
elevation. (Royal School of Mines Exam. 1873). 



Interpenetration of Given Solids. 255 

9. Give the projections of a vertical right cone intersected by a cylinder, the 
axis of which outs the axis of the cone 2" from its base, and is parallel to both 
the h. p. and v. p. of projection. The cone to be S^ diameter at base, the 
cylinder 2^ diameter, (Cooper's Hill Engineering College Exam. 1875.) 

*10. Arrange two oblique four-faced pyramids, whose axes do not meet, and 
determine their interpenetration. 

11. Determine the intersection of two right prisms, with square bases of 2*5" 
side, under the following conditions: — One is placed with its lowest face inclined 
28% its long edges horizontal, and making 40** with the v. p. ; the other stands 
on its base, with one side at 20** with xy^ and its axis passing through the 
highest horizontal edge of the other. Determine the elevation of the line of 
interpenetration. (Royal School of Mines Exam. 1876.) 

12. Arrange an example of sphere and right pyramid, intersecting under the 
following conditions : — 

Pyramid — Axis 3^ and vertical; base an equilateral triangle of 2^ side. 

Sphere — Diameter 2"; horizontal line through centre of sphere and axis of the 
pyramid inclined 40^ to the v. p. ; centre of sphere vertically over one horizontal 
edge of the pyramid^ and 1 '5" above its base. 

Show the projections of the line of interpenetration. 

13. A hollow sphere 3^^^ exterior diameter, §" thick, is pierced by a horizontal 
cylindrical hole 1|" in diameter. The axis of the boring cylinder is i" vertically 
above the centre of the sphere, and makes 40° with the vertical plane. Draw 
the plan and elevation of the sphere. (Cooper's Hill Engineering College 
Exam. 1876.) 

14. An ellipsoidal surface is generated by the revolution of an ellipse, 4" by 
2*5" about its longer axis, which is vertical. A right cylindrical surface, whose 
axis is inclined 70°, meets that of the ellipsoid at a point 3'' from the centre. 
The diameter of the cylinder is 3". Draw the projections of the curve of inter- 
penetration. 



CHAPTER XIV. 

ON THE THREE ELEMENTARY CURVED SURFACES IN CONTACT 
AND THE DETERMINATION OF PLANES TANGENTIAL TO THEM. 

Before proceeding to the consideration of the problems of this chapter, 
it is well to invite attention to the following facts, proofs of which are 
given in works on Theoretical Geometry: — 

1. If two spheres be in contact, they touch in one point, which is 
in the straight line joining their centres, 

2. If a sphere touches a conical surface exteriorly, it does so in a 
point which is contained by the plane passing throVigh the axis of the 
cone and the centre of the sphere. 

This is also true in the case of the sphere and cylinder. 

3. If two cones touch one another, their vertices coinciding, they do 
so in a straight line, which is in the plane containing the two axes. 

Similarly, if two cylinders touch, giving a line of contact, that line 
is in the plane of the two axes. 

4. A plane is said to be tangential to a curved surface, when it con- 
tains the tangents to all the curves which can be drawn upon that 
surface through the point of contact 

5. When two of the elementary curved surfaces meet, they have 
a common tangent plane which passes through the point or line of 
contact. 

6. The tangent plane to a sphere is perpendicular to the radius 
passing through the point of contact ; or, in other words, the radius is 
a normal to the plane at that point. 

7. The tangent plane to a cylindrical surface touches it in a straight 
line which is in the plane perpendicular to the tangent plane and the 
axis. 

This is also true of the cone ; further, all tangent planes to a conical 
surface must contain the vertex. 

8. If a cylinder and a cone, or two cylinders, or two cones, be in 
contact at a point only, the common tangent plane at that point is 
perpendicular to two other planes, one containing one axis and the 
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point of contact, and the other containing the other axis and the point 
of contact. - 

9. If a plane be tangential to a given cylindrical or conical enrface, 
the traces of the surface and of the plaae upon any plane of projection 
are also tangential, i.t., the trace of the tangent plane is a tangent to 
the figure which ia the trace of the curved snrface. 

10. If a cone or a cylinder envelope a sphere, the tangent planes 
to the former are also tangent planes to the latter, the points of 
contact always being contained by the circle of contact of the two 
curved surfaces. 



PROBI.Elf CCVIII. 

To determine the tiBces of a plane tangential to a ^ven vertioal 
riglit cone, to pass throngh a given point on its anifaoa (Fig. 142.) 

In fig. 142 the projections of a 
cone are given with axis vertical, 
and through p'p, a point on its 
surface, it is required to determine 
a tangent plane. It would be well 
here to pause and consideF how the 
one projection of a point on the 
surfiioe of a cone can be deter- 
mined if iht other projection 
only be known. Let us suppose 
that in the esse before us p were 
gjven uid p were to be obtained. 
Through die elevation of the vertex 
draw b'p', the vertical ptnjection 
tit two lines upon the surface, one 
on the rear and tiie other on the 
front* The &ont line has q for 
its b. t, which is determined 
from q'. Then Iq must contain 
the point p, and the plan p is 
found upon bq by a projector 
through i)'. ci2.i4a. 

* 1!ho piMi ot the line on the rear part of the oone, vhose elevation is alio 
V((, is not aliowii, aa the point P ia MEumed to be on the front anctMa. 
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The tangsit plane reqttired must necesaarily contun the apex : 
Vq, bq must therefore be the line of contact, and its h. fc muBt give 
the point where the h. t. of the plane is tangent to that of the cona 
At q, therefore, set out /h perpendicular to the radius bq to give the 
h. t. of the required plane. To obtain the t. t. let it be remembered 
that the tangent plane necessarily contains the apex I'b, hence be drawn 
parallel to /A is the plan of a horizontal of the plane, and b'e is itfi 
elevation. The vertical trace of this line, viz. «', is in the v. t of 
the plane, therefore v'f completes the determination of the tangent 
plane required. 

Fboblbk GCIX. 
To determine the traces of a tangent plane to a given vertieal 
right cone, to pass through a given point without it (E% 143.) 



There are tvo solutions to this problt 




Kg. 143. 

an by Qua for hinudf by the aid of 



for two planes can be found 
to contain the given point 
and touch the cone, one 
in front and <Mie in rear.* 
Tlie principle involved in 
the construction may be 
described thus : — As the 
plane must necessarily con- 
tain the vertex, its h. t. 
must pass through that of 
the line joining the vertex 
to the given point, Henoe 
1 (fig. 143) is one point in 
the h. t. Ag^, the b. t. 
of the plane is a tangent 
to the trace <£ the oone; 
therefore, through t draw 
hf to touch the circle in 
plan. This is the b. t 
required, and the v. t. can 
be found, knowing that the 
plane passes through W 
and F by a horizontal line. 



dofaM 
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as iD'm\ torn, through either of them. The line of contact is in plan 
fjoe drawn through the centre to, and perpendicular to the h. t. Its 
elevation is wV. The second solution is not shown, but the L t. 
would pass through t, and touch the plan circle in the rear. 



Problem OCX. 

To determine the traces of a plane tangential to a given sphere, 
to pass through a given point on its surface. (Figs. 144, 145.) 

Ist Solution. 

Let the circles c'c be the projections of the sphere, and p* the eleva- 
tion of a point on its 
surface (in front). 
To obtain the plan 
of this point, con- 
ceive a horizontal 
section aV of the 
sphere to pass 
through pjp. The 
plan of this section Xj> ^ 
will be a circle a5, 
and as P is con- 
tained by this circle, 
project p from p\ 
Through the point 
p,'p it is desired to 
determine a plane 
tangential to the 

given sphere. This xj^ 

plane must be per- Fig. 144. 

pendicular to a line passing through the centre and the given point 
pjp. Join, therefore, p*c' and ^.c, and through p draw p,q per- 
pendicular to pCf and through p draw pq* parallel to xy. This 
determines a horizontal of the desired plane, and the v. t. q of this 
horizontal is in the v. t. of that plane. Then vf^ drawn through q* 
perpendicular to p*c\ and fh, through /, perpendicular to pc, are the 
traces of the tangent plane, touching the given sphere at p\p.* 

* If the given point were upon the horizontal great circle, the tangent plane 
would be vertical, and its h. t would touch the plan circle. 
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In fig. lis another solution of thia problem ia given. A conical 
auriaoe having a vertical 
axis ia arranged to enve- 
lope the given aphere, the 
circle of contact paaaing 
through the given poiiit 
^.p- To obtain the ele- 
vation of the cone, take 
a horizontal section of 
the sphere throuf^' the 
given point. Its eleva- 
tion is a'&'; its plan is 
the circle ai. Join c' to 
6' and draw nvf through 
h' to meet the elevatjon 
of the axis w'vf in to'. 
C<Hnplete the elevation, 
and obtain tlie plan of 
the cone. Then through 
c and p draw <^, the plan 
of a line upon the conical 
surface passing throngli 
the given point. The 
Tig. 145. trace of this line will be 

one point in the b, t. of the plane, which will, of course, be tangential 
to the circle n(.n. The v. t is found as in previoua caaea. 




Froblek CCXI 

To determine a plana tangential to a given rertioal right eone 
and a epltere. (Fig. U6.) 

Over die given sphere centre a, a place a cone xj^y, having a ver- 
tical angle equal to that of the given one. Then the tangent plane 
to the two cones will be the one required. The circle p? is the tmoe 
of such a cone upon the given sphere a',a, and the line/A touching both 
circles is the h. t. of om tangent plane, which touches the given oone 
in the line to'it, vsk and the sphere lifii in g\g. The method (tf obtaining 
(ii««e points and the v, t. needs no further description. 
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Tliere are^/our plauea which would sadsfy the cooditions i^ven ; only 
one of these is shown. A second wonld have its b. t. touching the same 




Elg. 146. 
two circles on the rear of each, and the v. t. wonld be foand as hefure. 
The third and fourth wonld require for thur determination that the 
enveloping cone just described should be drawn vertex downwards, aa 
they touch the sphere in points below its horizontal great circle. Iheir 
horizontal traces would be tangent to the h. L of this cone and the 
given one, and pass between them, touching one on the rear and the 
other in the front, and met versd. The v. t.'s would be found as usual 
by a horizontal through one of the vertices. 

Another problem is very frequently quoted whose construction 
depends on the prindples just described — viz. : To determine a tangent 
plane to two given spheres and having a given inclination. Envelop- 
ing vertical cones having their base angles equal to the inclination 
given would trace circles on the h. p. to which the h. traces of the 
planes required would be tangential. 

It should be noticed also in such a oaae that there axe icrax -^^kcvrr. 
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satisfying the conditions, and tliat to determine two of them the 
enveloping cone over one of the spheres must be taken vertex 
downwards. 



Problem CCXIL 

To determine a plane tangential to a given cylinder (whose axis, 
cSh\ ab, is horizontal), and to pass through a given point p,p on 
its surface. (Fig. 147.) 

If a plane be tangential to a cylindrical surface, it touches that 
surface in a line parallel to the axis ; hence c'd'f cd drawn through p'p 

is the line of contact 
of the plane and 
cylinder. Take an 
elevation on a ver- 
tical plane perpen- 
dicular to the axis. 
^ In the figure the 
circle centre a" is 
that of the cylin- 
der, and (f that of 
the line. Then E'^r, 
di^wn perpendicu- 
lar to ac" and 
through c", will be 
the trace upon the 
assumed v. p. of a 
tangent plane to the 
cylinder touching 
it in the line just 
determined, and the 
L t. of this plane 
will be ^^ taken per- 
7^- Pig. 147. pendicular to «y, 

the new ground line. If, then, gh be produced until it meets the 
original ground-line XY, one point in the v. t. of ihe tangent plane 
upon the original v. p. will be discovered. This point does not ML 
within the limits of the drawing. 

A second point in this trace is found thus : — ^At the intersection e 
of the two ground lines perpendiculars are set out^ and e,e'iB made 
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equal in length to eE'. Then e' is a point in the desired ▼. t. For if 
the triangle eE!g were revolved about its horizontal line eg until it 
became vertical, the two lines ee' and eE' would coincide ; and as E' is 
a point in the tangent plane, d when coinciding with E' would be one 
point in its v. t. on the original plane of elevation. 

This will no doubt suggest to the student a means of obtaining the 
traces of a plane where the meeting-point upon XY is so remote as to 
be inaccessible ; for if two vertical sections (like that at xy) be made, 
two points in the v. t. can be found by the same construction as. that 
used to obtain e\ 

Had the inclination of the plane been included in the given data 
instead of a point of contact, the vertical trace on -the auxiliary plane 
would have had to be arranged to touch the circle and to meet x*\f at 
the given angle, the remainder of the solution being like the above. 

Problem CCXIII. 

Three spheres of different dimensions rest upon the h. p., and 
each is in contact with the other two. To determine— 1st, their 
projections; and, Sndly, the traces of a tangent plane which shall 
touch the three upon their upper surfaces. (Plate LX.) 

Draw first the two circles, centres a' and a, which are the projec- 
tions of one of the spheres, preferably the largest. If then a second 
sphere be placed, its centre h'b being equidistant with a'a from the 
v.p., its elevation will be a circle touching that of the first one, because 
the v. p. containing the two centres cuts the spheres in the great 
circles which give the vertical projections, and which contain the point 
of contact. To draw this circle accurately, take a line parallel to and 
above XY at a distance from it equal to the radius of the sphere h\ 
and intersect it by an arc with a' as centre, radius equal to that of the 
circle a\ increased by that of the second sphere. This gives 6' the 
centre required, and from it the plan 6 is obtained 'by a projector 
meeting a line through a parallel to XY. When the plan of the 
second sphere is drawn it will be found to be overlapped by that of 
the first. This is as it should be, for the diameter being smaller, the 
point of contact is below the horizontal great circle of the larger solid. 
The point of contact is lettered n'n in the drawing, n' being deter- 
mined at once by a line joining a* to h\ whilst its plan n is projected 
from the elevation upon the line joining a and b. (See paragraph 1, 
page 256.) 
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To obtain the projections of the third and smallest sphere, first 
make two auxiliary elevations of it as at C and d'', assuming that it 
takes up, for the time being, positions such that it touches first the 
largest sphere A and then the medium sphere B, thd centres of all three 
in each case being equidistant from the v. p. The points C and QP aro 
determined in the same way as h\ The plans of these are C^ and Ci^. 
Next, conceive the small sphere when in one of these positi(ms, as C^, 
to commence revolving around that which it touches. It is evident 
then that an arc having a for centre, and passing through 0^^, will be 
the locus of the plan of its centre C at all parts of its journey. 

Similarly an arc centre h, and passing through C^, is the locus of 
the plan of the centre, if it revolved in the same way around the 
sphere B. Hence the intersection of the two arcs at C^ gives the plan 
of the centre of the rolling sphere when it touches hoik the others, and 
its elevation C can be projected from it. Of course the same two arcs 
would intersect at the rear if continued, and give the plan of the 
centre of the smallest sphere when behind the other two. 

The point of contact m'm of the sphere with A can be found 
thus : — Join ac and a'C. Project Mj from M'. With a as centre 
describe an arc through M^ to meet oc in tti. The 'reason of this con- 
struction will be apparent. The elevation m' is projected from m at a 
height above XY equal to M'. The point of contact pp of the sphere 
O with B is found similarly. 

There is another method of solving this problem, the principle of 
which is as follows: — The three lines joining the centres of the spheres 
when in contact form an irregular triangle, the sides being equal to 
the sums of their respective radii taken two and two together. The 
heights of the angular points — 1.6., of the centres above the h. p. — 
being known, the horizontal projection of this triangle is found (see 
Problem CLXYL, Chapter X.), and the circles which are the required 
plans are drawn, having their centres in the projections of the three 
comers. 

To determine the tiuces of the tangent plane, consider two of 
the spheres as enveloped by a conical surface. This surface will have 
its vertex upon the h. p., because the spheres rest upon that plane. 
Further, any plane tangential to this cone will touch both spheres, and 
its h. t. will necessarily pass through the plan of the vertex. Hence 
the point d^ which is the plan of the vertex of a cone enveloping the 
spheres A and G, is one point in the h. t. of the tangent plane required* 
Similarly, t is another point, as it is the plan of the vertex of a second 
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cone which envelo])es spheres A and B. Then fh, drawn through e 
and d, is the h. t. required. 

The vertical trace is found thus : — An auxiliary elevation of one of 
the spheres is made upon a v. p. perpendicular to the trace just deter- 
mined. The vertical trace of the tangent plane upon this new vertical 
plane is a line touching the circle, which is the new elevation of the 
sphere. Thus fg is the v. t. of the tangent plane required upon the 
v. p., having X'Y' for its intersection line, and the drawing shows that 
the elevation of either sphere would be sufficient, as this line touches 
all three. At t, the two perpendiculars iyi and i^i" are set up, and i" 
is found as a point in the v. t. upon the original v. p. 

The points of contact of the plane with the spheres are shown at t\tj 
r\r^ and fl,8y the plans being determined from t^^ r^, and «^ upon lines 
drawn through the centres of the plans of their respective spheres 
perpendicular to the L t., and the elevations being found in projectors 
through the plans, the heights above XY being taken from the auxiliary 
projections. 

Problem CCXIV, 

Given a cylinder (axis inclined to h. p.) and a point upon the 
snrfacei required the traces of a plane tangential to the given 
cylinder, and passing through the given point. (Plate LXL, figs. 
1 and 2.) 

iBi Solution (Fig. 1). 

As a plane in contact with a cylindrical surface must necessarily 
touch it in a line parallel to the axis, the line in this case can be deter- 
mined at once by drawing 8t\ 8.t through the given point p\p. Again, 
when a plane and a cylindrical surface in contact with it are inter- 
sected by another plane, the straight line and the curve which are their 
traces upon the cutting plane are tangential at a point which is the 
trace upon that plane of the line of contact Conceive, then, the 
given cylinder to be produced until it meets the h. p. in the ellipse 
gikl. Then the h. t. is a tangent to this ellipse at a point g, which 
is the h. t. of the line of contact 8*t\ 8t Then fh is the h. t. required.* 
The vertical trace will in this case be parallel to the axis, because the 
axis itself is parallel to the v. p. and to the tangent plane. Had this 

* The method of drawing a tangent to an ellipse at a point on its surface, 
being described in the plane geometry construction, is not «.liQ»^RlD.m^^^'^^^A« 



266 Geometry. 

not been so, a point in the v. t. could have been obtained by tbe aid of 
a horizontal line through the known point pp parallel to the h. t> 
jnst found, as described in previoas problems. 

2nd Solution, 

The method employed in the first solution ^ven necessitates 
the drawing of an ellipse, and the correctness of the traces found 
depends upon the accuracy of that curve. Hence it is, if possible, 
desirable to adopt a construction which avoids the use of any curves 
but circles. The following method solves this problem without the 
ellipse, and is shown in fig. 2 of the same plate, the conditions being 
exactly as before : — Assume a new ground line xy' perpendicular to 
the elevation of the axis, and make an auxiliary plan on the new h. p. 
This plan is a circle, having B for centre (the distance of B from x'y 
being equal to that of b from XY), and R is the trace of the line of con- 
tact — SR being drawn through the given point P. The required tangent 
plane is, as regards the new horizontal plane, a vertical one, its h. t. 
being a line which touches the circle at R, and its v. t. gv being 
parallel to the elevation of the axis; v'gt is therefore the plane 
i*equired, shown by its traces upon the original v. p. and the assumed 
h. p. Produce the v. t. until it meets XY in /; and as it is only the 
h. p. which has been changed, this v. t. will still be the one required, 
and only the new h. t. (upon the original h. p.) needs to be deter- 
mined. Find then q, the trace of the line of contact sV, sr through 
p\p. This point must be in the h. t. of the plane, and as/* is known, 
joia ft. Then v'/h is the tangent plane required. 

Peoblem CCXV. 

To determine the traces of a plane tangential to a given cone 
(axis inclined to the h. p.), passing through a given point upon the 
surface. (Plate LXIL, figs. 1 and 2.) 

This problem is a companion one to the last, and the same kind of 
constructions are used. In the first case (fig, 1) the ellipse is deter- 
mined which is the h. t. of the given cone, and at e (the h. t. of the 
contact line w'e'y we, passing through the given point p'^p), a tangent is 
drawn, which is the h. t. of the required plane, the v. t. being obtained 
by discovering one of its points i\ where a horizontal of the tangent 
plane w'i'f wi, containing the vertex of the cone, meets the w p. 

In the second figure the same problem is solved without the use of 
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the ellipse, i^e construction being exactly like that in the second solu- 
tion of the preceding problem. It is not considered necessary to give 
any detailed description. 

Peoblbm CCXVI. 

Given a plane by its traces and a point by its projections. 
Assuming the given point as the centre of a sphere which touches 
the given plane, required to determine its radius and projections. 
(Plate LXIIL, fig. 1.) 

Let vfh be the given plane, and pp the given point. As the plane 
is to be in contact with the sphere, the line joining the point of con- 
tact to the centre will be perpendicular to it. Determine, then, p'q' 
and pqy the indefinite projections of a line through p'p at right angles 
to v'fh. Find its intersection t\t with that plane (Problem CX., 
Chapter VIL), and determine the true length pT of the line joining 
p'p and 1ft. This gives the radius of the sphere, and the projections 
can be described at once. The point of contact of sphere and plane 
isf^. 

Peoblem OCXVII. 

The projections of a cone being given, lying upon the h. p., its 
axis being parallel to the v. p., required the projections of a sphere 
of given radius which shall rest upon the h. p. and be in contact 
with the cone at a point which is at a given distance from the 
vertex. (Plate LXIII., fig. 2.) 

The conditions involved in this problem are satisfied, as regards the 
cone by its projections, upon Plate LXIII., and it is there assumed 
that the sphere to be determined shall be of 'lb" radius, and shall 
touch the cone at a point I'' from the vertex v'v. • Having completed 
the projections of the cone, take a point p\Y from v\ and through it 
draw Bp' perpendicular to the axis, and consider it as the v. t. of a 
plane perpendicular to the original v. p. This plane cuts the cone in 
a circle, which is a locus of all points I'' from the vertex. The point 
of contact, therefore, lies in this plane and in the circle. Next 
describe a circle of '75" radius which shall touch the line va in q\ and 
consider it as the elevation of a sphere, fulfilling the conditions of the 
problem in all respects except that it does not rest upon the h. p. 
Let the sphere then be imagined to revolve around iJck& %wxi%Kft <^1 ^^ 
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cone until it reaches the h. p. either in fi*ont or behind, the point of 
contact always remaining in the plane whose v. t. is Sp'. The centre 
of the sphere will then move in another plane parallel to this one, 
whose vertical trace is ran taken parallel to S^' and passing through 
F'y and as, when it reaches the h. p., the centre must be at a height 
above that plane equal to the radius, draw a line parallel to XT and 
•75" from it to meet mn in/'. This point is the vertical projection of 
the centre of the sphere. 

Next, to obtain the plan. Make an auxiliary plan of the circle of con- 
tact on a plane perpendicular to the axis of the cone ; ^y' is the inter- 
secting line of the new plane of projection,^ and the circle (centre o) is 
the plan mentioned. Ifext consider that the plane of this circle cuts 
the sphere in one of its smaller circles. This will be readily seen in 
the elevation of the first sphere, centre F', where the line Sp' cuts it in 
S^'. Now, as the sphere rolls around the cone the auxiliary projection of 
the point of contact will move around the circle (centre o), and that of 
the centre of the section of the sphere (which is at G in its first posi- 
tion) will move in another circle passing through G. Further, the 
auxiliary plan of the centre of the sphere in all positions of the revolu- 
tion coincides with that of the centre of the section. Hence a pro- 
jector through/' perpendicular to ay' meets the arc through G just 
described in two points, F^ and F2, which are the auxiliary plans of 
the centre of the sphere under the given conditions (firsts when in 
front of the cone, and, secondly, when behind it). From these two 
points the distances /^ and^ are obtained, along the projector through 
/' perpendicular to XY. 

Again, from the auxiliary plan the positions of the projections of 
the points of contact can be determined : t ' from T and T^, and t and 
ty^ from t' at distances from XY equal to those of T and T^ from Q£\f. 

Problem CCXVIIL 

To determine the traces of the two planes which, being parallel 
to a given line, shall be tangential to a given cylindrioal aorftee, 
the axis of which is inclined to the horizontal plane of prqjeotion. 

(Plate LXIV., f^g. 1.) t 

In the plate the cylindrical surface has cd% cd for its axis, and the 
given line is a'&', a5. 

* The distance of xf^ from c' is equal to the distance of tb from XY, 
f The inclination of the line must not be lew than that of the azik 
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There are always two planes which will satisfy the conditions 
of being tangential to a cylinder, and parallel to a given line. 
These planes when determined are parallel to two lines, viz., the 
given one and the axis, for the line of contact of either plane 
must necessarily be parallel to the axis. Hence any plane which is 
parallel to both a'h\ ab and cd', cd will either be one of the two 
required or parallel to them. The required traces, therefore, will 
be parallel to those of any such plane. Proceed, then, first to de- 
termine the h. t. of a plane parallel to both cd\ cd and ah\ ah. To 
do this at any point p'.p ^^ ^^^ P^^ P9 pctrallel to ed', cd, and find 
the horizontal traces of a'b\ ab and pY, pq. Then bq passing through 
these traces is the h. t. of a plane, satisfying the condition of being 
parallel to both lines. Next obtain the ellipse which is the h. t. of 
the cylindrical surface, and draw the two tangents to it parallel to bq, 
producing t^em till they meet xy iat and n. These two lines are the 
h(»izontal traces of the tangent planes required, as they touch the 
trace of the curved surface, and are parallel to that of the plane just 
obtained. 

As the axis of the cylinder is parallel to the v. p. (and this condition 
was purposely arranged so that the elliptic trace could be determined 
directly*) the vertical traces are parallel to the elevation of the axis. 
Hence v'tr and kfnl are the planes required. 

The lines of contact can be determined at once by drawing through 
the projections of the points of contact of the horizontal traces and the 
ellipse parallels to the projections of the axis. Thus 88 is drawn 
through 8 where tr meets the ellipse parallel to cd, and 8'8\ is the 
elevation paitJlel to &d\ 

These are the projections of the line in which the plane v*tr touches 
the cyKnder ; m'm\ and mmi are obtained in a similar manner. 

This problem and the next are concerned when it is required to 
show the separation line of light and shade upon the respective curved 
8ur£GU>es, the direction of the light being known and the rays being 
paralleL Of this further mention will be made in the chapter upon 
Shadows. 

Another construction is sometimes employed to solve this problem, 
based upon the following principles : — 

As the two tangent planes required must necessarily be parallel to 

* If the axis had been inclined to both planes of projection, the constmction 
would be tiie same as the above, except that the elliptical trace would require 
an auxiliary elevation on a v. p. parallel to the axis for its detenmn&U<ycu 
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the axis as well as to the given line, the plane of the base, t.e., any 
plane perpendicular to the axis, must cut the cylinder in a circle and 
the two planes in two lines touching this circle, each of which must 
be parallel to the intersection of the base plane with that of a'6', ab 
and p'^', p^, or any other plane parallel to it. Hence, a point being 
assumed in the axis, and a line being drawn through this point parallel 
to the given one, the plan of the intersection of the plane containing 
the axis and this line, with the plane of the base, will give the direc- 
tion in which two tangents to the ellipse (the horizontal projection of 
the base) can be drawn, thus enabling one to determine the entire 
fines in which tiie required planes meet the cylinder, for these lines 
must pass through the points of contact and be parallel to the axis. 

This method saves the drawing of the elliptical trace of the soUd. 
Its lines are not shown in the figure, but the student will find the same 
construction adopted in Problem CCXXXIL, Chapter XY., to obtain 
the shadow of a cylinder ; and he is referred to the accompanying Plate 
LXX., fig. 1, for its illustration. 

Problem CCXIX. 

To determine the traces of a plane parallel to a given line, and 
tangential to a given cone (axis inclined). (Plate LXIY., fig. 2.) 

In this problem the conditions are similar to those of the preceding, 
except that the curved surface is a cone instead of a cylinder, and the 
constructions employed in the two instances are somewhat analogous. 

In the figure ab\ ah is the given line. Through the vertex of the 
cone vc'y vc are drawn as the projections of a line parallel to the 
given one. Then through this line two planes can be passed which 
shall be tangential to the cone, and they will necessarily satisfy the 
conditions of the problem, as they will contain a parallel to a'b\ ab. 
Further, their traces on the h. p. will be tangential to the elliptical 
trace of the cone. Find this trace mynz, and through c, which is the 
h. t^ of cvy cv, draw the horizontal traces cp and cs of the two required 
tangent planes. The vertical traces and the lines of contact are found 
by methods adopted in previous problems, and therefore requiring no 
further special explanation. 

A second construction analagous to that explained in the last p|x>- 
blem may be adopted to solve this one. It has been illustrated in the 
plate. 

Point k'k is the intersection of the line through the vertex (parallel 
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to the given one a'&', ah) with the plane of the base. From \ two 
tangents to the ellipse in plan give, by their points of contact, the 
extremities of the lines in which the two planes required touch the 
given cone. Only one is shown, and II is joined to t;'», the horizontal 
trace of the plane being determined by finding the L t.'s of v'A;', vh 
and vT, vZ, 

Fboblem OCXX. 

Through a given straight line to draw a plane tangential to a 
given sphera (Plate LXY., figs. 1 and 2.) 

This problem can always be solved when the given line does not 
pass through the sphere. When it is quite clear of it, there are two 
planes which satisfy the requirod conditions. If it touchea the sphere, 
there is only one solution, and the tangent plane is then perpendicular 
to the radius which passes through the point of contact. 

The conditions given in both cases upon the plate admit of two 
planes, and there are two distinct constructions for finding the traces, 
which may be described as follows : — 

lit Solution (fig. 1). 

First. Conceive one of the required tangent planes to be in its 
correct position. Secondly. Conceive a plane to pass through the 
centre of the sphere perpendicular to the given lina This plane wil] 
cut the line in a point, and the sphere in one of its great circles. The 
intersection of the two planes passes through this point on the line, 
and touches the great circle of section on the sphere. If, then, the 
point of contact be known, the tangent plane can be determined, for the- 
extremities of the given line give two other points in it. 

Turning to the plate {^g. 1), a'b\ ab is the given line, and the two 
circles, centres c and c, are the projections of the sphere, and rst is the 
plane which passes through cc and is perpendicular to a'6', ab.* The 
point where this plane intersects the given line is g\g. Now, as it is 
known that the plane r'st cuts the sphere in a circle, and that the 
intersection lines of this plQ,ne and the required tangent planes are 
tangents to that circle, and in the same plane, revolve r'st about its h. t. 
into the h. p., and show thereupon the circle and tangent lines through 

* All the lines requisite for determining the constructions are left in the 
plate, and the student is reminded that the explanations of methods of obtain* 
ing elementary conclusions like these should be familiar at this sta^e« 
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g'g which have been described. Thus G. is the constructed point ^g.^ 
and C is the " constructed " centre c'c of the sphere. Then GF and GE, 
drawn as tangents to the circle, give E and F, which are two '* con- 
structed" points, one in each required tangent plane. It remains, 
therefore, to find the projections of these two points when in their 
correct positions. Taking F, for example, produce GF to meet the 
h. t. of the plane in t. Then, if the proper position of the plan of 
GF is known when the plane is rotated back into its place, it is 
evident that the plan of F must fall upon that line at the point where 
a perpendicular to the h. t. through g, meets it. Hence / is its plan, 
and its elevation /' is upon g'f the elevation of gf. Then the plane 
containing A, B and F is one of those required. The other contains 
A, B and E, the projections of the last point being found by a similar 
construction. 

The student will notice that both h. t's must pass through 6 (that 
of the given line), and that one contains t, the h. t. of g'f^ gf^ and the 
other contains K, the h. t of g'e^ ge. This solves the problem with- 
out drawing an ellipse, which is a great advantage. TJsually the great 
circle of section is projected in two ellipses. 

2nd SohUion. 

If any two points in the given line be conceived to be the vertices 
of cones, each enveloping the given sphere, it is evident that any 
plane which touches one of the cones will necessarily touch the sphere, 
and hence the two planes which touch both cones will be those required, 
as they must contain th^ line in virtue of containing the two assumed 
vertices. The circles of contact of the two enveloping cones with the 
sphere intersect in two points, one of which lies in the first tangent plane 
and the other in the second. If the two vertices be assumed at random, 
the projections of these two circles of contact may all be ellipses, and 
if the drawing of these can by any means be partly dispensed with, 
the correct solution will be facilitated. This can be done by assuming 
the vertex in each instance at a point on the given line equidistant 
with the centre of the sphere from one plane of projection. Thus, in 
the drawing d*d \a the same distance from the v. p. as the centre ec. 
Then the elevation of the circle of contact of that cone having d'd for 
vertex, is a straight line ef, of which the ellipse egfh is the plan. 
Again, the cone having i'i for vertex, that point being equidistant 
with c'e from the h. p., has the straight line M for its plan, and k'nU'n' 
is its elevation. By thus arranging the vertices, two ellipses aro dis- 
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pensed with. Now, it is evident tHat these circles of contact intersect 
in two points p'p and o'Oy the former upon the under side and the latter 
upon the upper side of the sphere. One of these two points is con- 
tained by each required tangent plane, and the respective traces can be 
determined at once, remembering that one plane contains AB and P, 
whilst the other contains AB and O. The traces of the latter meet 
the ground line in a point too remote to be shown upon the drawing.^ 
The student shotdd note that a aeries of cones having their vertices in 
the given line a'b',ab could be assumed, or rather a conical surface could 
be imagined to move with its vertex alioays in the given line, and always 
enveloping the sphere. TJie circles of coniauct wotUd dUpass through the 
points p*p amd oo; hence the chord p'oA>o is in aU their planes, and is 
their common intersection. This chord of contact is perpendicular to tite 
plane containing the given line and the centre of the spJhere. From this 
fajct the principle of ^ first solution given is derived, as the extremities 
of the chord of contact a/re found by drawing tangents to the great circle 
of section through the point of intersection on tJte given line. 

Problem CCXXI. 

Given three spheres of unequal dimensions and height, to deter- 
mine the traces of planes tangential to them. (Pkte LXYI., 

Imagine a flat piece of paper resting upon the three spheres to repre- 
sent a tangent plane touching them upon their upper siurfaces. Then 
conceive two of the spheres to be enveloped by a cone whose vertex is 
on the line of their centres produced. It is evident that the tangent 
plane touches the conical surface in a line corresponding to one of its 
generatrices, and, therefore, containing the vertex. This would be 
equally true with regard to a second cone enveloping one of these two 
spheres and the other one. Hence it is seen that the tangent plane, 
because it passes through both vertices, contains ike line joining them, 
and the problem is reduced to the preceding one, i.e., through a certain 
line a plane is to be determined which shall touch that sphere which 
is enveloped by both cones. At this point it might be suggested that 
if a third cone be used enveloping a third pair of spheres, its vertex 

* This problem is frequently so arranged that both planes of projection are 
made to contain the centre of the sphere. By this means one circle is made 
to serve for both plan and elevation of the sphere, and the drawing is more 
concise. 
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would give a third point in the plane by which the traces could be 
discovered directly. But this would not help us, for all the three 
vertices would be in one straight line, and an infinity of planes would 
contain it. This is evident from the fact that the plane containing the 
three centres also contains the three vertices, as they are in the lines 
joining these centres. Consequently they (the vertices) are in the 
intersection of the two planes (the tangent plane and the plane of the 
centres), and, therefore, in one straight line. Again, the student will 
see that, as the circles of contact of the enveloping cones upon the 
sphere covered by both meet in two points, there are, as in the last 
problem, two planes containing both vertices and touching this sphere. 
But this is not all. One can always imagine two different cones to 
envelope two given spheres, for one may have its vertex on the line 
joining the centres produced, and the other on the same line and 
between the centres. (See fig. 2.) Hence there are six conical sur- 
faces which can envelope the three spheres, three of them covering 
them exteriorly, taken two and two together, and the other 
three with their vertices between them. Now, any three of the ver- 
tices will be in one line, and two planes can be determined containing 
this line and touching the sphere over which their respective cones 
pass. Then, as the changes of three can be rung four times, it is 
clear that eight tangent planes may exist in contact with the three 
spheres. Two of these touch the three spheres on the same side, and 
the other six have one sphere on one side and two upon the other 
side. 

In the figure the three given spheres have o!a^ h'h and c'c for centres, 
and only two of the planes out of the possible eight are shown, as the 
drawing would cease to be clear if all were determined. The cone 
having pp for vei'tex is first drawn in plan and elevation. This cone 
envelopes spheres A and B. A new elevation on a v. p. having op 
for its ground line, is then made at AP, and the line IK, joining the 
points of contact of circle and tangents, is the elevation of the circle 
of contact from which the plan iUcz is deduced. Next, the cone having 
t[q for vertex is drawn, enveloping the spheres B and C, and the plan 
of its circle of contact is determined from an auxiliary elevation, as in 
the previous case. This is not shown in the drawing. These two 
circles of contact upon the sphere A intersect in d and e, and the 
elevations of these points are at d' and e', the heights being obtained 
from D and E on the auxiliary drawing. Then the plane whose 
tracea are v'/BxAfh is deduced from the projections of the points P.Q 
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and D, and the other one, whose traces are Vm and mn, from those of 
P,Q and K 

Of course d*d and ee are the projections of the points of contact 
of their respective tangent planes with sphere A. Those upon 
the other spheres are found thus: — ^Taking the case of B, for 
•xample, it is known that the points of contact must lie upon the 
generatrices of the enveloping cone which pass through ee and d'd. 
Join, then, ep\ ep and d'p% dp. Further, they are in the radii of the 
sphere which are perpendicular to the tangent planes. Hence, bg drawn 
perpendicular to fh gives t by its intersection with dp, and br drawn 
perpendicular to mn gives 8 by its intersection with ep, the former 
being the contact point of v'/h, and the latter of I'mn with the 
sphere b'b. The contact points on sphere C could be determined in 
the same way. 

On the small drawing (fig. 2) the projections of a cone enveloping 
two spheres are shown, the vertex being between their centres ; and 
this principle, applied to A, B and C, as previously described, would 
enable us to find the other six planes mentioned. 

Problem CCXXIL 

To determine the traces of a plane tangential to a given right 
cone (axis oblique), and which shall have a given inclination. 
(Plate LXVIL, fig. 2.) 

Having obtained the projections and the ellipse which is the hori- 
zontal trace of the given conical surface, assume a second cone, its 
vertex coinciding with that of the given one, its axis being vertical 
and the inclination of its generatrices being equal to that of the 
required tangent plane. Then any plane which touches both cones will 
satisfy the conditions of the problem. There is a limit, however, to 
the given inclination, for it cannot be less than that of the generatrix 
of the given cone which is uppermost upon its surface, and is, therefore, 
least inclined. With this inclination there is but one tangent plane, 
of which the generatrix mentioned is the line of contact. If the 
inclination exceeds this angle, but lies between it and the inclination 
of the lowermost generatrix, then there are two such tangent planes, 
one in front and the other in the rear. Further, when the given 
inclination is greater still but yet less than 90°, there may be four 
planes, two of which touch the cone in lines upon its upper sui*face, 
one in front and one in rear, and two which touch it in qotc^^y^t^^'^^ 
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lines upon its lower surface. If the tangent planes were desired to be 
vertical, there would be two solutions, each of which would contain 
a vertical line through the vertex. But these latter conditions of 
inclination could only exist when all the generatrices of the given cone 
are on one side of this vertical line. This will be evident after the 
construction employed is described in detail. 

In Plate LXYI., fig. 1, the given cone is represented as having v"o 
for its vertex and vW, v.m for its axis, and the assumed inclination 
of the required tangent planes is 6. Through v draw vd perpendicu- 
lar to XT, and consider it as the axis of a vertical cone having 6^ for 
its base angle, xfdd' is its half elevation, and the circle (radius cv) is its 
entire plan. Then any line which touches the ellipse c^gh and this 
circle may be considered as the h. t. of a plane tangent to both cones, 
and it will be at once seen that there are four of them. Hence, under 
the given conditions, there are four solutions. The vertical trace of 
each is determined in the usual manner by a horizontal of the plane 
passing through v'v^ as that point is, of course, in all of them. Those 
numbered I. and II. pass between the given cone and the assumed 
one, whilst ILL and IV. touch them in front and^rear respectively. 

It will be evident from this construction that the radius of the 
circle ci?, as it dej^ends upon the given inclination, could be so extended 
that the ellipse would be entirely surrounded by the circle. The 
problem ceases to be possible when that occurs, as the two curves 
would then have no common tangent. Hence the inferences drawn 
and previously described. 

The line of contact of plane No. I. with the cone is shown at %>f\ r/J 
the point /being where the h. t. of the plane meets the ellipse. The 
other contact lines are not given. 

Problem CCXXIIL 

To determine the traces of planes of a given inclination which 
shall be tangential to a given cylinder (axis inclined). (Plate 
LXVII., ^g, 2.) 

In this case, as in the last, there is a limit to the possible inclination 
of the planes. It cannot he lesa tJum that of tAe aada. 

Assume any point in the axis as the vertex of a vertical right oone, 
the generatrices of its surface being inclined at the given angle. 
Then liaea drawn through the h. t. of the axis, and touching the circle. 
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which is the plan of the assumed cone, may be considered as the h. t/s 
of planes containing that axis and inclined at the given angle. The 
tangent planes required will have their traces parallel to these lines 
and touching the ellipse, which is the trace of the cylinder. 

In the figure the ellipse cd is the L t. of the given cylinder, and h 
is that of its axis. At a'a^ a point in the axis, a vertical right cone is 
set out; its base angle being 0°. The circle ^ is its plan, the radius 
being equal to e'f'. Then hi and hhy two tangents to this circle through 
5, are the traces on the h. p. of two planes containing the axis and 
inclined 6. Then the L t. I, which is tangent to the ellipse and 
parallel to hky is that of one of the required planes, for it touches the 
cylinder and is parallel to one of the planes just determined. The v. t. 
would be parallel to the elevation of the axis, but is not shown in the 
plate. The student will see that another line parallel to hky and touching 
the ellipse on the other side, would be the trace of a second tangent 
plane fulfilling the conditions, and that there are two other traces which 
are parallel to hi and in contact with the ellipse. These four planes all 
satisfy the data of the problem. The contact line of one only is shown, 
viz., where plane I touches the cylinder. The h. t. meets the ellipse 
in Zj and z' is its elevation. Through these points the projections 
of the contact line are drawn parallel to those of the axi& 

Problem CCXXIV. 

Given the traces of a plane and the indefinite projections of a 
line contained by i& To determine the projections of a cone having 
a given vertical angle which shall touch the given plane in the 
given lina (Plate LXVIII.) 

Let Umn be the given plane and a'v, av the given line contained by 
it, which is to be the line of contact of the required conical surface with 
this plana Further, let the vertical angle of the cone be 6° and the 
length of its axis 3*25^ 

The axis and the line of contact are contained by a plane 
perpendicular to the given tangent plana Proceed first, then, to 
discover the h. t. of this plane by assuming any point /'./in the given 
line aV, aw, and by setting out through it a ]isief'g\/g perpendicular to 
tmn. Then g, the h. t of this line, is in the trace of the plane, and 
Vf the h .t. of the given line, is a second point in it. It is not necessary 
to deitermine the v. t. 

Next, conceive this plane to be "constructed" into t\i^\v. ^« ^i^Qwvi^^^A 
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h. t. Point v. remains stationary, whilst//, removes to P. Then Ft> 
is the " constructed " line of contact. At t? set out the semi-vertical 

angle g, and vR will represent indefinitely the " constructed " axis, 

and FR (a perpendicular to Fv), will be a portion of the \mstfg\fg 
also '' constructed " into the h. p. Hence, conceiving the plane to be 
revolved again into its correct position, it Ls evident that from R point 
r can be obtained upon fg^ and this is the plan, therefore, of a point 
in the axis of the cone, its elevation r* being projected from r upon 
fg\ If the vertex were taken at any other point on aV, av, instead 
of at its h. t., as shown in the figure, it would be necessary to " con- 
struct " that point into the h. p., and then set the semi-vertical angle 
as before. 

Having obtained the indefinite projections of the axis, make an 
elevation of it on a vertical plane parallel to it. In the figure this is 
shown at vR' (rR' being perpendicular to vr and equal to the height of 
r above XY). About this axis set out the elevation t;PQ of the entire 
cone, making the vertical angle equal to 6^ and the axis vO' 3*25" long. 
Thence obtain the plan of the base, and from that the elevation, the 
ellipse in the latter instance being inscribed in a parallelogram, as 
explained in previous problems. 

Problem CCXXV. 

Given the traces of a plane and the projections of a line, not con- 
tained by the plane nor parallel to it, to determine the conical 
surface, which, having the given line for its axis (given length), 
touches the given plane. (Plate LXIX.) 

Let Pmn be the traces of the given plane, and ab\ ab the projections 
of the given line. Further, let the axis of the cone be 3'26'' in length. 

First determine the intersection b'b of the given line and plane, for 
it is evident that that point must be the vertex of the required cone. 
Next cut off from the indefinite axis a part a'b\ ab of the required 
length, 3*25" measured from the vertex. This completes the axis, and 
the problem resolves itself into finding the semi-vertical angle of the 
cone. This would be measured by two lines which meet in b'b, viz., 
the axis and the contact line of the cone and plane. It is therefore 
necessary to determine this line of contact. Any line which passes 
through a point on the axis, and is perpendicular to the tangent plane, 
will intersect that plane in a point which is in the desired line of contact. 
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At a'a^ therefore, set out aJcy ok perpendicular to Xmn^ and determine 
their intersection Hk. Then h'U and hk are the projections of the 
contact line. 

The plane of thehase is perpendicular to the axis, and passes through 
the known point a a. Further, the intersection of this plane and the 
given tangent plane is a line which touches the base circle in a point 
at one extremity of the contact line. Determine, therefore, the plane 
of the base, which is shown and described in the figure, and its inter- 
section 9'i\ 8t with tmn. Then produce b'k\ hk until it meets 8t\ sty 
in t',i. This is the extremity of the line of contact, and hence is a 
point in the circumference of the base, and from this it is inferred that 
aiy at is a radius of the base, the true length of which can be deter- 
mined, and which is shown at al. Lastly, draw an elevation of the 
entire cone, using ah as the ground line, and making AP and AQ 
equal to the radius of the base just discovered. From this elevation 
complete the plan, and thence obtain the elevation as before. 



There are several other problems upon the subject of curved and 
plane surfaces in contact, which are reserved for a future chapter upon 
Horizontal Projection, as the constructions necessary are very much 
simplified when worked upon the principles there described. 



K.B. — Those marked * are the more difficult, and should only be attempted 
after the others have been worked. 

1. Two spheres, radii Vb" and 1'^, rest hi contact on the h. p. Determine a 
plane tangential to both, and having an inclination of 50**. (Honours, May 
Exam. 1870.) 

2. A right cone whose vertical angle is 40° and axis 3*5" has the latter inclined 
at 60^ Show a plane tangential to the surface and inclined 70^ (Advanced 
May ExauL 1870.) 

3. A cone, axis vertical; a cylinder, axis horizontal, and a sphere, all rest 
upon the h. p., mutually touching each other, dimensions as follows: — Cone, 
base ^'b" diameter, axis 3" long; cyhnder 2" diameter; length at pleasure. Sphere 
1*25" diameter. Show the projections of the whole. 

4. A sphere of 2" diameter rests upon the h. p. A cylinder 3" diameter, axis 
horizontal, also rests upon the h. p. The plan of the axis is 2" from that of the 
centre of the sphere. Show traces of a tangent plane touching the upper sur- 
faces of both. 



\ 



280 . Geometry. 

6. Three spheres of radii '4", *Tf and 1 -5" respectively, stand upon the h. p., 
each one touching the other two. Draw the plan of them. (Advanced May 
Exam. 1873.) 

6. A circle of 2*5'^ diameter is the plan of a sphere, centre 2^ high. A line %" 
from the centre is the h. t. of a tangent plane to sphere. Detennine the inclina- 
tion of the plane and the plan of the point of contact. 

7. Draw two lines meeting in XY at 36* with it. Consider these as the traces 
of an oblique plane. Show projections of sphere of 1*5" radius which touches 
this plane in a point 7^ from each plane of projection. 

Hint. — When the given point has been found, set out a perpendicular to the 
plane through it. Cut off the length of the given radius. 

8. A sphere radius *5'' stands on the h. p. A vertical cone of 1 '^' radius has 
the plan of its axis 3" from that of the centre of the sphere. Show the traces 
of all the planes which could be tangential to both curved surfaces. The axis 
of the cone to be 3 'd'' long. 

*9. Show how to obtain the tangent plane to a given sphere which shall pass 
through two given points of unequal heights, outside the spherical surface. 
What are the limits to their positions ? (Royal School of Mines Exam. 1873.) 

*10. Draw a circle of 1 '5" radius, and take within it a point I'' distant from 
the centre. The circle is the plan of a sphere whose centre is 2*5'' above the 
h. p., and the point is the plan of one situated on the upper surface of the 
sphere. Through this point draw a straight line which shall touch the sphere 
and be inclined at 30°. (Honours, May Exam. 1871.) 

Hint. — First obtain the tangent plane at the given point, and then through 
the point draw a line inclined 30% contained by the tangent plane. 

*11. The plan of the axis of a cone is 3'' long, the vertex is 'V high, and the 
centre of the base 3*2" above the h. p. Draw the traces of a plane tangential 
to the surface, and inclined at 75**. The radius of the base is 1*5". (Honours, 
May Exam. 1874.) 

*12. A cylinder T diameter has its axis inclined 40°. Show traces of a plane 
touching its surface, inclined 65°. Also, line of contact. 

*13. Given two spheres, centres 3*6" and 2" above the h. p., and a point T 
high. The plans of the two centres a and 5 and that of the point c form a 
triangle ah = 5", be =2 •25", and ac = 3 -5". The diameter of sphere A is 2 •75" and B 
1.5". Draw the traces of a plane passing through the given point, and touching 
both the spheres. 

Hint. — Draw a cone enveloping both spheres. Its apex is one point in the 
plane. Draw another cone whose apex is in the given point and touching the 
sphere whose centre is at the same height as that point. The intersection of 
^e lines of contact (one of them being a straight line in plan) of the two cones 
upon the small sphere gives two other points, and either of these can be taken 
as the third point in the desired tangent plane, as there are two Bolutiona satisfy- 
vig the condition. 



CHAPTER XV. 

ON THE PROJECTION OF SHADOWS. 

1. The term ** Sl^adow** may be used to denote either of two per- 
fectly distinct conceptions. It may in one sense mean the space 
deprived of light by placing an opaque body before a luminous source. 
For instance, if light be proceeding from a point, as in the case of 
the carbon of an electric lamp, its rays — diverging in all dii'ections — fill 
the entire space around. But if a stone marble be placed near the 
lamp, a certain space beyond the object — taking the form, in this 
instance, of an enveloping cone — ^is deprived of light, and this space 
may be termed the shadow of the marble. In this sense a pea could 
be placed so as to be "in the Shadow" of the object. 

But the same word may also mean the space upon a certain surface 
deprived of light by interposing an opaque body before the source 
which would otherwise illuminate it. With this conception, one 
speaks of the shadow of a stick upon the ground. Such a shadow is 
therefore the outline of tJte projection of the object upon the receiving 
surface made by a system of imaginary projectors coinciding in direc- 
tion with the rays of light. 

Again, shadows are not of equal intensity; the umbra is of different 
tint to the penumbra, etc. It is well, therefore, to understand that 
in discussing the application of the principles of Descriptive Geometry 
to the determination of shadows, we use the term in the latter sense 
as described above, and that difference of tint is not regarded. 

It is, of course, further assumed that the medium through which 
the rays of light are passing is uniform, and hence, that they are 
straight lines. 

2. The principles of Orthographic Projection necessitate the use of 
two drawings of any solid object (one upon each of two assumed planes 
not parallel to one another) before the three principal dimensions- 
length, breadth, and thickness — can be demonstrated. 

In two of the chapters which follow this one, devices for dispensing 
with one of these drawings will be explained and discussed ; but it is 
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Pig. 148. 



most interesting to note at this point, that if only ofm projection of an 
object be given, together with the outline of its shadow cast upon the 

plane of projection, tiie direction of the 
rays of light being known, that is suffi- 
cient to determine all the data generally 
obtained from a plan and elevation. 
For instance, let aft, ^g, 148, be the 
plan of a line AB and he its shadow ; 
also, let the arrow X denote the direc- 
c tion of the rays of light which are 
parallel to each other and inclined 45° 
to the plane of projection. It is clear 
that the plan ah gives no indication 
of the heights of A and B above the 
paper. But having the shadow, we 
are able at once to see that as it meets the plan in ft, that end of the 
line must be upon the plane of projection. Then, again, ac drawn 
parallel to tiie arrow X, through a, must be the plan of the ray wliich 
gives the extremity c, and if cA' be drawn, making 45° witii oo to 
meet ahl perpendicular to it^ that line represents the ray constructed 
into the plane of projection, and A'a indicates the height of A above 
the paper. From this the true length (Aft) of the line can be 
determined. 

Similarly, it could be shown that the whole circumstances of position 
and dimensions of any solid may be obtained from one projection and 
the shadow. This really amounts, though, to two projections on one 
plane — one by projectors perpendicular to that plane, and the other 
(the shadow) by projectors making some other angle with it. 

The latter, if made by parallel projectors, has been termed an 
« orthogonal projection." Hence such shadows may be defined as 
orthogonal projections of the objects themselves. 

3. The i-ays of light which, by their interruption, give rise to 
shadows, may proceed from a luminous point near to the object, or 
from one at an infinite distance. In the former case the rays would 
diverge, but in the latter they would be practically parallel. Thus, 
the rays of the sun's light are to all intents and purposes parallel when 
they reach us. In mechanical drawings it is generally understood, 
that if shadows are shown they are produced by the interruption of 
'' parallel rays ;" and indication is given of the direction of these by 
the plan and elevation of one of them (most usually reprefiented by two 
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arrows).* A few instances of shadows where the light is divergent 
will be discussed in this chapter ; but, without it be otherwise stated, 
^'parallelism" is to be inferred. 

4. When a solid throws a shadow, one portion of itself must be in 
darkness, and the line which marks the boundary of the illuminated 
portion is called the ^^liiM of aeparationy The student will find that 
this line plays a most important part in helping him to solve problems 
upon shadows, as from the fact that the light beyond this line always 
escapes interruption, it is ihQ projection of the line of separation which 
gives, the contour of Hie cast sJundow. 

Simple methods for at once assigning the position of this line will 
be discussed in the problems ; but it cannot be too firmly impressed 
upon the beginner's mind, that he has constantly to look for this line 
in a drawing before he can intelligently proceed with the determination 
of tiie cast shadows. 

5. Sometimes the shadow of a solid falls wholly upon one of the 
co-ordinate planes, and at other times it occurs partly on each. This, 
of course, depends entirely upon the size and position of the object, and 
the direction of the rays of light. But it should be understood that 
when the latter occurs, only the portions of shade which are within 
the first dihedral angle are drawn, and the two parts, therefore, meet 
along XY. Instances of this are given in some of the problems about 
to be discussed. 

6. The part of a solid not illuminated is sometimes called its Shadow 
Proper, to distinguish from the Cast Shadows to which it may give 
rise. 



DIVISION L 

SHADOWS OF FIGUBES AND SOLIDS BOUNDED BT STBAIGHT LINES AND 

FALLING UPON ONE PLANE. 

It is our intention, first to call the student's notice to shadows cast 
by solids bounded by plane surfaces. Now, as the edges of such solids 
must be straight lines, and as straight lines may be considered as an 
assemblage of points, it is best — although, of course, involving the 

* These directions are nearly always 45** with XY, both in plan and eleva- 
tion, the former proceeding from the bottom and the latter from the top left- 
hand comers of the drawing. 
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idea of a physical impossibility — to begin by determining the shadow 
of a point and of a line, and then to apply the principles learned to 
the cases of solid bodies. 
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Problem CCXXVL 

Given the projections of a line, to determine its shadow upon the 
horizontal plane— 1. When the rays of light are parallel; 2. When 
they diverge from a fixed point (Figs. U9-151.) 

Before proceeding to the solution of the present problem, it is well 
to call attention to the elementary case of a single point illustrated in 
fig. 149. If a a be taken as the projections of a fixed point A, and 

B'R as the direction of 
parallel rays, all that is 
required to find the 
shadow of A is to pass 
a ray through it in the 
given direction, and then 
to find the horizontal 
trace of that ray. This 
is shown at A^. Of 
course, if the light pro- 
Fig. 149. ceeded divergently from 
a fixed point S'S, the ray would then be taken through A and S, 
and the horizontal trace would give the shadow as before. This 
exemplary case illustrates the method used in all instances. 

Let ab', ah (fig. 150) be the given 
line, and B'R the direction of the 
light. Through each extremity pass 
a ray parallel to Kit, and find their 
horizontal traces, as just described in 

X the case of the single point. The 

line A^Bj joining these traces is the 
shadow required. 

TJie shadow of any straigJU Una may 
Br ^^0 be considered as the intersection of 

Fig. 150. the plane upon which it is cast, with a 

second plane containing the Une and parallel to the given ray. 
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In fig. 151 the same problem ia solved, the light being sappoeed 
to emanate from point S',S, and a- 

to diverge. The only modifica- 
tion required in the solntion ia 
til at the rays passing through 
the extremities of the line both 
go through S'S. In this case 
the plane, which by ita inter- 
section mth the h. p. gives tlie 
shadow, contains the line AB 
and the point S'S. 




Pbobuw CCXXVII. 

To determine the shadow cast b; a plane figure, the rays 
of light being divergent, and proceeding from a given point 
(Fig. 162.) 

Let a'b'c',ahe, fig. 152, be the given figure, and S'S the source 
of the divergent rajs. Fro- ^' 

ceed, as in the previous cases, 
to pass a ray from S'S through 
each of the points a'a, h'b, and 
c'c, and find the traces of theae 
rays, which in tiie case chosen _ 
fall upon the vertical plane. 
The shadow AjB^Cj ia there- 
fore on that plane instead of on 
the horizontal one. 




Problem CCXXVUL 

To determine the parte in abade and the shadow cast hy a given 
onbe, the direction of the rays being given. (Fig. 153.) 

To umplify the case, the cube is shown in one of ifa most elemen- 
tary positions. It will be at once seen that certain of the vertical 
&ce8 of tike solid are illuminated. These are the two which coubu:^ 
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ad and ed. The plan settlea this, for if two parallels to K be di-a^a 
pasfiing through the extreme corners, a and c will represent the hori- 
zontal traces of two vertical planes parallel to the given ra^, and 
embracing Uie solid between them. The two faces, therefore, on the 
same side as the light is proceeding from will be illuminated, and the 
other two will be in shade. And in all cases of vertical surfaces which 
meet, the following rule will serve to tell which is in shade and which 
ia illuminated : — Through 
the point which is the plan 
of the intersection of the 
two surfaces draw a line 
parallel to the plan of the 
ray, or through the plan of 
- the luminous point if the 
light be divergent, l^en, 
if this line has the plans of 
both surfaces on the same 
side of it (like ^A^ in the 
figure, which has ad anil 
a6 both below it), one face 
Fig. 153. is in the light and the other 

in shade. But if the two surfaces have their plans one on each 
side of the line (like 9B,, which has ab on one side and be on the 
other), then both surfaces are either in light or both in shade. This 
rule will be of great service in the case of prisms, etc 

The line of separation in the problem before us is made up of the 
two upper edges ab, be, and the two vertical edges, of which a and c 
are the plans. It is only necessary, therefore, to project a,b, etc., on 
to the h. p. by projectors parallel to E'B, and to join, aa shown in 
the figure. The face ba being in shade, it b necessary to indicate this 
in tlie elevation by shade lines. 




Peoblbm CCXXIX. 

To detennine the line of Beparatioo and the shadow oast hy a 
solid of the pyramidal form. (Fig. 164.) 

Let the hexagonal pyramid (fig. 154) be the gjven solid. Through 
the -vertex pass a ray parallel to KR, and find its h. t, as at Vj. 
TbiB, then, ia the projection of the vertex in shadow. 
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From Vj draw two straight lines which shall embrace between 
them the extreme angular 
points of the plan, as V^c, 
Vi«. These two lines may 
be considered as the hori- 
zontal traces of planes con- 
taining the vertex, parallel 
to the given ray, and touch- 
ing the solid along its two^ 
sloping edges Y^c and Y-^e. 
AU light included between 
these two planes is reflected 
from the surface of the pyra- 
mid; hence the faces Y^cd^ 
Y^ed must be in shade, and 
Y^cde must be the cast 
shadow. 

It is highly important to notice here, that in solids of the pyramidal 
form it is best in all cases to first determine the shadow cast by the 
vertex, as that must be one point in every trace of the planes contain- 
ing those rays which pass through the line of separation on the solid. 




Fig. 151. 



For want of space, no example is given of simple solids lifted above 
the h. p. In such cases a set of lines, including some of the edges of 
the base and corresponding to those in the upper surface, forms part 
of the line of separation, and these lines have to be orthogonally 
projected before the entire contour of the cast shadow can be com- 
pleted. Such cases, though, present no great difficulty. 



DIVISION 11. 



ON THE SHADOWS OP CURVED SOLIDS CAST UPON ONE PLANE. 

In the case of curved surfaces the line of separation is sometimes a 
curved line. Hence, a totally different treatment to that used for plane 
surfaced solids is rendered necessary. The rays of light, when shisdccL"^ 
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aronnd and npon a curved aurlace socli as a sphere, are either reflected 
from the illuminated portion or pass on nointerrupted. But a certain 
Bet of rayB merely touch the cnrred surface in uugle points, and each al 
these rays is a line contained by a plane which is tangential to that 
curved surface at the contact Hence, in the determination both of 
the line of separation and the cast shadows of solids having curved 
surfaces, reconree is had to many of the principles discussed in our 
chapter on tangent planes. The problems which follow will serve to 
illustrate some of these applications. 



PBOBtKM CCXXX. 



To determine the line of separation and the shadow oast upon 
the horisontal plane by a vertical oy Under and cone; the direction 
of the lays of liffht being g^ven. (Fig. 155.) 

Taking the cylinder first (fig. 155), it is evident that the upper base 
is in the lights and tliat part of the circlo foiming it must be in the 
line of separation. 
Pi-oceed first to pro- 
ject this circle on 
the h. p. Being in 
a plane parallel to 
lillil\ ^ the h. p., this 4urcle 

— «- will, under any con- 
ditions of parallel 
projection, be pro- 
jected asaou-cle. It 
^ is necessary, there- 
fore, to pass a ray 
through <ia and to 
Fig. 1S5. find its h. t. A,. 

This will give the centre of a circle f-g-^, the shadow which would 
be cast by the upper base if the remainder of the solid were 
removed. 

Next draw pp, qq, tangents to this circle and the plan. These an 
the horizontal traces of vertical planes tangential to the cylinder and 
parallel to the given ray. 
Outside of tiiese planes the light is nnintermpted, hence the two 
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vertical lines of contact, whose plans are p and j, and whose elevations 
are shown at jo'j^" and ^y, are in the line of separation of light and 
shade. No further description is considered necessary. 

In the case of the cone it is best to begin by finding the trace of the 
ray through v'v^ the vertex. >This is shown at V^. Then V^e and 
V^/, drawn through this point as tangents to the plan-circle at « and 
y, may be considered as the hoiizontal traces of the two tangent planes 
to the cone, which are parallel to the given ray (because they contain 
a line parallel to it), and between which the light illuminates one side 
of the solid, leaving the opposite side in shade. The lines of contact 
of these planes are ve^vf^ from which vt and vf can be deduced. 
These two lines give the separation contour on the cone. 

Note. — Jf the cone ^oere projected {point downwards) a larger portion wovM he 
in darkness than tvotUd be iUuminaied, 



Problem CCXXXL 

To determine the line of separation and the shadow cast by a 
given sphere, the direction of the ray of light being known. (Plate 
XLVI., figs. 1 and 2.) 

This is a practical application of the principles described in Problem 
CXCI., p. 233, and illustrated in Plate XLVI. The method waa there 
shown which enables one to determine the cylinder which, having its 
axis in a given direction, envelopes a given sphere. 

The rays of light (when parallel) which just pass over a sphere, each 
touching it on one point only, form an enveloping cylindrical surface, 
and the circle of contact of this cylinder is the line of separation of light 
and shade. Reverting to the figure, let the circles having centres c ^nd 
c be the projections of a given sphere, and c't\ct those of a given ray. 
Then the circle of contact of the cylinder and sphere, determined in plan 
and elevation, will separate the light from the shade on the solid, and 
the ellipse (ifbc, which is the horizontal trace of the cylinder, will give 
the shadow cast by the sphere on the h. p., for it is the projection of 
the circle of contact. The details of the solution, having been pre* 
viously described, are not here repeated. 

In the same plate (fig. 2) a cone is shown enveloping a sphere, and 
having its axis parallel to a given direction. Now, if the light pro- 
ceeded from a pointy as from the vertex v'v, this cone, by its circle of 
contact with the sphere, would give the line of separation u.i^\iL \k»v 
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and, as in the previous instance, the cast shadow would be the large 
ellipse which is shown as its trace. 

Problem CCXXXIL 

To determine the line of separation and the shadow cast by a 
cylinder, its axis being inclined to one co-ordinate plane but parallel 
to the other, the direction of the rays of light being given. (Plate 
XiXX., fig. 1.) 

Let the cylinder (axis ah\ cbb) be that which is given, and R'R the 
direction of the rays. 

Tlie circular end having a'a as centre is at once seen to be in shade, 
and the opposite end illuminated. 

The lines EF and GH parallel to the axis, which separate upon 
the curved surface the light from the shade, are the lines of contact 
of two tangent planes, which are parallel to the given ray. To 
determine these, proceed as follows: — ^Assume any point c\c upon 
the axis, and through it draw the projections of a line ci^cd parallel 
to R'R. Next draw the traces of the vertical plane Vmn^ which 
contains the circular base in shade. Determine d'd^ the inter- 
section of the line c'd'.crf, with this plane, and join da. Then this 
line will be the vertical projection of the intersection of the plane 
of the base with another plane which contains the axis and the line 
cd\cd. Hence, as this second plane (because of its containing c'd^ cd) 
is parallel to the rays of light, it must also be parallel to the two 
tangent planes, which, by their lines of contact, give the required 
separation of light and shade. Therefore, the intersection of these two 
tangent planes with the plane of the base must be parallel to a'd^ad, 
and they must also touch the circle of the base in the two extremities 
of the lines of contact. This principle was described in Problem 
OCX VIII., Chapter XIV. Hence if two lines iV and rq be drawn 
parallel to a'd', and tangential to the ellipse which is the elevation of 
the circle in shade, they will be the indefinite vertical {»x>jections 
of the intersection of the two tangent planes referred to with the 
plane of the base, and the points e and ^, where they meet the 
ellipse, must necessarily be in the two parallel lines of separation, and 
these can therefore be drawn at once, the plans being deduced from 
the elevations. 

As this method depends upon the use of a true ellipse, inaccuracy 
may be involved by bad drawing. In this instance the difficulty may 
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be avoided thus : — Construct the circle of the base about the h. t. of 
its plane into the h. p. (see circle, centre A). Determine D, the 
elevation of d\d^ using van as ground line (^ being below XY, D is 
equally distant on the opposite side of mn), and join AD. This line 
represents ad^, ad also constructed into the h. p. about mn. Draw 
IN and BQ parallel to AD and tangential to the circle at E and 
G respectively. Project e from E and g from G, and thence the 
elevations e' and g\ 

The entire line of separation of light and shade includes (referring 
to elevation) e'/', the curve/ p*h\ the straight line h'g\ and the opposite 
curve g'a'e. This entire line is illustrated in the supplementary figure 
3 separated from the elevation. The cast shadow is its orthogonal 
projection on the h. p. The straight lines should be projected first, 
and then the two curves, points of which may be taken at random and 
treated as in the first problem of this chapter. 

Perhaps a simpler solution of the above problem could be obtained as fol- 
lows: — 

First project the cylinder on a plane parallel to the bases, and determine the 
correct elevation of the given ray upon the same plane. Next, draw two tan- 
gents to the circle parallel to the new elevation of the ray. The contact points 
will give at once the vertical projections on the assumed plane of the two 
parallel lines of separation on the cylinder. The remainder of the solution 
would be the same as before. But this method, besides being indirect, would 
not apply if the axis of the given solid were inclined to both planes of projec- 
tioD, whereas the method previously described would be applicable in all cases. 



Peoblem CCXXXIII. 

To determine the shadows, proper and cast, of a cylinder, 
whose axis is inclined to both planes of projection, the direction 
of the rays of light being given. 

The solution adopted for the last problem is applicable in this case, 
the only modification being that the plane of the base will have traces, 
neither of which will be perpendicular to XY, It therefore has been 
deemed unnecessary to explain the solution of this problem further, 
or to illustrate it. 



292 Geometry. 



Pboblem CCXXXIV. 

To determine the line of separation and the shadow cast by a 
cone whose axis is inclined to both planes of projection, the direc- 
tion of the rays of light being given. (Plate LXX., fig. 2.) 

The line of separation must contain two genera-trices of the cone, 
and one of the intercepted portions of the circular contour of the base. 

To determine these generatrices, pass a ray v'i^ vt through the vertex 
parallel to the one given, and find its intersection t\t with the plane 
of the base. From this point draw two tangents to the base circle. 
These will meet that circle in the extremities of the required genera- 
trices. 

In the figure tmn is the plane of the base (determined by Problem 
CXVII., p. 142), and vt\vt are the projections of the ray through 
the vertex, and parallel to B'K, t\t being the intersection of this line 
with the plane of the basa Then the two tangents to the ellipses, 
which are the projections of the base, viz., t'a, ta and t'b\ib, give aa 
and b'b (the points of contact), which are the extremities of the two 
straight lines meeting in the vertex, to form part of the line of sepa- 
ration, the remainder of that line being the uppermost curve included 
between these two points. 

The rationale of this construction may be explained as follows : — 
The ray passing through the vertex is the intersection of the two 
tangent planes to the cone, which, being parallel to the given ray, 
touch the solid along the lines dividing light from shade. The traces 
of these two tangent planes upon the plane of the base are, of course, 
the straight lines touching the base circle and meeting in ihe point 
common to the three planes, t.e., in the intersection of the ray through 
the vertex with the plane of the base. 



DIVISION ni. 

ON SHADOWS, CAST PARTIALLY ON EACH CO-OBDINATE PLANE. 

In each of the cases previously described, the entire shadow has 
fallen upon one or other of the co-ordinate planes. It is now pro- 
posed to consider a few selected instances where the shadow is cast 
partly upon one and partly upon the other. When this is the case, 
tbe two portions of the co-ordinate planes^ which include the first 
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dihedral angle, are treated as if they were opaque, and were capable 
of receiving a shadow, the two parts of which, therefore, necessarily 
meet along XY. 

Problem CCXXX7. 

To determine the shadow cast by a given straight line, the direc- 
tion of the rays of light being known. (Fig. 156.) 

Let ah\ ah be the projections of the line, and It'll those of one ray. 
Pass a ray through 6'6, and find 
its L t. at d. This must be one 
extremity of the shadow on the 
h. p. But if a ray be also passed 
through a ay it will be found that 
it pierces the vertical plane before 
reaching the horizontal. Thus the 
vertical trace of this ray gives at 
e' one extremity of the shadow on 
the V. p. But as the two extre- 
mities must not be joined to give 
the complete shadow, it is necea- Fig. 156. 

sary to determine its direction on one plane, as if the other were absent. 
Thus c is the h. t. of the ray aV, a^^ and cd would be the entire shadow 
on the h. p. if no v. p. were used. The portion df^ therefore, is the 
part really cast upon the h. p., and by joining/ to e the whole is com- 
pleted, for that part is cast upon the v. p. 

In fact, the entire shadow coincides with the traces of an oblique 
plane which contains the given line, and is parallel to the given ray. 




X-. 



Problem CCXXXVI. 

To determine the shadow cast by a vertical prism, the direction 
of the rays of light being such as to throw part of that shadow 
upon each co-ordinate plane. (Fig. 157.) 

Let the pentagonal prism, whose projections are shown in fig. 157, 
be the subject of the problem, and R'B the direction of the light In 
the first place, it is evident that the separation line on the solid 
includes the two vertical edges, of which h and a are the plans, and 
the whole line is completed by the three edges of the upper base, BC, 
CD, DE. If these edges be projected in the usual ^a^^^&^^^^Rx 
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found that B, C, and D, vill cast their shadows on th 
^' E', the 




Fig. 157. 
on the V. p., and FE,, that upon the h. p. 



. p. ; but that 
t of the ray 
through e'e, occurs upon 
the lower portion of 'Ca.% 
V. p. The shadow, there- 
fore, of the edge D£ is 
a broken line, one por- 
tion on the T. p., and 
the other on the h. p. 
This line must be treated 
in the manner described 
in the previous problem, 
i.e., its vertical trace £' 
must be found and joined 
to D]. Then DjF is the 
portion of the projection 



Pbobiem CCXXXVIL 

To determine the line of eeparation and the ehadow out by the 
vertical cone (&g- 108), the direction of the Iig:ht being bo amuiged 
aa to throw part of the shadow on the t. p. 

First, determine the h. t. of the my through the vertex. This will 
fall upon the rear jKirtion of 
the h. p. From this pcont 
draw two tangents to the base 
circle, meeting it in c and d, 
and the ground line in m and 
n. Then em and dn are the 
shadows cast by the lines of 
separation as far as they &II 
on the h. p. Next, deter- 
mine the V. t of the ray 



through the vertex at V. 
S^g- l^- Join this point to m and n to 

complete the entire shadow. Th^i emV, and dnV, are the tracee 
of the two tangent planes to the cone, which are parallel to the 
givm is.y. 
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Probleh CCXXXVIIL 

A oircniar diso toLng bo Bitnate with reg«rd to the oo-ordinate 
planes, that with a ^Tea direotion of parallel rays of light, the 
shadow cast is parti; on each plane, required to determine that 
shadow. (Fig. 159.) 

Every parallel projection of a circle is either a etraight line, a 
circle, or an ellipse. If, tiierefore, 
the rays are inclined to the plane of 
the circle, as in the figure,'_the shadow 
cast on either co-ordinate plane must 
be elliptical in contour. Hence, 
should both planes be concerned in 

receiving this shadow, it evidently 2^ 

must be made up of portions of two 

distinct ellipses. In the figure, 

D^AjEjCj is that which occurs upon 

the h. p., whilst Di,A,iB^jC,i is that 

upon the v. p. These two curves 

meet in XY at p and q. In drawing 

this figure, it is well to remember ^g. ISA 

that the major and minor axis of any ellipse, when projected ortho- 

graphically, always become conjugate diameters of the elliptical 

projection. 

Hence, the horizontal traces of the rays through a'a, b'b, c'c, and d!d, 
are the extremities of two conjugate diameters of the ellipse AjB^OjDj, 
which would be the shadow of the circle if no t. p. were to intervene. 
Similarly, the vertical traces Aj|B|jCjjDj| of ^e same rays deter- 
mine like diameters of the elliptical shadow on the v. p. These two 
ellipses are best completed by the construction explained in Problem 
LXXIX. of the Plane Geometry. If accurately worked, p and q, the 
meeting-points of these, will be found to fall on XY. The student 
will notice that the centre O is shown in both the projections of the 
circle. This is not absolutely necessary, but it promotes the accuracy 
of the work, as the corrugate diameters of the ellipses must pass 
through these two projections. 
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Problem CCXXXIX. 

To determine the line of separation and the shadow cast by the 
cone whose projections are given in Plate LXXL, fig. 1, E'B being 
the direction of the parallel rays of light. 

The cone is so arranged that one of its generating lines is on the 

h. p. The lines of separation on the curved surface are determined as 

in Problem CCXXXIV., but the student must notice that the point 

where the ray through the vertex enters the plane of the base is below 

the h. p., as shown at it. Hence the two tangents to the ellipse in 

plan must be drawn from t (above XY). Having obtained vm and 

vn^ and the corresponding elevations v'm and v'n^ it will be clear that 

the entire separation line consists of these two and the curve nydbn 

(see plan) which connects them. And it would be enough to obtain 

the projections of these three lines to complete the contour of the 

shadow, but in the plate the entire ellipses on both planes have been 

left, so that the student may see the connection of this problem and 

the one which precedes it. 

Note. — The scoriug of the shadow is purposely omitted, except in the case 
of the base, so as to keep the construction lines clear. 



DIVISION IV. 
SHADOWS CAST BY SOLIDS ON OTHER SOLIDS. 

In groups of solids cei-tain of them may cast their shadows upon 
the surfaces of the others. In all cases it is the line of separation on 
the one throwing the shadow, which, being projected on the plane or 
curved surfaces of the others, gives the necessary contour lines. Hence, 
most of these problems are solved by first finding the lines of separa- 
tion concerned, and then passing a series of rays parallel to the given 
one through points in this line, and then finding their intersections 
with the receiving surfaces. These intersections are points in the out- 
line of the cast shadows required. 

Problem CCXL. 

To determine the entire shadows (proper and cast) of the group 
whose projections are given in Plate LXXIL, ^g. 1, the direction of 
the parallel rays of light being indicated by E'R, 

The shadow of the lower plinth on the h. p. being first determined. 
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proceed to discover that cast by the upper one upon the lower; thus : — 
Assume iW as the yertical trace of a new h. p. containing the upper- 
most suiface of the lower plinth, and through the three corners f^f^ 
g'g and h'h pass rays parallel to Bit, and find their horizontal traces 
on the newly assumed plane. Join as shown in the plate. 

The shadow cast by the pyramid requires special care. For the 
extreme planes of light which contain the two sloping edges h'v\ hv 
and d'v\ dv, give distinct traces on each of the three horizontal planes, 
viz., those of the upper surfaces of the blocks and that of the paper. 

To discover these traces, determine the intersections of a ray through 
the vertex v'v, with each of these planes in turn. These are shown at 
^4> ^s> ^2* Next produce the edges 6V, d'v' in the elevation until 
they meet the traces of the successive horizontal planes in p\8* and 
q,V, and obtain the plans of the intersections, as B,tp,8. and q,t on hv 
and dv produced. Join v^ to 8 and ijV^iop and g, and Vg to 6 and d. 
The portions of these lines which fall within the boundaries of the 
upper surfaces of the two plinths within the plan give the contour of 
the shadow cast by the pyramid upon them, for they are the horizon- 
tal traces of the two planes containing the separation lines on the 
P3nramid upon the successive horizontal planes of the lower solids. 

Pboblem CCXLI. - 

To determine the entire shadows (proper and cast) of the group 
(Plate LXXII., fig. 2), H'H being the direction of given parallel 
rays. 

The only part of this problem which requires explanation here is 
the determination of the shadow cast by the square capital upon the 
vertical cylinder. Its contour line on the elevation of the curve sur- 
face is the vertical projection of the intersection of planes parallel to 
the given ray, and containing the edges of the capital which are con- 
cerned in casting the shadow. But as these intersections are curved 
lines, it is necessary to assume a series of rays passing through the 
edges mentioned, and to find where these rays intersect the cylinder, 
thus obtaining points in the curved shadow-line. Taking one case, for 
example, the ray through pj> grazes the edges e^f\ ef of the square 
capital (this edge being included in the separation line), and, according 
to the plan, it is seen to intersect the cylinder at q. Hence, g[ pro- 
jected from q upon p*q^ must be one point in the elevation of the 
shadow-contour. The others are found in a similar manner. 
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The student will see that he need only aasume points between g and 
h to solve the problem, as, beyond those positions, the cast shadow is 
either on the rear portion of the cylinder or is immersed in its shadow 
proper. It is best to ascertain these points g and h at starting, by a tan- 
gent line h,d to the plan-circle and a second straight line hg meeting 
the same circle in 6, the extremity of a diameter parallel to XY, both 
these lines being parallel to R, the plan of the given ray. It should 
also be noted that the ray through the comer e'e. gives the meeting 
point on the cylinder of the two curves. 

The remainder of the solution depends upon principles described in 
previous problems. 

Problem CCXLIL 

To determine the shadow cast by a sphere upon an oblique plane 
given by its traces, the direction of the parallel rays being known. 
(Plate LXXL, fig. 2.) 

This problem requires no new principle for its solution, as the 
shadows which it casts^are merely the projections of the separation line 
or circle of contact on the h. p. and on the given oblique plane vfh. 

To determine the portion of the shadow which falls upon the h. p., 
proceed as in Problem CCXXXI. to discover the elliptical trace of the 
cylinder which envelopes the given sphere, and whose axis is parallel 
to the given ray. Only a portion of this ellipse is required, viz., from 
</ to Cj and /?, where it meets the h. t. of the given plane. 

The shadow upon the plane v'fh^ as it is generated by the inter- 
section of that plane with the enveloping cylinder previously men- 
tioned, can best be found by determining the intersection of straight 
lines on the cylindrical surface with the given plane. 

But as all orthographic projections of a circle must necessarily be 
ellipses (if not straight lines or circles), it is most convenient to select 
four points at extremities of two diameters of the contactn^ircle which 
are at right angles, and through these points to pass rays parallel to 
the one given, and then to determine the four intersections of these 
rays with the given plane, for these points must be at the extremities 
of conjugate diameters of the elliptical projections. The complete 
curves can then be inscribed in rhomboid figures, having their sides 
parallel to these conjugate axes, as has been described in previous 
problems. 

Thua, in the figure c'd', cd and e/, ef are the projections of two 
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diameters of the circle of contact. The rays passing through c'c^ d'd^ 
e'e and // meet the plane (Problem CIX., Chapter VII.) in k'k^ 
m'm, r\r and 8 a; and the rhomboids 1, 2, 3, 4, and 5, 6, 7, 8 are used 
to obtain the two ellipses which are the plan and elevation of the 
shadow on the given plane. Only those portions of the ellipses are 
required which occur above the h. p. The two portions of the shadow 
should, of course, meet on the h. t. fK 

Problem CCXLIII. 

To determine the shadow cast by a vertical cone on a horizon- 
tal cylinder^ K'R being the direction of the parallel rays. (Plate 
LXXIIL, fig. 1.) 

First obtain the projections v'd\ vd and v'c\ vc of the lines of sepa- 
ration on the cone. The tangent planes to the cone, of which these 
are the lines of contact, will give, by their intersection with the cylin- 
drical surface, the outline of the required shadow. 

Draw two tangents to the circle which is the elevation of the 
cylinder, parallel to* K'. These meet the circle in a' and h', the eleva- 
tions of the separation lines on the cylinder. From these points obtain 
aa and hb in plan. Further, these tangent lines cross the elevations 
vd' and v'c\ giving two points upon each line, and only between these 
points are the separation lines on the cone concerned in casting a 
shadow upon the cylinder. Thus, in the case of vc' this part lies 
between V and 6' in elevation, and between 1 and 6 in plan. 

Assume, therefore, a series of points in the projections of this 
portion as 2'2, 3', 3, 4', 4, eta, and through each of them draw rays 
parallel to R'll. These i-ays will be seen to intersect the cylinder at 
certain points, as shown by their elevations, and from these elevations 
the plans 1^, 2^, 3^, etc., can be deduced. The rays through 1 and 6 are 
tangential to the plan curve on the cylinder, and it is better to make 
a horizontal section of the cone at T, and thence deduce the point 1 by 
the circle passing through e, rather than to obtain 1 from 1' directly, 
as any inaccuracy in finding point 1 destroys the use of the tangent 
through it in filling in the curve. The same remark appUes to the 
point 6. 

To discover the exact position of the point of contact of the shadow- 
curve with the straight contour line in plan, proceed as follows : — 

Through p in the elevation draw a special ray to meet vc and vd' 
in q* and r' respectively. Thence obtain q and r in plan (h^ <s.vt^xiJi58ct 
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sections of cone). Through these points draw the plans of rays parallel 
to R to meet the cylinder in 'p and 'p* 



Problem CCLXTV. 

To detennine the shadow cast by a vertical cone on a vertical 
cylinder, K'K being the direction of the parallel rays of light 
(Plate LXXIII., fig. 2.) 

The principles of construction employed in this problem are similar 
to those described in the previous one, and do not require special 
explanation. All the necessary lines are left in the plate, so that the 
student may be able to follow the working throughout. 

Note that a small portion of shadow is cast upon the upper surface 
of the cylinder. 

The limits of the plate prevent the whole of the shadow upon the 
h. p. being shown. 

EXERCISES. 

In these exercises the direction of the rays of light is to he assnmed as making 
45" with XY, both in plan and elevation, without it be otherwise stated; the 
elevation proceeding from the top left-hand comer, and the plan from the 
bottom left-hand corner of the paper. This will save cumbersome explana- 
tion. 

1. Determine the shadow of a square pyramid, axis vertical and apex on the 
h. p. Other conditions at pleasure. 

2. After obtaining the projections of a cube, in a position where none of its 
edges are horizontal, determine the shadow it casts upon the plane or planes of 
projection. 

3. Draw the projections of a horuontal cylinder and those of a straight line, 
inclined to both planes of projection; the line to be above the cylinder. Deter- 
mine the shadow of the line upon the cylinder. 

Hint. — By rays through two points in the given line discover the h. t. of a 
plane parallel to the given ray and containing the given line. Next determine 
the projections of the section of the cylinder made by this plane. 

4. Arrange a straight line and vertical cone as in last question, and determine 
the shadow of the latter on the former. 

5. An octahedron of V edge rests upon a square slab 4" x 4" x 1", with one 
face on the upper surface. Obtain the shadows of the group. 

* The shadow of the cylinder on the h. p. is purposely omitted. 
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6. A circular slab is so arranged that its faces are parallel to the h. p., but 
above it. A cylinder lying upon the h. p. has its axis perpendicular to the 
V. p., and is so placed as to receive part of the shadow of the slab. Complete 
the projections of the shadows proper and cast. 

7. Two adjacent edges of a tetrahedron, edge 2*5", are inclined at 25° and 
33° respectively. Determine the plan and the shadow cast upon the h. p., 
the rays of light being parallel and inclined 35°. — (Goo{>er's Hill Engineering 
College Exam. 1874.) 

8. Draw a circle of 1* radius and take a point 2*5* from its centre. The 
drcle is the plan of a sphere resting on the h. p. ; the point is the plan of a 
luminous point 4" above that plane. Show the shadow of the sphere cast on 
the h. p. by rays of light diverging from the point. — (May Exam. 1870.) 

9. A solid is formed by the junction of a right cone and a right cylinder. 
Diameter of the base of each, 2*5''; axis of cylinder, 3"; of cone, 1*75". Draw 
plan of the solid when the base of the cylinder touches the h. p., and the com- 
mon axis is inclined at 59°. Add the shadow thrown by rays of light, making 
in direction an angle of 40°, with the plan of the axis, and having an inclination 
of 55°. 

Note. — The separation lines on the oone do n&t meet the separation lines on 
the cylinder. Treat each solid as a distinct case. 

10. A sphere of 2*5" diameter rests on the h. p. Its shadow, produced by 
rays of light diverging from a luminous point, is a parabola, the distance between 
whose focus and vertex is *75". Determine the position of the luminous point 
and draw a part of the curve. — (May Exam. 1875. Honours.) 

Hint. — ^The point must be at the same height as the highest point of the 
sphere, as the h. p. then cuts a oone of light parallel to one of its generatrices 
(see chapter on Parabola). The position of the luminous source may be deduced 
by the principles explained in the problems on the sections of the cpne. 



CHAPTER XVL 

ON ISOMETRIC PROJECTION. 

If a cube be so placed that its diagonal is perpendicular to a plane of 
projection, the three faces meeting in the lowest point will evidently 
be equally inclined to that plane, and as each of the other three faces 
is parallel to one of these, the whole of them must necessarily have 
the same inclination. 

Similarly, the three edges meeting in the same point, and forming 
the solid right angle, will also be equally inclined,* and as each of the 
others is parallel to one of these three, the inclination of any one is 
that of them all. 

But equally inclined lines are equally foreshortened in their projec- 
tions upon the same planes ; hence, if 1 inch be measured along each 
of the edges of the cube, the projections of these measured lengths 
must also be equal. 

Professor Farish of Cambridge suggested that advantage might be 
taken of these facts, to establish a system of projection where, from one 
drawing alone, the three rectangular measurements — ^length, breadth, 
and thickness — might be directly deducible. 

This system of pi'ojection, which is called isomekrical, has one disad- 
vantage. It will only apply to those figures and solids which are 
rectangular in form. But its utility is not greatly compromised by 
this fact, for nearly all mechanical structures are arranged about three 
principal axes mutually perpendicular, and their main lines are gene- 
rally parallel to these, so that those measurements which are of the 
most importance can readily be taken from their isometric projections. 

The foundation of the system is the ordinary orthographic projection 
of the edges of a solid right angle upon a plane equally inclined to the 
three intersection lines forming it. Their isometric representation 
consists of three lines meeting in one point at equal angles of ^^^°, or 
120°. Hence, in starting to make an isometrical representaticHi of any 
suitable object, the setting out of these three lines must necessarily be 

* The inclination of the edges is not that of the faces. 
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the first proceeding. They are called the Isomeric Axes, and their 
intersection is the '' regulating point'' 

On all lines parallel to these three, equal measurements correspond 
to the same length on the lines in the object thej represent, but this 
is not true of any others, as will be noticed in the case of the cube. 
Hence, the want of applicability of this kind of projection to forms 
other than rectangular. 

Any plane parallel to two of the isometric axes is called an isometric 
plane. 

Problem CCXLV. 
To project a cube (r side) isometrically. (Fig. 160.) 

This problem is, as has been previously explained, identical with the 
determination of the plan of 
the solid when its diagonal 
is vertical. Let A represent 
the projection of the vertical 
diagonal. Draw AC, AB, and 
AE, each making angles of 
120^ with the other two. 
From the principles already 
explained, it is clear that 
these three lines must be the 
indefinite projections of the 
three edges meeting in A, 
the upper extremity of the 
diagonal. At its lower ex- 
tremity Aj^, three other edges 
meet, and each of these is in 
the same vertical plane as one of the three already drawn. Hence A6, 
AC, and AD, being produced, the dii-ections of the indefinite projections 
of the three lower edges are known. The student should be careful 
to note, that when the diagonal of a cube is vertical, there are three 
planes which bisect the cube, and contain two of its edges. Thus, 
AH and AB are contained by one such plane. 

Next, to determine the length upon these projections which corre- 
sponds to I'' on the edges of the cube. 

Conceive of a vertical section of the solid containing AB and AH. 
Such a section would, in true shape, be a rectangle, two of whose 




Fig. 160. 
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opposite sides would be AB and AjH, whilst the other two would be 
the diagonals of the faces A^DBF and ACEH, and the diagonal of this 
rectangle would be AAj, that of the entire solid. 

The section is shown in ^g, 161, constructed as follows : — AB and 

BF, each 1" long, are 
drawn perpendicular to 
each other. Then AF 
gives the length of the 
diagonal of a face. The 
rectangle ABAjH is 
then made upon AB, 
AH being equal to AF. 
This completes the sec- 
tion. 

Join AA^, and draw 
X Y perpendicular to it ; 
and from B let fall B6, 
A, ' I " «^80 perpendicular to 

Fig. 161. XY. Now, consider the 

rectangular section with regard to XY, as indicating the position of 
that section in the solid relative to the h. p. Then A^6 must be the 
length of the projection of AB ; and the ratio of these two must be 
that which is constant in all cases of isometrical projection. Draw 
BG perpendicular to A Aj. Then BG is equal to A^ft. 

But ABAj^ and ABG are similar right-angled triangles, for the 
angles in each are the same. Hence, AA^ : A^B : : AB : BG, but 
AAj : AjB :: Js : J2' (Euclid i. 47) .-. AB : BG, or to Ajft, as ^3' 
: ^, The inclination of the edges is therefore given by the equation, 

cos. e = ^^, or about 35° 16' and that of the face is 90**-e^ or 

54° 44'. ^ 

It is highly important that this numerical relation should be 
thoroughly understood, as it is the basis upon which the isometric scale 
is constructed. To complete the projection of the cube (fig. 1 60), measure 
off upon the six radiating lines a distance equal to A^^, and join as 
shown. The diagonals of the faces are not projected of equal 
length. Thus BC is greater than AD. This is be<»ruse BC is a 
horizontal of the isometric plane containing it, whilst AD is a line 
having the full inclination of that plane. Hence, measurements cannot 
be taken from such lines by a single scale. This proves the remark 
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pravionaly made, that this kind of projection u only servioeable in the 
delineation of rectangular forms. 

The right angles which meet at A are all prcgected as 120°, and the 
other light angles become either 120^ or 60°,* 



Frobleu CCXLVX. 

To coDBtruot an Isometrio Boale Bltowlaff inohu divided into 
eigbtlis and tenths. (Fig. 162.) 

As any real length is to its isometrio projection :: Ji; ^, an 
ocdinarjr scale ia to its corre' 
spending isometric scale intho 
same ratio. Hence all that 
solve this pro- 
is to compare two 
d lengths in the proper 
proportion to each other, and 
thenbythe principle of simikr 
triangles, or hy actual divi- 
sion, to obtain the smaller or 
larger units of the scale i 
quired. 

Beferring to fig. 162, draw ) 
any two lines, AB and BC, ' 
perpendicular to each other Fig. 162, 

and equal in length. Join AO. Then AB : AO = 1 : ^ (£ucUd 
L 47). Make AD equal to AC, and at D set out DE perpen- 
dicular to AD and equal to AB. Join AB. Then AE : AD as 
J3 ■ J2, tuid any length measured along A£ being taken to represent 
a real dimension, its isometric equivalent can at once be found on AD 
by parallels to DE. Hence any ordinary scale, like the one shown, 
where standard inches are divided into eighths, can be transferred to 
the isometric line directly, or one single unit may be so treated, and 
the remainder of the scale completed by actual division. The isometric 
tenths are given comparatively in the lowest scale. 

At times it is necessary to show isometric scales having a repre- 
sentative fraction, such as -^^ or ^'' to 1 foot, etc. In such cases the 

* It ia Diuol Id practioe to take sdvantaga of the 60* set Bqiure, and the T 
•^nare for setting oat the direction* of Vba iaometrto azsa. 
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ordinary scale mnst first be drawn on AE, and the isometric one 
corresponding to it can be deduced at once on AD. 

For instance, if the small divisions on the lowermost scale were read 
as feet, the representative fraction would be ^^rr ^^ ^^ ^'^^ ^ ^ inf^ 



As from the principles of Isometric Projection the same length 
measured upon either axis corresponds to one length on the object, it 
is clear ika,t a reducing 8CcUe nuiy be totally dispensed wUh^ and then 
the measurements taken along these axes would be the actual dimen- 
sions on the solid represented. This does not alter the form of the 
drawing. But it must be remembered that, if this plan be adopted, 
the projection is that of an object larger than the one it represents. 
But the great advantage of being able to apply an ordinary scsde to the 
drawing, without reference to a second one, more than compensates 
for the evil mentioned. 

The drawings illustrating this kind of projection in the Book of 
Plates are in all instances but one, which will be noted, worked without 
the isometric scale. 



In Plate LXXIY. several examples are given illustrating the usual 
class of objects to which this kind of projection is most frequently 
applied. 

In fig. 1 two rectangular timbers are shown meeting at a right angle, 
and jointed by '' halving,'' like wall plates, to receive the ends of joists 
supporting a floor. The drawing speaks for itself as to the method of 
obtaining the lines. 

In fig. 2 a mortise and tenon joint is shown, the tenon being free 
from the mortise. To the representation of this kind of structure 
isometric projection is particularly applicable. ' 

In ^g, 3 a group of two square plinths and a superposed pyramid is 

given. The dimensions are placed upon the drawing, and the scale 

/a 
adopted is -^j^ after being reduced to the proper isometric ratio of ^ 

— i,e,y the scale of tenths in ^g, 162 has been used for this drawing, 
the divisions being assumed to represent feet. The Student will see 
that to obtain the small square, which is the base of ihe upper plinth, 
the measurement of its sides is taken along the edges of the upper 
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surface of the lower block, as at ah, leaving equal distances at each 
endy and that the whole is completed by drawing parallels to these 
edges. The sloping lines of the pyramid not being parallel to the three 
isometric axes, their measurements cannot be taken along their pro- 
jections. Hence the apex is determined by projecting the axis of the 
solid, and by cutting off the length of it from that projection. 

Fig. 4 represents a box with lid half open, and furnished with a 
separating vertical partition. The small squares ahcd and e/gh are used 
to obtain the lines representing the inside edges, so that the lid and the 
bottom of the box may each have a thickness. Students sometimes 
draw this object incorrectly, leaving no thickness at all at these places. 

In fiig. 5 a regular octagonal prism is shown by its isometrical 
projection, and although this kind of drawing is not applicable to any 
but rectangular forms, yet it is frequently necessary to project such 
solids in the midst of a complicated arrangement. Thus hexagonal 
nuts must be shown in the isometrical projection of a plummer-block. 

To draw the subject, commence by constructing an octagon, and 
circumscribe it by a square, as in fig. 5a. Determine the isometrical 
projection of this square, and on its edges mark off the comer of the 
octagon. The long edges of the prism, being perpendicular to the 
plane of the octagon, are projected as parallel to that isometric axis 
which does not enter into the construction for the circumscribing 
square. 

In all cases where it is necessary to discover the isometric projection 
of an object not rectangular in form, it must first be surrounded and 
intersected by lines at right angles to each other, so arranged as to 
catch each of its comers. Then these lines being projected as usual, 
they, by their intersection with each other, give the projections of 
the angular points in the irregular figure required. 



Problem CCXLVII. 
To detennine the isometrioal projection of the circle. (Fig. 163.) 

When a circle is inclined to a plane, its projection upon that plane 
is an ellipse, the major axis of which is equal to the diameter, and. the 
minor axis varies with the angle of inclination. Hence the isometric 
projection of the circle is an ellipse, and as the plane of projection 
makes a fixed angle with the plane of the circle, the minor axis must 
bear a fixed relation with regard to the major. For the latter is the 
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projection of a horizontal diameter, and the former is that of a second 
diameter perpendicular to the first, and which, being inclined fullj as 
much as the plane, becomes the most foreshortened. 

MR B KN 

3. 




Fig. 163. 
Hence the minor axis is in length equal to the diameter of the circle 

multiplied by — T=(the cosine of the angle of inclination) . But although 

the above facts are sufficient for calculation, the circle is seldom or 
never projected from these data. It is generally circumscribed by a 
square. This square is projected isometrically as a rhombus. Then, 
by the aid of the corresponding diagonals and diameters in the two 
figures, points are determined in the required ellipse ; or, in other 
words, the latter is inscribed in the rhombus. 

Referring to the figure, let ABCD be the circle to be projected. 
Draw MNPQ, its circumscribing square, with its diagonals and 
diameters. These will divide the circle into 8 equal parts. Through 
EH and FG draw two lines parallel to the sides of the square, 
as KT and KS. Next project the square isometrically, as * at 
MjNjPjQj. (The isometric scale must, of course, be employed to 
obtain the lengths of the sides of the rhombus). Join M^Pj and NjQ^. 
These lines represent the two diagonals of the square. Bisect the sides 
of the rhombus, and join A^C^ and B^D^. These represent the two 
diameters of the circle. Hence A^B^C^D^ are four points in the 
required ellipse. Then mark off on PiQi two distances, P^Sj^ and 
QjTj, whose lengths are equal to PS and QT isometrically reduced 
according to scale. Draw through T^ and S^ lines parallel to M^Q^ 
and Nj^P^, to intersect the diagonals in E^F^G^ and H^. These four 
points are the representations of EFG and H in the original drawing, 
and hence they are points in the ellipse. Draw the curve in by 
hand. 
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The lines A^C^ and B^D^ are called the Isometrkdl DiameUrs of the 
circle. 

With regard to the relative numerical magnitudes of the principal 
lines in this ellipse, it is interesting to note that the major axis F^H^ 
is equal to the diameter of the circle (as previously explained). Further, 
as the angle EiH^Oj is one of 30°, £^0^ is half of HjEp and hence 
HjOi : EjOi as ^yS : 1 (Euclid L 47). This is the relation, therefore, 
of the major axis to the minor. 

From Aj draw A^a perpendicular to O^y Then from one of the pro- 
perties of the ellipse O^E^ is a mean proportional between O^M^ and 
Oa; but OjMj is equal to O^A j (O^AjMi being an equilateral triangle). 
Hence {0{E^^^ = Oa.OAp But O^a is half of O^hi.^ or half of O^k-^. 

Therefore (OiE^)^ = \(0^k^Y, or 5^ = ^ and OiE^ : O^Ai : : 1 : ^. 

The three main lines, Oj^E^, O^Aj and OiH^, are thus proved to be 
in magnitude in the ratio ^3 : <^ : 1. 

The area of the ellipse is to the area of the circle, of which it is the 
projection, as <^ : 1, for they are proportional to the circumscribing 
rectangles, which in the case of the circle is a squai^e 1 by 1 (1 being 

the diameter), and in that of the ellipse it it is 1 by —i=r (see above). 

Problem COXLVIIL 
To determine the isometrical projections of a cylinder. 

This problem is given to show the 
student a very direct way of projecting 
a circle, which is merely a modilication 
of the principles just discussed. Let it 
be assumed that the cylinder is to be of 
1" diameter and 2" long. Draw a6, 1" 
long, and on it describe a semicircle alh. 
Draw oC perpendicular to ah^ and bisect 
the right angles. At G and F draw CD 
and CE, tangents to the semicircle, to 
meet ah produced in D and E, and ol 
in C. At D and E set out two lines, 
making 30° with ah and meeting on 6L 
From F and G di-aw 1/ and G^ per- 
pendicular to ah, to meet EK and DK 
in /and g. At a set out a parallel to 
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DK meeting OK in t. Then a, h^f^ g, and i are points in the semi- 
ellipse which is the isometric projection of the semicii'de, and the other 
half can be 'deduced from this one. 

Instead of using the same construction for the other ellipse, a series 
of generatrices of the cylindrical surface can be drawn through the 
points determined in the upper base, and the length which represento 
2" isometrically projected can be taken off each line ; the extremities 
thus giving points in the second ellipse. 

It should be noticed that, in the above construction, DOE is one- 
half the circumscribing square; or, in other words, the semicircle and 
the square are constructed about DE into a vertical plane. The solu- 
tion of the problem is the folding of these figures into an isometric 
plane. 

In Plate LXXY. some examples are given of the application of 
isometrical projection to the representation of solids having curved 
surfaces 

Fig. 1 represents a cube with a frustum of a cone projecting at 
right angles from one of its faces. 

The points of the circle' inscribed in the rhombus A'B'C'D' are 
obtained from the square A'B'CD in the usual way ; but the student 
must, if he adopts this plan, be careful to remember that the ellipse he 
obtains is not the projection of the circle in this square, but of a larger 
one. But as the rhombus is already drawn the method shown is not 
objectionable, as the result is the same as if he had deduced the curve 
from the original circle. This ellipse being the projection of one base, 
the second one can be obtained thus : — In the true square, and con- 
centric with it, draw a circle whose radius is equal to that of the 
required base. Circumscribe this circle by a parallel square, MNPQ. 
Determine the projection of this square upon the face A'B'C'D'', as at 
mnpq, and regard each of the corners as new regulating points 
from which lines mM', nN', etc., can be drawn parallel to the 
appropriate isometiic axis, and from which the length of the frustum 
can be cut off This determines the projection oi the square on the 
new isometric plane, in which that of the reqidred circle can be 
inscribed. The two remaining lines are tangents to both ellipses. 



Fig. 2 is the isometric projection of two equal semi-cylinders whose 
axes are at light angles and in one plane. The oonstraotion needs 
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no detailed descriptioiL The intersection of the solids forms two 
curved lines. One of these cnrres being perpendicular to the 
isometric plane of projection, it is shown as a straight line, whilst 
the other curve, being in a plane parallel to it, is projected in its true 
form. 

The intersection points of the latter are formed by tracing hori* 
zontal lines of the same height upon the cylinders, until they meet. 
Thus, the line through b meets the line through b' in G, and that 
through d' in N. 

In fig. 3 the plan, elevation, and profile view is given of a solid, 
which may be described as follows : — Its plan is a circle of 3" dia- 
meter, its front elevation is a square of 3^^ side, and its side eleva- 
tion is an isosceles triangle, whose base and altitude are each 3*^ 
long. 

A model to illustrate its form may be made thus : — Obtain a 
cylindrical piece of wood 3" in diameter and 3" long. Then cut the 
solid through the diameter of one end, so that the plane of the cut may 
meet the extremity of a diameter on the other end, perpendicular to 
the first one. Repeat this cut on the opposite side, and the result will 
be a block which will pass through and yet fill a circular hole, a 
square hole, or a triangular one, according as to which part is parallel 
to the plane of the aperture. 

Fig. 3 gives the orthographic projections of such a block, the circle 
AEBF being the plan, the square ABDC the front elevation, and 
the triangle EFC the profile view. 

In i^, 4 this block is isometrically projected without the use of the 
scale, t.e., all the dimensions on it are real, and not, as they theoreti- 
cally should be, isometrically reduced. 

The ellipse A'F'B'E' is obtained in the usual manner. At A' and 
B' the two lines A'C and B'D' are made 3" long, or equal to AC 
and BD in the front elevation, and then C being joined to D', the 
projection of the upper edge is determined. The points E' and F' 
give the positions where the two sloping planes are tangential to the 
base circle. 

To determine points in the curves which are the projections of the 
two elliptical faces, proceed as follows : — 

Divide the original circle into 16 equal parts, and upon the trian- 
gular elevation deduce by projectors from the division marks the 
heights of certain points on the two semi-ellipses. Thus, from I and 
YII we learn that the heights of the points of the elliptical Qd^!& 



312 Geometry. 

verticaUj over these positions are equal to pC, and at II and YI 
to qa\ 

Through all the points of division draw parallels to the sides of the 
circumscribing square, and show on the isometric rhombus the projec- 
tions of these parallels, thus finding the points on the ellipse corre- 
sponding to those on the base circle. At these points raise lines 
parallel to A'C, and cut off the proper length on each, as described 
above, and draw the curves through the points obtained. 

In Plate LXXYI. an excellent example of the application of 
isometric projection is given. In a double-framed floor the parts are 
arranged in planes mutually perpendicular. Hence an isometrical 
projection of such a construction is valuable, as giving a very clear 
conception of the relation of one part to another, and as providing a 
means whereby the workman can obtain all the principal dimensions. 
It is inserted in this work more to render the student familiar with 
the practical application of the subject he is studying than to add 
another geometrical exercise to those already given. 



EXEBCISES. 

1. Draw an isometric projection of a brick; dimensions, 9^ x 4}" x 2}^ Scale, \* 
Use Scale. * 

2. Draw an isometric scale of A to show feet long enough to measnre 35 feet 

% Required the isometric projection of a ladder 50 ft. long, and of the nni- 
lorm width of 3 ft. Scale, 10 ft. to 1 in. Rungs and sides to be represented 
each by a single line. Three lirngs only to be shown dividing the length of the 
ladder exactly. (Royal School of Mines, 1875.) 

4. A circular mass of 2 ft. diameter and 4 in. thi<& has a hole through its 
centre 8'' square. Draw its isometric projection. Scale %. Use Scale. (May 
Exam. 1872.) 

15. Draw an isometric projection of an octahedron of 3^^ edge— (t.e., so that its 
three axes are so projected). 

6. Determine the form of the curved figure whose isometrical projection is a 
circle. 

7. Draw the isometric projection of a box without a lid. The height of the 
box is 1 '5^ the base is 41' x 2*5", and the bottom and sides are '25'' thick. It is 
to be projected in such a way as to show the interior of the box. (May Exam. 
1877.) 

* Where the words ''Use Scale" are inserted after an ezerdse, the student 
is to understand that real dimensions are not to be directly taken on the isome* 
tao linea, bnt an isometric scale is to be used. 
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8. Two cubes, edge 1*5*, rest on the h. p. T apart, with a vertical face in 
one parallel to a vertical face in the other. They are spanned by a semicircular 
arch springing from and covering exactly the highest horizontal faces of the 
cubes. Draw an isometric projection of the whole. (Royal School of Mines, 
1876.) 

9. Make an isometric projection which will explain the method of attaching 
the bridging and ceiling joists to the binder in a double floor. Scale J. (Cooper's 

Hill Exam. 1875.) 

* 

10. State and show by a figure what is the proportion between a real line and 
its isometric projection. (May Exam. 1875.) 

11. Draw the isometric projection of a cube with another equal cube attached 
to each of the faces of the first one. (May Exam. 1878.) 

12. A block 9" by 4*5" by 3" has a semicircular groove through its entire 
length cutting half through its thickness, and with the centre of the groove 
coinciding with the long centre line of a large face. Draw an isometrical pro- 
jection of it. Scale J. Use Scale. (Hoyal School of Mines, 1877.) 



CHAPTER XVIL 
ON THE SOLUTION OF THE SPHERtCAL TRIANGLB. 



) circles, and if tliej contain 




-All the plane sections of the aphei 
the centre they are great circles. 

The figure formed upon a spherical surface by the intercepted arcs 

of three great circles which meet, and 

whose planes hare only one point {&e 

centre) in common, is called a fpkerieal 

. triangle.* This is illostrated in fig. 165, 

1 the triangle ABC being generated by arcs 

I of the three great circles AM, CL, and 

BN. 

The three section planes which gene- 
rate the great circles form at the centre 
of the sphere a trihedral angle "'milHr to 
Fig. 165. that which exists at the comer of a trian- 

gular pyramid, and their intersections are known as the edgei of tJiis 
angle. Consequently, a apberical triangle always subtends a com- 
panion trihedral angle at the centre of the sphere. 

A simple model 
wherewith to illos- 
trate the principles 
involved in the ep- 
pllcation of Practical 
Geometry to the so- 
lution of the Spheri- 
cal Triangle can be 
readily prepared by 
first cutting a piece of 
Rg- 16& cardboard into the 

form of a sector of a circle (A'OA', fig. 166), and then folding it 
along two radii, bo selected that the free straight edges shall meet 
Then the curves AB, BC, and CA will represent the ni«» of the 

* Only great circles of the sphere are concenwd in the genentiim of Bphericd 
triui^eB. 
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spherical triangle, whilst the pyramid-like corner at O will illastrate 
the corresponding trihedral angle. 

The arcs or sides of the figure are not estimated in terms of linear 
measurement, but bj the plane angles they subtend at the centre 
between the adjacent edges of the trihedral angle. Thus the side AC 
would be expressed by the number of degrees in the angle AOC* 
Hence these angles are called the bHqb of the triangla 

The angles of a spherical triangle, i.e., those included between the 
arcs forming it, are measured by the number of degrees in the plane 
angles included between the tangents at their points of intersection. 
Thus the angle at is that which exists between CT and CTF (these 
lines being the tangents to CB and OA at 0). 

But it is evident that CT and CT' being perpendicular to the edge 
CO (for CO, a radius, is normal to all tangents to the spherical surface 
at C), this is equivalent to determining the dihedral angle between 
the contiguous faces COA and COB. And thus it appears that the 
solution of the spherical triangle is identical with that of its tiihedral 
angle. Therefore, in all problems connected with this subject, the 
data are given and determined in respect to the trihedral angle, 
although spoken of as appertaining to the corresponding spherical 
triangle. 

System of Notation. — Kemembering these facts, it is easy to under- 
stand that if A, B, C denote the angular points of the spherical triangle, 
and a, 5, c the curves forming its relatively opposite sides, that the 
former letters will refer to the angles between the faces of the tri- 
hedral angle, and the latter to the plane angles between its edges. 

In finished drawings, it is usual to distinguish the given data by 
small arcs described in the angles in firm lines, whilst those which 
were to be determined are furnished with similar arcs dotted. 

Properties of the Spherical Triangle : — 

1. Any two sides must together be greater than the third side. It 
is necessary to observe this fact in making the modeL (Fig. 166.) 

2. The sum of the three sides must not exceed four right angles. 

3. The three angles together must exceed two right angles, and be 
less than six. 

4. Each angle must be less than two right angles. 

* The linear measurement of the arc is connected with this angle by 

the equation x = -— vr where ^=the angle and r= radius. 

loO 
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Pig. 167. 



The poles of a great circle are the points ia which a straight line, 
perpendicular to its plane and passing through its centre, meets the 
spherical surface. Every great circle, therefore, has tu>o poles. 

If one pole of each of three great circles which generate a spherical 

triangle be so selected thai they all lie loioardt the same parU, the great 

' circles passing through these poles will give rise to a second spherical 

triangle, called, with reference to the first one, its " Polar Triangle," 

the original figure being known aa the " Primitive." 

Thus, in Gg, 167, A', B', and C are poles of the circles generating 
the triangle ABC. Then A'B'C, a second 
triangle, consisting of arcs of great cirda 
passing through these three points ia the 
L polar of ABC, and conversely ADC is the 
\ polar of A'B'C These two triangles 
I have an important property in common. 
7'/i« aidee of the one are the tupple- 
tnentt of the anglee o/the other.* 

Thna, for instance, if a, h, and e be 40°, 
60°, and 50° in a primitive triangle, the 
angles of its "polar" will bo A'= 180"- 
40°, or 140°; B'- 180° -60°, or 120"; and C'= 180=-50°, or 130°. 

Hence, ^e one figure is sometimes described as supplemental to the 
other. 

It follows, therefore, that the two trihedral angles subtended at the 
centre of the sphere possess the same relation, and hence are mutually 
polar, the one to the other. ^ 

" To iJlnstrato this, arrange a dm{^ 
model, as in fig. 168, and conceive a pmnt 
O', not contained by either of the three 
sides AOB, BOO, AOO. Imagine three 
stra^ht lines to pass through this point, 
each of them perpendicular to one of 
the sides, like A'O', B'O', and CO. The 
solid angle thijB formed at 0' would be 
polar to that formed at O, for ^eee 
three lines would be parallel to those 
diameters of the great circles which 
generate the angular points of the corresponding spherical triangle. 

* For proof of tliis property, reference ahoutd be made to a comptnion volume 
ot iMa series on Pare MaUiematics, by B. Atldna. 




On Spherical Triangles. 317 

As there are three sides and angles to the figure, any three of which 
being given the others can be determined, it follows that there are 
six cases for solution, which maj be tabulated thus : — 

1. Given the three sides, or from a, 6, and c, to determine A, B, and C. 

2. Given two sides and the included angle, or from a, 6, 0, to detenmne 

A, B, and c. 

3. Given two sides and the angle opposite to one of them, or from a, h. A, 

to determine B, C, and c, 

4. Given one side and the two adjacent angles, or from &, A, 0, to deter- 

mine B, a, and c. 

5. Given one side, its opposite angle and an adjacent angle, or from &, B, A, 

to determine a, C, and c. 

6. Given the three angles, or from A, B, and C, to determine a, 6, and c. 

Of these six cases, the first five are capable of direct solution con- 
veniently, but the other one can best be solved indirectly by the aid 
of its polar tiiangle, as will be explained. 

The student is strongly recommended to use a cardboard model, as previously 
described, whilst studying each of the cases which follow. 



Problem CCXLIX. 
Case 1. Given the three sides. (Plate LXXYIL, figs. 1 and 2.) 

lat Example {fig, 1). — Let the three given sides be a = 27**, 6 = 35®, 
c = 32°, the sum total being less than two right angles. 

Commence by setting out the three given angles in succession as at 
0, and consider the drawing to represent the sides developed in the 
plane of one of them (5) in the same manner as the sides of the 
pyi-amid are treated in Plate LIL, fig. 2. Next, conceive c and a to 
turn upon the lines OA' and 00'* towards each other, until their free 
edges meet. Then any two points, as e' and e, which, being one upon 
each of these free edges, are equidistant from O, must coincide when 
a and h are in their correct position, and be contained by their 
common intersection. And as they must move in vertical planes, 
perpendicular to the lines OA' and OC, draw through them e'/?, cp, to 
represent the traces of these planes. Then p must be the projection 
on the plane of the side h, of a point in the intei'section of a and c, 
and op is the plan of an edge of the trihedi*al angle. At p draw pp", 
pp\ perpendicular to ep and ep respectively, "With g as centre, radius 

* Dashes are added to the letters to prevent confusion as regards A and C, 
the angles to be determined* 
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ge\ describe an arc to meet j9p^ in j^". Join g'p^. Then is the angle 
included between the £Eu;es a and 5, for 'p^gp is a section of these two 
planes taken at right angles to both and folded about ep into the 
plane of 6. 

(The aid of the model to show this is most advantageous.) 

The angle A is determined in a similar manner. 

The third angle B could be obtained by the construction described 
in Problem CXIV., Chapter VII. But it is geneitilly solved as fol- 
lows : — Draw any straight line perpendicular to o^ as mn, and consider 
it as the ti-ace, on the plane of 6, of a section plane perpendicular to the 
faces a and c, ie., to their intersection. At m, and n set out mt and 
n^, making right angles with OB" and OB' respectively. Then these 
two lines represent on the developed sides a and c, the traces of the 
section plane previously adverted ta Hence, a triangle made np of 
mn, mi^ and rd^ will give between mJt and rd the required angle between 
the two faces. This is most conveniently drawn by taking ni and n in 
turn as centres, and describing arcs through t^ and t to meet in f. 

Note that ot and ot^ are necessarily equal, and that f must fall 
upon the intersection op. 

Thus A, B, and C are the three elements of the spherical triangle 
which were to be determined, as they are the angles between the faces 
of the subtended trihedral angle, as previously explained. The three 
projections of the edges are, in all cases, drawn in slightly firmer lines. 

2ind Excmiple. — In the case drawn, in fig. 2 of the same plate, the 
sum of the three given sides exceeds 180^ It is highly desirable to 
study an instance of this kind, as this problem cannot readily be solved 
through the medium of the polar triangle. The solution is identical 
with that just described, but the results give for A and angles greater 
than 90." A reference to a paper model will explain this readily. 
Note that mn is drawn perpendicular to op produced, and mt and vU^ 
to OB'' and OB' respectively, also produced. If the sides a and e were 
at right angles, their intersection would give an edge perpendicular to 
the plane of b (see a model). 



Problem COL. 
Case 2. Given two sides and the included angle. (Plate LXXVII, 

figs. 3 and 4.) 

lU Example. — Let a and h (fig. 3) be the given sides, and C the given 
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angle between them. * Set out the two given sides in one plane, as at a 
and 6. On OB'' take any point e', and draw e'g perpendicular to it, and 
produce indefinitely. At g make p^gp" equal to the given angle C. With 
g as centre, radius equal to ge^j describe an arc to meet gp" in p". Through 
p" draw p'^p^ perpendicular to efg, to meet it in p. Then op^ from reasons 
explained in the previous problem, is the projection of the free edge of 
the face a, when in its proper position relative to 6. Hence it repre- 
sents the intersection of a with the unknown side c. Through p draw 
pe^ indefinite in length, but perpendicular to OA', and make pp (at 
right angles to pe) equal to pp", Join/p\ Then A is the angle 
between the faces a and c. With / as centre, radius /p\ describe an 
arc to meet ^ in 6. Then OB' drawn through e gives the developed 
edge of the side c. The angle B is determined as in the last case. 

2nd Example. — ^A second example is shown in fig. 4, where the 
given angle C is 90°. The drawing will explain itself, as no new prin- 
ciple is introduced in its solution ; it is only a special instance of the 
case previously described. 



Problem COLL * 

Case 3. Oiven two sides and the angle opposite to one of them. 
(Plate LXXVIIL, figs. 1 and 2.) 

Let the given data be a = 27^ h = 44^ A = 36°. 

This case is analogous to that known in the solution of the plane 
triangle as the ambiguous one. For, from the given data, two values 
of the angle may result. The case of the plane triangle is easily 
illustrated; thus: — Let AB, AC 
(fig. 169), represent the lengths of 
two given sides, and let be the 
angle at B. Produce BD indefi- 
nitely, and with A as centre, AC 
as radius, describe an arc to meet 
AD in C and C. Then either 
of the triangles AC'B, or AC"3, 
satisfies the given conditions. Fig- 169. 

Hence the ambiguity. If the arc described were merely to touch 

* C is here taken greater than 90°. The student, if he feels that this diffi- 
culty is troublesome at first, may refer to fig. 1, and assume that a, 6, and C in 
that drawing constitute the given data, as the letters of reference are alike in 
both examples. Henoe the description applies to either. 
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AD, there would be one solution only, the angle at C being a right 
angle. And if it did not meet AD at all, the case would be impos- 
sible. All these considerations equally apply to the sides of the 
trihedral angle. Whilst the plane of the side C is fixed in its 
position as regards 6, if the face a be rotated upon the edge OC 
towards c, they may meet twice during the rotation, or once only (and 
in that case they would be mutually perpendicular), or not at all 
This should be tried with a paper model. We see, therefore, that 
under the first condition C may have two distinct magnitudes. 

The case illustrated in Plate LXXYIIIr, from the data assumed to 
be given, admits of two solutions. One of these is shown in fig. 1, 
and the other in ^g, 2 (a, 6, and A being the same in both). Having 
developed the given sides a and 6, as in previous problems, assume 
any pointy* in OA', and dv^^w f*g perpendicular to it to meet OC vag. 
At/' make the given angle A, and at g erect a perpendicular tof'g 
to moQifs in a. Then gfs represents a section of the given side a 
and of the unknown side c, taken at right angles to their intersection, 
and ''constructed'' into the plane of 6. At g draw gi perpendicular 
to 00', and meeting OB'' in e\ Oonsider this line as the trace of a 
vertical plane, in which e' moves when the face a is rotated on OC. 
With g as centre, gs as radius, descnbe an arc to meet 00' in s. Then 
a' is a new elevation of s on the vertical plane in which e' moves, and 
is' (by joining «' to i) must therefore be the trace of the side c on this 
same vertical plane. 

With g as centre, radius ge% describe an arc to meet iV in p\ and 
note that it also meets the same line in ^, This arc is the elevation 
of the path of e', whilst the face a is turning on 00', and p' and ^ 
give two points, one in each of the two intersection lines where that 
face meets c. Thus arise the two solutions. 

In the first example p is chosen, and from it pp is drawn perpen- 
dicular to e'i, and meeting it in p. Then op is the projection of the 
unknown edge of the trihedral angle. The remainder of the construc- 
tion is similar to that adopted in Oase 2. 

Example 2 (fig. 2). — Hei-e the solution is given, using g^ as the 
point in the edge. The construction is the same as before. Note that 
in discovering the angle B the section is turned towards O to save 
space. The arcs, having m and n as centres, are thei*efore drawn in 
the opposite directions to those in the previous cases. 

Had the arc pcf been tangential at a point K'' to u\ there would 
have been only one solution, and from K" the remainder of the con- 
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struction would have to be completed as befora Then the angle B 
would be a right angl& 



Pboblem CCLII. 

Case 4. Oiven one side and the two adjacent angles. (Plate 
LXXVIII., fig. 3.) 

Assume 6 = 30^ as the given side, and As60^ = 50^, as the 
given angles. Consider the side 6 to be horizontal as usual. Take 
two points, /and g\ one upon each of the edges OC, OA', and through 
them draw perpendiculars. Then set out the given angles as shown. 
Next, consider g's' and fp' as vertical traces of the sides a and c upon 
auxiliary vertical planes perpendicular to them. Hence, deduce the 
plans of two horizontal lines of the same height, one upon each plane. 
Thus, ([ and r' may be taken as the vertical projections of two such 
horizontals (the dotted parallels ensuring the equality of heights). 
Their plans qv and rv meet in v, and thus give the projection on the 
plane of 5 of a point contained by both a and c, and hence in their 
intersection. The remainder of the construction from this point is 
eicactly the same as in the previous cases. 

Problem CCLIII« 

Case 5. Given two angles, and the side opposite to one of them. 
(Plate LXXVIII., ^^^. 4.) 

Let 6 » 35% A = 50'', B = 67% be the data given. Assume the hori- 
zontal plane to be that of the side C (the one between the two given 
angles), and draw upon it any straight line, OA', to represent the 
edge between the faces h and c. Set out A'OC, an angle of 35°, and 
consider it to represent the side 5, developed in the plane of c. Take 
any vertical plane, eq perpendicular to OA', and determine p' (as in 
other cases) the elevation of a point in the intersection of faces h and 
a, and thence deduce op the plan of that intersection. The plane of 
side a, therefore, contains this line, and makes an angle B with the 
plane of side c, i.e., with the plane of projection. Take p' to represent 
the vertex of a right cone, having its base on the h. p., the angle of its 
generatrices being B°. 

In the drawing, p'qj^ is the elevation of one-half of this cone, and the 
circle gqr is its plan. Then any plane tangential to this cone will be 
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inclined B° to the h. p., and will contain /Z. Hence OB' is the h. t 
of a plane of this kind, which contains both o and p. It is thereforo 
the plane of the side a, and OA' is the second edge of the side c. The 
determination of a and C then depends on principles taught in previoas 
problems. 

The student will notice that through o a second trace could have 
been drawn to touch the circle on the opi>osite side ; but it would be 
inadmissible to solve the problem, for although its plane would be 
inclined B'' to the plane of c, the angle between the two sides would 
be 180® - B°, which is not the datum given. 

. From this fact it is clear that, if the angle B were given greater 
than 90®, the cone must have an angle at its base equal to 180® -B®, 
and the edge OB' would then be drawn on the opposite side, as pre- 
viously referred ta 



Frequently it is considered advisable to solve Case 5 through the 
medium of its polar triangle. 

It then resolves into the third case, thus : — Let 5, B, and A be the 
given data. Then, as previously explainec?, ir-6 = B', x-B = 6', 
and TT — A = a' of the polar triangle, so that we have given two sides 
and the angle opposite to one of them. If, then, this triangle be 
solved, the result will give A', C, and c', and from these the required 
elements of the primitive can be obtained ; thus : — 

T-A'=a, T-C=c, and t-c'=C. 

But the third case has been shown to admits under certain condi- 
tions, of two values for the angles to be determined. Hence this 
would involve doubt in the solution of Case 5, which is not ambiguous. 

To clear this, the student will find that one only of the results is 

allowable from the properties of the spherical triangle previously 

described. For instance, one result may make a, 5, and c together 

greater than 27r. If so, the other solves the problem. 

But this difficulty does not arise when Case 5 is worked directly as 
in the plate. 

Problem CCUV. 
Case 6. Given the three angles^ A, B, C. 

The direct method of solving the triangle under these conditions is 
extremely complicated. It is best, therefore, to use the polar triangle 
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always in this case. It resolves into the first case, thus : The supple- 
ments of the three given angles become the given sides of the polar. 
Thence the supplements of the three angles found become the sides 
required of the primitive. 

Problem CCLV. 

Let ahc {^g. 170) be the plan of an angle, whose plane is inclined 
^(y^ ah being horizontal ; required to determine the plan of a line, 
hd, meeting the given ones in 6, so that the angles ahd^ dbc, and 
abc, shall be equal 

This problem is introduced as an exercise upon the principles 
involved in the cases of the spherical triangle. Take any vertical 
plane XY perpendicular to the horizontal line ah, and draw the ver- 




Fig. 170. 
tical trace I'm of a plane inclined 30®. Then g' is the elevation of g, a 
point in the inclined line be. Construct / into the horizontal plane 
as at G, and draw 60 through G. Then abO is the plan of the angle 
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abc when it is Lorizontal. Bisect this angle as at (D, and consider 
that line to be the plan of another which meets the first two in 6, and 
makes angles equal to abC with each of them. It is the plan of this 
line which is required in the problem when the angle abe is inclined 
Hence, the whole arrangement has to be rebatted into the first posi- 
tion. To do this, the height of some point in 6D, above the plane of 
abc, must first be obtained. 

Set out at b the line 6H, making the angle eblS. equal to abCy and 
treat it as the developed side of a trihedral angle. Thence obtain the 
height of Pf as in the case of the spherical triangle, thus : — Draw pe 
perpendicular to 5C, and meeting it in yi With / as centre, Je as 
radius, describe the arc eP to meet je>P', a perpendicular iope, ThenpV 
is the height of point p above the plane of abC, The remainder of the 
construction is elementary. The perpendicular to the plane is shown 
at Tq' in elevation, and equal to "P'p. Thence q is obtained, and ab, 
the required third line, is drawn through that point. This problem 
could be varied bj assuming ah and ac both to be inclined. In that 
case, the plane containing them must be found, the remainder of the 
construction being as above. 



EXERCISES. 

Solve the following spherical triangles : — 

1. o = 40% h= 50% c = 36% 

2. A=146% B=140", C=125". 

3. o= 75% 6= 45% C= 40". 

4. C= 30% b= 36% A=110". 

5. o= 30% b= 90", 0=100% 

6. A= 48% B= 58% a= 60". 

7. o = 52% h = 37% C = 90% (Honours, May ExanL 1870.) 

8. 6 = 39% C= 60% B= 70% 

9. Draw the plan of a triangle ABC from the following conditions : — ^AB=2', 
BC=3-5% AC=3-2% the heights of A, B» and C above the paper to be 75% '35% 
and 1" respectively. Consider the plan to he that of the base of a pyramid, 
whose edge CD makes angles of 35° with AC, and 40° with BC, and is 3" long. 
Complete the plan of the solid. 

10. Taking the same conditions as in the previous problem, regarding the 
shape and position of the triangle ABC, complete the plan of the solid when 
the sides BCD and ACD are inclined 55" and 50" to ABC, the edge CD h«ng 
3" long. 



CHAPTER XVIII. 

ON HORIZONTAL PROJECTION. 
I. EXPLANATION OF PRINCIPLES. 

The actual position of a point or line is said to be determined when 
its projections are known, upon two planes mutually perpendicular. 
If the projectors employed be assumed at right angles with the planes, 
the system is said to be orthographic^ if otherwise (the true angles 
between the projectors and the planes being constant, as described in 
the chapter on Shadows), it is orthogoncU, But each of these methods 
necessitates the use of two projections. In Chapter XYL a device is 
described, which, under certain restricted conditions, enables us to dis- 
pense with one of these. 

The same object, however, may be attained by another system of 
procedure : A single projection on one assumed plane may be made to 
serve the purpose of indicating the relations of points, lines, and planes 
in space, by marking to a given linear scale the actual lengths of the 
projectors used in the determination of the one projection. Thus, the 
position of a point may be indicated by its plan only, its distance above 
or below the horizontal plane of projection being given by a figure 
' bearing reference to a certain unit of length arranged beforehand. If 
that unit were 'V, then a point marked 15 would be understood to be 
vertically over the plan, and I'S" (15 units) above it. 

Similarly, all the elements of inclination, length, etc., of a straight 
line may be deduced from a single projection only, if the extremities 
or any two points in it are indexed as described. 

This principle receives frequent application in the construction of 
drawings of fortification and topographical plans, where the intersec- 
tions of the lines and surfaces concerned are exceedingly remote, or 
where they themselves are nearly horizontal. 

Further, as separate elevations are thus dispensed with, the work is 
rendered more compact, and problems, which would otherwise involve 
complex constructions, are, by the adaptation of this method, much 
simplified. 
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As the single plane upon which the drawings are made is assumed 
in all cases to be horizontal, the system has been termed Horizontal 
Projection. 

II, NOTES AND DEFINITIONS. 

1. The horizontal plane upon which the figured plans are made is 
called " the plane of reference." 

2. This plane maj be assumed at any convenient level, depending 
entirely upon the nature of the heights of the points concerned. 
Frequently, in fact, in the same drawing advantage is taken of this 
principle, and several planes of reference are assumed, at different 
levels, care being taken to remember their relation throughout, so as 
not to affect the ultimate result. 

If it be taken at level zero, then it becomes the ordinary h. p., and 
a point indixed 5 (units'I") would be recognised as the plan of one, 
Y above the reference plane. 

3. Negative indices (those having a minus sign before them) are 
adopted to denote distances below the level of zera Thus point b, 
fig. 174, is marked - 5, and it is understood to be five-tenths below the 
plane of reference. 

4. If a plane of reference be at level 25, a point indexed 30 must 
be understood to represent one whose height above that plane is 
30 - 25, or 5 units. Hence, a second point indexed 10 would indicate 
a position 25 — 10, or 15 units below the plana 

5. In all cases the plane of reference should be understood to be at 
level zero, unless otherwise stated. 

6. From the preceding paragraphs, it follows that a trace of a line 
is that point in it which has the same index as the reference plane. 

7. If a point is not indexed, it must be understood as the projection 
of an indefinite vertical line. To be definite, the two indices of the 
extremities would be marked on the plan. 

8. If a line be horizontal, it follows that it will be indexed in two 
points with the same figure. 

9. Any straight line may be assumed as the XY, or ground line, 
of a vertical plane, upon which an elevation of a point or line can be 
determined in the usual manner, the heights being taken as the differ- 
ences between the level of the plane of reference and those of the 
points concerned. Hence any straight line not indexed must be under- 
stood to represent the XT of a vertical plane. 

10. Parallel lines have their indexed plans parallel, the figures 
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indicating an equal amount of rise or fall for tHe same lengths in plan. 
Thus, in fig. 171, the lines are parallel (28 - 16 being equal to 13 ~ 1^ 
and ah being equal to ed). 

11 . The method of indicating an oblique plane 
may be described thus : — 

Any two horizontal lines contained by the 
plane being selected, their indexed plans are 
sufficient to indicate both the direction and the 
amount of its slope. ^c^ 

Referring to ^g^ 172, fh and pq, the plans of Fig. 171. 

two of the horizontals of the plane v/A, being figured as shown— fh 
the h. t. being marked zero, and pq 5 units as determined .from the 
elevation — it is evident that the i/^ 

slope of the plane must be at right 
angles to these lines, and that the 
inclination 6 can be ascertained by 
making an elevation, as at tk", on a 
V. p. perpendicular to these horizon- 
tals. Further, as horizontals on the ^ 
same plane, whose heights increase 
or decrease by equal amounts, will 
be projected equidistant from one 
another, it follows that, any straight 
line perpendicular to their plans 
being assumed, scale of heights can 
be recorded along it to indicate the 
absolute rise of the plane. A plane 
is said to be determined when this Fig. 172. 

divided line is known. It is usual to arrange it in the form of an 
ordinary plain scale, 1.6.. a double line is used (one darker than the 
other)!* and the di;i8io^ are set off along it and %xred, as shown 
in &g. 172. This enables one to distinguish an indexed line from 
an oblique plane. The scale is termed the ^^ Scale of Slope" of the 
plane. 

12. Parallel planes have their scales of slope parallel, and are 
similarly divided and indexed, t.6., equal differences of height are 
indexed equally distant on the scale. 

13. To "make an elevation" of an oblique plane, is to discover its 

* The dark Hne should be on the left hand of a person when ascending the 
plane. 
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trace upon a v. p. parallel to the scale of slope, as shown in ^^^, 172. 
The scale of slope itself is often used as the XY. 

14. If a line be perpendicular to an oblique plane, its indexed plan 
is parallel to the S(»de of slope of the plane. 

15. The unit adopted in all cases is ^ of an inch* 

Problem CCLVI. 

Given the indexed plan, ah, ^g. 173, of a straight line, to deter- 
mine its real length, trac6| and inclination. 

Make an elevation of the line, 

using ah as XY, the heights of A 

and B being '8" and "S" respectively. 

Then AB produced meets ah, also 

produced, in the h. t. required. 

HTThe inclination is ft 
Kg. 173. 




Problem CCLVIL 

Given the indexed plan of a straight line (fig. 174), to determine 
(1) a point in it having a given index, and (2) the index of a given 
point. 

In fig. 174, the given line is indexed 11 at a and - 5 at & An 

elevation being determined, as AB (the height 
of B being - 5, or 5 units below a6), let it be 
required to index point c. Find c' the eleva- 
tion of c. Then the index of c is evidently 
the number of units contained by c'c, its pro- 
jector. Conversely, let it be required to deter- 
mine a point c in a5, whose index shall be 6. 
\ Having found the elevation of AB as before, 
"^mark off on oA 6 units measuring from a. 
Draw Cc' parallel to ah, then c' is the eleva- 
tion, and c the plan of the required point. 
This problem is of constant recurrence in 
future solutions. 




Kg. 174. 
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Pboblem CCLVIIL 

Given the indexed plans of two straight lines, to determine 
whether they meet 

If their plans be parallel, it is evident they cannot meet ; if not, 
produce the plans till they intersect. Then determine by the last 
problem whether the point of intersection has the same index on 
elevations of each of the two given lines. If so, they do meet at the 
height determined. 

Problem CCLIX. 

Through a given point c^ to draw a line parallel to a given line 
db. (Fig. 175.) 

The projecting planes of parallel lines are themselves parallel, 
hence their intersections with the h. p. are 
also parallel TJie projections, thereforej of , 
parcdld lines are parallel. Through c draw > 




cd indefinite and parallel to ah. To index d 

add to that of c the difference of a and 6, for 

parallel lines are equally inclined. Then as 

19 - 7 = 12, add 12 to - 4. Then the index of Fig. 176. 

diaS. 

Problem CCLX. 

Given the scale of slope of a plane to determine its inclination, 
and through a given point to draw a second plane parallel to the 
given one. (Fig. 176.) 

Make an elevation of the plane, using the given scale of slope as 
XY. As the indices of the given plane 
are 10 and 15, assume that the h. p. is at ^^^ 
a level 10, and at 15 raise ba perpendi- 
cular to the scale, and 5 (15-10) units 
high. Join ac. Then is the angle re- 
quired. !" l^^ T 

If dQ (fig. 176) be the point given Fig. 176. 

through which a plane is to pass, parallel to Z, draw the required scale 
of slope parallel to that of Z, and set off a distance equal to 10 - 15 
along this scale, and index it 6 - 11. The principle of this construc- 
tion has already been explained. 
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Pboblem CCLXL 

To determine the scale of slope of the plane containing three 
given points. (Fig. 177.) 

Join ihe two given points which have the highest and lowest indices 

3 as 0^2 and Cg. On this line <ui deter- 
mine a point having the same index 
as the remaining one 63, as at p. Then 
it is evident that 5p is a level or hori- 
zontal of the required plane. Next, 
set out a scale perpendicular to 5/>, as 
at Z, and through a or c diuw a 




a 12 



Fig. 177. 



^^ second horizontal, which will be suf- 
ficient to determine the necessary 
indices. 

If two of the points were at the 
same level, the scale of slope would 
obviously be perpendicular to the line 
joining them, as that line must be a 
horizontal of the plane. 



Problkk CCLXII. 

To determine the distance between two given parallel planes. 
(Fig. 178.) 

Let Y, Z (fig. 178) be the two planes given. Make an elevation of 

Z (working to level 5) as r'q. Then, 
retaining the scale of plane Z for 
ground line, make an elevation of plane 
Y, remembering that p' on the pro- 
jector through 12 must be only 7 units 
(12-5) in height Then a parallel 
to t^(i through 'p will give the trace 
Y| <>f plane Y, and MN will determine 




Fig. 178. 



10 the distance required. 
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Pboblkk CCLXIII. 

To detennine the angle contained by two given straight lines 
which meet. (Fig. 179.) 



Let a, 5, c be the indexed plans of the two lines. Determine a point 
ah having the same 

index, as c. Join/?c. Kext, ^^^ ^ ^"^ "^ ^ — ' ^^ 

by means of elevations of 
;>& and he, find their true 
lengths, as at ^B" and cB'. 
Then a triangle whose sides 
are equal to the three lines 
j>c, jpWy cB' respectively, 
will detennine the required 
angle, as at R If one of 
the given lines were hoii- 
zontal, it would be neces- 
sary to find the true length 

of the other one and of Fig. 179. 

that joining the extremities, as, for instance, if pe were one of those 
given with hj)^ "Bpd would then be the required angle. 




Pboblbm CCLXIV, 
To bisect the angle between two given straight lines. (Fig. 179.) 

First, determine the included angle by the construction described in 
the previous problem. Then bisect the true angle by a line meeting 
the level line used. This is shown in ^g, 179 as B^. Join q to b. 
It is evident, then, that hq is the projection of the line B^, as the 
point q does not move during the construction of the plane of phc, jpc 
being the horizontal upon which the motion hinges. 



Pboblek CCLXV. 

To determine the intersection of two given planes. (Fig. 180.) 

Case 1. When the scales of slope are parallel. (Fig. 180.) When 
this is the case, as it is clear that the horizontals of both planes must 
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be parallel, the required intersection most be a horizontal line. Befn- 

ring to the figure, tfj and I'm si« traces of the given planes on an 
elevation plane, perpendicnUi' 
to their horizontals, the level 
of the plane of reference b^g 
tftken at 1 units. Then t, 
the point of interaedatm, gives 
jf the elevation of the required 
line in which the planes meet, 
and oi ia its plan. The index 
of the line ia obtained by add- 
ing the height of V, above XY, 
to the aBsnmed level 10, and 
should be marked as at a and 
Kg. isa * " ' b (13-7). The XY is taken in 

the figure parallel to the scales of slope for perspicuity. Of course, 

either of these scales could have been used instead. 

Case 2. Whtn the scales of slope are not parallel. (Fig. 181.) 

Zfit X and Z (Gg. 181) be the two given planes. Draw the 





Fig. 181. 
of a horizontal in each plane having the same index. Then it is 
evident that the intersection of these two horizontals must be in thst 
of the two planes, as it is a point common to both. Thus the levels 
10, 10, in X and Z in tte fe^^e, "nift^ \q. o.. IWii a, «iecond pcunt 
beiag wmilarlj detetouned, sa at h ^vi»»% MHi*«H: \'ct^, a Sa ■;*« 
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a and h, those of 



required intersection. Its indices are (^ c 
the levels used.* 

The line aB is an elevation of a&, Tising the plan as the XY of the 
T. p. (B6 being 16 - 10 unita in length). Then the angle at a le the 
inclination <A Hie iuteraection determined, f 

Case 3. ITAen ^ ^nea are nearly parallel. (Fig. 182.) When 
the planes are nearly parallel, the 
horizontals meet at such remote 
points that the conBtructiou be- 
comes very inconvenient in prao- 
tice. To obviate ihis difficuliy, the 
following plan may be adopted ; — 
Assume any third plane, and find 
its intersection with each of the 
two given ones. These int«rsei>- 
tion lines wUl meet in a pmnt 
common to the three planes, and 
it follows therefore that this point 
must be in the required interseo' 
lion of the two given. If, then, 
another assumed plane be taken. 




and thence by the same construo- 
tion another point be found, the 
line joining the one to the other F!g. 182. 

will be that required. In the figure, M and N are the given planes; 
Q is a plane assumed at pleasure, and its intersection with M is shovini 
at St, and that with N at ed. Then a (the meeting point of these 
two intersections) is obviously in planes M, N, and Q. It is there- 
fore (being common to M and N) a point in their intersection. 

Similarly, the lines /g and hk are the intersections of the second 
assumed plane F with those given, and b is therefore another point in 
the meeting line of M and N. Henoe, a straight line through a and 
b gives the plan of the intersection required. The indices of a and b 
are best obtained by referring to the scale of one of the planes con- 
taining them. 

' The stadeat will notice that the two planes might be given with any indices. 
He would then have to consider which would suit the purpose beiL They are 
•Beamed alike on both planes in the fignie for convenience of sijaoa. 

+ The remuiider of the lines shown on tiie figoie t^ei W 'Caa & 
of the dihedral angle between the planes. I,&bb a.ex.b ^t(iiA«ia-\ 
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Peoblek CCLXVL 

To determine the dihedral angle between two planes given by 
their scales of slope. (Fig. 181.) 

The principle involved in the solution shown is exactly the same as 
that described in Problem CXIV., Chapter VII., Solid Geometry. A 
section of the two planes is taken perpendicular to their intersection, 
and the resulting triangle formed by the two lines of section on the 
given planes and the third line upon the plane of reference is constructed 
into the latter, the details of the drawing being as follows : — op is 
drawn perpendicular to od. This is the trace of the section plane upon 
the plane of reference. It intersects that plane (on the levels 10) in o 
and p. ; si\& the distance of the intersection of the two x)]anes from <., 
and hence gives the radius by which the triangle described above can 
be " constructed." Again, oQp is the true form of the triangular sec- 
tion; hence the angle at Q is the one desired. 



Pboblek OCLXYIL 

Through a given 
line in a given plane, 
to draw a second 
plane making a given 
angle with the first 
(Fig. 183.) 

This is a deduction 
from the previous pro- 
blem, as the given line 
is necessarily the in- 
tersection of the given 
plane with the one 
required. The details 
of the construction 
may be described as 
follows: — Z being the 
given plane, and a^^^ 
the given line,* the 

* The student should notice that ah is in the plane Z, for if an elevation be 
made of line and plane using the scale of slope as XY, then they are seen to 
coincide. This is shown in tiie figure. 




A Fig. 183. 
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line op is first drawn perpendicular to ah until it meets a horizontal 
19 of the given plane Z in p. An elevation of ah is then made as 
at A6, working to level 19 ; thus, Aa = 29-19 imits, and at is drawn 
through t perpendicular to this elevation. Then point h is " constructed" 
by means of the arc ^Q into the plane of reference, and the given 
angle with ^Q is set out at Q, and as Qo meets jpo in o, that point 
must be in the level 19 of the plane required. Further, as \^ is 
also in the same level, o is joined to 5, and the required scale of 
slope is taken perpendicular to it, a second index being taken from agg. 



Problem CCLXVIII. 

To determine the intersection of a straight line with a plana 
(Figs. 184, 185.) 

1st Solution. (Fig. 184.) 

Make an elevation of the plane and line, using the scale of slope as 
XY. Thus P6 is the trace of the plane (level 6), and aV is the pro- 
jection of the line. Then c'e is the point of intersection required, as 
it is in the plane and line too. 

P 




a 2*5 




Fig. 184. 



Fig. 186. 



2nd Solution, 



Another method of solving this problem is given in fig. 185, where 
Z is the given plane and a_ai&iai the given line. Two convenient 
points are selected in the line, such as cs=0 and c£= 10. Two hod- 
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zontals of the plane are drawn next, which have the same indices as e 
and d. Then d being joined to any point in the horizontal, having 
the same index as «, c< is drawn parallel to da^ to meet in t the 
horizontal having the same level as c. Then 8 is joined to t, and this 
line discovers by its intersection with ah the point p^ which is the 
desired trace of the given line on the given plana Its index can be 
obtained from an elevation of the line or plane. 

The principle upon which this solution depends is that a second 
plane is really assumed, and two of its horizontals having indices 
similar to those of the given plane are drawn. These are da and d 
Hence at is the intersection of the given plane with the assumed one. 
Therefore every point in at is in both planea But point p. is not only 
in at but also in line ah. Therefore p is the intersection of Owd with 
the plane Z. 



Problem CCLXIX. 

Through a given point to draw a line perpendicular to a given 
plane. (Fig. 186.) 

Let Z be the given plane and h^^ the given point. As perpendicu- 
lara to planes ai*e always projected perpendicular to the traces of the 

planes, it will be evident that the 
plan of the required line will be 
perpendicular to the horizontals of 
j the given plane, or, in other words, 

parallel to the scale of slope. Draw, 
then, ah parallel to Z, and consider 
^^* / 1 1 ^NJS it as the indefinite plan of the line 

required. Make an elevation of the 

plane, using the scale of slope as 

XY, and also an elevation V of 

the given point. Through h' draw 

Fig. 186. the elevation of the line, and index 

the plane at c from the height of c' above the plane of reference 

(level 6). 




On Horizontal Projection. 



337 



Problem CCLXX. 

Throngh a given point to draw a plane perpendicular to a given 
line. (Fig. 187.) 

This is the converse of the pre- 
ceding problem. Make an eleva- 
tion of the line and point, using 
the plan as XY and working to 
level of a ( - 3). In the figure ah' 
is the elevation of the line, and 
c' that of the point. Then ce'h 
are the traces of the required 
plane on the planes of projection, ^ 
and e'h is a horizontal of it taken 
at the level of the plane of refer- 
ence ( — 3). A second index is 
obtainable from point ce^ which 
is contained by the plane. JPig- 187. 




Problem CCLXXI. 

To determine the angle between a given straight line and a given 
plane. (Fig. 188.) 

The principles adopted and fully explained in Problem CXV. are 



«uV' 




Fig.l8a. 
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those used here, and the only necessary explanation is the adaptation 
of the methods of horizontal projection to the solution shown in the 
figara The *' Scale of Slope " gives the plane Z, and o,^^^ is the plan 
of the line. An elevation of the plane is shown at v'f (working to 
level 15). At a\ a'q is drawn perpendicular to v% and through a^ 
aq is made parallel to the scale of slope. Then A'(/ is a perpendicular 
to the given plane passing through a point in the given line, and q'q is 
the inteisection. 

A point tt' is next found on ah\a\ at the same level as q'q (17), 
and the angle between a'q\aq and a'p'^ap is determined by folding the 
triangle a'q't\aqt about q\qt into a horizontal plane of the same level 
as that line (17). 

The method of working this part of the problem depends upon 
finding the real lengths of the two inclined lines concerned, as at A g 
and Ai.y and then constructing a triangle on qt^ whose other two sides 
are equal to these real lengths just determined. 

Then qa^t is the angle between the given line and a perpendicular 
to the plane. Hence its complement is the angle required, as 
explained in Problem CXY. 



Problem CCLXXIL 

Throngh a given point in a given plane to draw a line inclined at 
a given angle, and contained by the plane. (Fig. 189.) 

Let Z be the given plane and i^g the point in it. Make an elevation 

of the plane on any level, as 10 for 
instance^ Find h\ the elevation of i, 
and set out h'A.\ making the given 
angle Q with the scale of slope. Then 
cA! gives the length of the plan of 
any line which, being inclined 0, has 
its extremities at levels 18 and that 
of the reference plane (in this case 
10). Draw the horizontal 10 of the 
given plane, and with h as centre 
cut it with radius equal to cA', as 
at a. Then ab. is the requiied pro- 
jection. 
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Problem COLXXIIL 

To determine a plane inclined 0, and containing a given line. 
(Fig. 190.) 

Let a^^*i be the given line. Make an elevation of it^ as alh\ using 
the plan as XY, and work- ^^ 

ing to level of a (5). At 
any point V set out the ele- 
vation of a semi-cone, having 
for its base angle. With 
h as centre, radius &c., de- 
scribe the circle which is 

the trace of this cone on , ^ ,, ,t^ ^ . x% . 

the plane of reference. ^'^^ II f/e \ ^"-"^n^I^ x-^ ) ^ 

Then any plane tangential o^^ 
to the curved surface will 
necessarily be inclined ^°, 
and if it contains the given 
line, it will also contain the 
trace of that lina Now a Fig. 190. 

is the trace of ah on the reference plane. Hence a t, drawn through 
a and touching the circle, must be a horizontal of a plane fulfilling 
the given conditions, and its scale of slope can be drawn at once as at 
Z, the necessary second horizontal (17) being obtained from (. 

There are two planes which solve the problem. Both ai*e shown in 
the figure. 

Problem CCLXXIV. 

Through a given point to draw a straight line inclined ff" and 
parallel to a given plane. 

It is considered unnecessary to illustrate this problem, as it is easily 
solved by two others which precede it. First place a line inclined ff* 
in the given plane (Problem GCLXXII ). Then through the given 
point draw a line parallel to the one determined (CCLIX.) This 
latter satisfies the conditions. 




340 



Geometry. 




Pboblek CCLXXV. 

Throngh a given point to draw a plane inclined at a given angle 
and perpendicular to a given plane. (Fig. 191.) 

Let Z (fig. 191) be the given plane and a^ the given point. Make 

an elevation of the plane 
and point, and through d 
draw the vertical projection 
of a cone, whose base angle 
is ^, and of a line di per- 
pendicular to the given 
plane. Determine the traces 
29 of the cone and perpendicu- 
lar on the plane of reference. 
IQThese are the circle (centre 
a) and ^20* A line tangential 
to the circle, and passing 
through ^, is a horizontal 
20 of a plane X satisfying 
Fig. 191. the conditions. There 

could be a second plane, which is not shown in the figure. 

Problbk CCLXXVI. 

Through a given line to 
draw a plane perpendicu- 
lar to a given plana (Ilg. 
192.) 

Let Z be the given plane 
and aib the given line. 
From any two points in oA 
set out perpendiculars to 
thegiven plane. The traces 
of these two lines on any 
plane of reference will be 
in a horizontal of the re- 
quired plane, the index of 
it being, of course, that of - 
the reference plana Li 
the figure oic^ ae and a cT, 




Fig. 192. 
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ad are the two perpendiculars to plane Z, and Cg, cfg are their traces on 
the plane (level 8) to which the problem is worked. Then c(£ is a 
horizontal 8 of the plane X, which is the one required. 



Pboblem CCLXXVII. 

Through a given point to draw a straight line to meet two given 
straight lines which are not parallel and do not meet 

Two solutions of this problem were illustrated and described in 
Problem CXXXI., 
Chapter YIL, and the 
principle adopted in 
this case is identical 
with oneof the methods 
shown there. Two 
planes are determined, 
each containing the 
given point, and (yiM 
of the given lines. The 
intersection of these 
two planes is the line 
required. The plane 
Z contains 6.^3 (the 
given point) and ab^ 
whilst the plane Y 
contains 6.^3 and cd. 



These are determined 
by Problem CCLXL 




Fig. 193. 
Their intersection is yA, which meets the lines 
in g and /. The indices of the two latter points can be obtained 
either from the planes or from elevations of ah and cd. 



Problem CCLXXVIIL 

Through a given line to draw a plane parallel to another given 
line. (Fig. 194.) 

This problem is illustrated in connection with the next one {^g, 194), 
where it is assumed that a plane is to be determined containing edy 
and parallel to ah. The principle of solution adopted consists in set- 
ting out from any point in c(2 a line parallel to ah. This is shown at 
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dk, which is equal to ab^ and indexed similarly^ i.e., with the same 
run and rise. Then the plane X is determined which contains cd and 
ky by Problem COLXL This is the one required, as it is parallel to 
ahy for it contains a line parallel to it. 

Problem OOLXXIX. 

To draw a straight line perpendicular to two given straight lines 
which are neither parallel nor which meet (Fig. 194.) 

This is the same question as is discussed in Problem CXXXIII., 
and the method of solution is identical with that there employed. 
Further, as the limits and possibilities of the solution have been fully 
described, the student is refen-ed to that case for their explanation. 




Fig. 194. 
In the figure 194, the plane X containing cd and parallel to a5 is first 
determined. Then from a a perpendicular to this plane is found, as 
ai, at. The intersection of the perpendicular and plane is next dis- 
covered at ty^ Then a% cU is assumed to move parallel to itself, keep- 
ing one extremity in ab until it intei'sects cdia/. Then efia the line 
required. Its indices are obtainable from elevations of ab and cd. 

Problem CCLXXX. 

Given two straight lines as the axes of two cylinders of eqnal 
diameter which touch each other. To determine the radios and 
complete the plans of the solids. (Plate LXXIX., fig. 2.) 

This is an application of the previous problem, for the perpendicular 
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to the two axes is the line which passes through the point of contact 
of the two cylinders, and which, being bisected, determines their 
radii. 

The common perpendicular is j^ut, q^.^^ determined exactly as de- 
scribed in the last problem ; ipq gives the real length of this line, and 
half of it^ pi^ the radius of each cylinder. Further, the plan of t', 
indexed 22*8, is the projection of the point of contact The elliptical 
ends of the cylinders in plan are obtained from elevations, using their 
respective axes as ground lines. 



Pboblem CCLXXXL 

To determine a plane tangential to a given sphere at a given 
point on its surface. (Fig. 195.) 

Let Cj5 be the centre of the given sphere, and a the plan of the given 
point Join ca^ and consider the plan 
circle as the elevation of the sphere, 
using ca as ground line. Project point 
a upon it at a'. Then a line aV, drawn 
tangent to the circle at a', may be con- 
sidered as the vertical trace of the re- 
quired tangent plane. The scale of 
slope must, therefore, be parallel to 
oa, and two of its horizontals can be 
indexed, one from t\ which gives the 
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level 15, and the other from a, which gives 19*3. 



Problem CCLXXXIL 

Given the indexed plan of a vertical cone resting on the L p., 
also that of a point without the cone. Through the latter to deter- 
mine a line inclined 20°, and tangential to the cone. (Fig. 196.) 

Let c^g be the given cone, and a^ the given point Make an elevsr 
tion of the axis of the cone and of the point, as at cd and a', on a 
vertical plane containing them. Join cV and produce to meet ca in/. 
Then da is the elevation of a line joining the apex of the cone to the 
given point, and is necessarily in the tangent plane. Hence t must be 
in the trace of it, upon the plane of the base wMch in the figure is 
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the plane of referenca Draw^ (to touch the circle) as the level zero 
of a plane passing through da and tangent to the given cone. The 
problem then resolves into placing a line inclined 20® in this plane to 

pass through da. To 
effect this, set out 
a B', making 20° with 
the ground line. Then 
B a is the length of 
the plan of a line 
inclined 20° between 
levels 6 and zero. 
Take, therefore, a as 
centre and aB' as 
radius, and draw an 
arc to meet fg \sl h. 
Then ah is the plan of 
the required line. To 
determine the exact 
touching point of the 
line and cone, the 
simplest method is to 
show the contact line 
^ of plane and cone as 

Fig. 196. eg. Then the inter- 

section of eg with ah gives ^, the desired point. Its index can be 
obtained from the plane, or by referring back to a B'. 




Pboblem CCLXXXIIL 

To determine a tangent plane to an oblique cone to pass throngh 
a given point C. (Plate LXXX., fig. 1.) 

Having prepared the projections of cone and point, as in the Plate, 
proceed as follows : — 

1. Join the apex of the cone to the given point. 

2. Produce this line, and discover its intersection with the plane 
of the base. 

3. From the intersection point draw a line tangential to the base 
circle^ and determine the exact point of contact 
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4. Join this point to the apex of the cona The line so formed 
will be the contact line of the required plane and cone. 

5. Determine the scale of slope of the plane containing the con- 
tact line and the given point. 

Beferring to the figure, the details of the above construction are 
shown as follows : — 

The vertex a^^ is joined to the given point e^ and produced indefi- 
nitely. Then an elevation of the axis being drawn (level 16) as at a% 
the elevation of the plane of the base is taken through h at right 
angles to this line. To discover the intersection of ao with its plane, 
an elevation of the line is made on the same v. p. as at a'c', and this 
line is produced to meet the trace at m\ Project m^.^ from m'. 
The next proceeding would be to draw a tangent to the ellipse from 
m. But a better plan, so as to ensure accuracy, is to construct the 
plane of the base together with the circle, and point M into the refer- 
ence plane. This is done by drawing a semicircle on ^ to represent 
half the base, and by rebatting point m!m in the usual way, as at 
M. Then MK drawn tangential to the circle discovers K, the point 
in the base where the contact line has its extremity. From K we get 
^.Q. Join ak. Then the scale of slope of the plane required is 
found (Problem CCLXL) as passing through aJc and c. It should be 
noticed that a second plane could be determined by drawing a second 
tangent from M, but only one is shown in the figure. 



Problem CCLXXXTY. 

To determine a plane tangential to an oblique cylinder, and 
parallel to a given line CD. (Plate LXXX., fig. 2.) 

This is a somewhat similar problem to the preceding. Having 
drawn the cylinder axis ah and the given line cd, the various steps of 
the solution are as follows : — 

1. At any point in the axis a line is drawn parallel to the given 
one. 

Thus 630, /16 is parallel to d^, c^^, 

2. This line is produced until it intersects the plane of the base in 
67. The elevation of this point in the figure is at e in the trace of 
the base plane (pei-pendicular to the elevation of the axis). It should 
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be noticed that the working level being taken at 15, the elevation /' 
occurs on cih. The plan of e' is at e^. 

3. The point 6 6 is then joined to a, and the base plane, together with 
the circle and this line, are constructed into the plane of reference. 
The constructed point ^e is shown at E. Therefore Ea represents the 
line 6V, ea. Now, this line is really the intersection with the plane 
of the base of a plane containing the axis and parallel to the given 
line. But the two tangent planes (for there are two, one on each side 
of the cylinder) being parallel to the same given line, must be parallel 
to that just described. Hence their intersections with the plane of 
the base must be parallel to aV, at^ and, further, must touch the base 
circle, 

4. Hence SR is drawn parallel to aE to represent one of these 
intersection lines, and the point S is discovered, from which 8^ is 
obtained, as one extremity of the line in which the cylinder is touched 
by the required tangent plane. 

5. Then, as this line is necessarily parallel to the axis, 9t 
can be drawn at once, being indexed with the same run and rise 
as ah. 

6. It is then necessary to determine a third point not in si before 
the plane can be found. Kow, it is known that the line SR is in the 
plane required. Therefore its plan w must be obtained by rotation 
of the base plane, and r^^ will then complete the data by which the 
scale of slope Z may be determined. 

This problem would be required if the separation lines of light and 
shade on the cylinder were to be obtained, the rays producing it being 
parallel to cd. 



Problem CCLXXXV. 

To determine a tangent plane to a given cone and sphere. 
(Fig. 197.) 

Let the circle a^Q represent the cone, and c.^ the sphere. 
Join a to c, and make an elevation of both as in the figure. Over 
the sphere draw a cone, having the same base angle as the given one, 

* Notice that as SR is parallel to aE, «r is drawn parallel to a«, and r is 
indexed 14 as e being (15 - 7) lower than a, r is made 8 lower than i^ 
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and proceed to find the level zero as in Problem CCXL Further 

explanation is unnecessary. 
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Fig. 197. 



Problem CCLXXXVI. 

To determine a plane tangential to a given ellipsoid, whose 
m^jor axis is horizontal, and to pass through a given point upon 
its surface. (Fig. 198.) 

Let the ellipse (fig. 198) be the plan of the given ellipsoid, its centre 
at level 7. Also, let e,^ be the given point on its surface. 

A tangent plane to a curved surface contains all the lines which are 
themselves tangent to that surface, and which pass through the point 
of contact. 

From the above definition it follows that, if two tangent lines can 
be found which shall touch the ellipsoid at the given point, the plane 
containing these lines will be the one required. Make, therefore, a 
section e[f through e perpendicular to the major axis, and construct 
it into the plane of reference. In the figure, the solution is worked to 
the level of 0.7. Hence e'if is one half of the " constructed'' section, 
and ef represents e upon that section. Next, draw e^A to touch the 
semicircle in e"f and produce it until it meets e^ produced in A^. This 
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line represents one tangent through the given pointy and A is its trace 
on the plane of reference. 




i Fig. 198. 

Again, conceive a plane section of the solid containing the major 
axis and the given point. This section would be in true shape an 
ellipse similar to achd. Imagine this section constructed on the line 
ah into the reference plane. Then the section would coincide with 
cuibdf and point e would be at &. 

Conceive also that a tangent to this ellipse at ee in the plane of section 
has been constructed with it. Then e'g would represent that tangent on 
the plane of reference. But during the '' construction" g is stationary, 
being on the major axis produced. Hence its index is 7 ; and as it is 
also in the required tangent plane, a horizontal 7 of that plane is 
discoverable by joining g to 7, and the scale of slope can be set out at 
once, the second index being obtained from e,-^ the given point 



Pboblem CCLXXXVIL 

Given the indexed plans of the axis of a cone and sphere. Assum- 
ing that the two surfaces are in contact, required to determine the 
projection of the cone. (Plate LXXIX., fig. 1.) 

Let a24, 6q (see figure) be the plan of the axis of the cone, and the 
circle centre c^q that of the sphere. 

The problem is solved by the following construction :— 
1. The plane containing the given line and point is first deter- 
mined. 
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This plane would make a section of both solids, which would contain 
the point of contact ; such section consisting of an isosceles triangle 
tangential to a ciixile. 

2. The plane just determined is '' constructed" into the plane of 
reference, together with the given line and point. 

3. The isosceles triangle is then completed in such a way that the 
given axis may be its centre line, and one of its sides be tangent to 
the circle. This determines the diameter of the base. 

4. An elevation of the whole cone can then be made on a ver- 
tical plane containing the axis, and thence the required plan can be 
deduced. 

The details of the construction in the figure are as follows : — ^The 
points h^ and Cg^ being joined, d^^ is determined, and ad becomes a 
level 24 of the plane containing the three points. Then xy is taken 
through a, and used as the intei*section line of a plane of elevation 
upon which its trace Vc is drawn. Points h and c are then con- 
structed into the reference plane at B and C, and a circle equal to 
the original circle is drawn with as centre. Then through B, a 
tangent to this circle gives one side of the isosceles triangle, whilst a 
right angle through A to meet it completes one half of it, and dis- 
covers the length of the radius of the base in aE, and the constructed 
point of contact in T. 

Again, using ah as ground line, an elevation W is made of the axis, 
and a line MN, perpendicular to a'6, becomes the trace of the plane 
of the base, and a M and a'N being made equal to aE, the ellipse is 
projected from it, thus completing the plan. Point t^^ is obtained 
directly from T, by referring to the plane of a, 6, and c. 



Problem COLXXXVIIL 

Given the indexed plans of a cylinder, and of the apex and axis 
of a cone. Assuming that the two surfaces are in contact, required 
to complete the plan of the cona (Plate LXXXI.) 

Let the cylinder a.jQ, h^, and the line c^ d^^, be the given data, 

c being the apex of the cone. 

The principle of the solution may be described thus : — 

1. It is known that the two surfaces, if in contact, have a common 

tangent plana Therefore, through c^ a plane is first determined 

tangential to the given cylinder. 
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2. The line of contact of the cone with this plane is its intersection 
with another plane perpendicular to it, containing the given line ab. 
Bat c^ is necessarily in this intersection. Hence a perpendicular to 
the tangent plane passing through d^ gives a second point ^ by which 
this contact line can be finished. 

3. The contact lines on the two surfaces meet in t^oi which is there- 
fore the point of contact of cone and cylinder. 

4. Elevations of (i) the axis cd^ (ii) of the plane of the base perpen- 
dicular to cd^ and (iii) of the contact line ct^ are then made on a v. p. 
containing cd, and the intersection of the contact line with the base 
plane is determined at «. S is therefore in the circular base. 

5. The point 8 being in the circumference, (29 is a radius, and its 
true length being discovered, one is able to complete the elliptical plaa 
from the elevation. 

Turning to the details, the tangent plane described in par. 1 is 
found thus : — ^Through c^ a line is drawn parallel to the axis, and by 
means of elevations, taking ah as ground line, the intersection of this 
line with the plane of the base of the cylinder is determined at e'.e. 
Note that the level used is 10 units, and that ab' and cV are the eleva- 
tions of the axis and line, mn being the trace of the base plane. Point 
e'e and the base circle are then constructed about the horizontal, 
through a, into the reference plane, giving y¥'z and E. Through E 
a tangent is drawn to the semicircle to meet it in F', which gives the 
point in the base circle where the tangent plane touches it. Then 
•As* 6 ^ projected from F', and the entire contact line^ is drawn 
parallel to ab with the same run and rise. The tangent plane Z is 
shown by its '' scale of slope" as containing points ^^ ^, and e. 

The scale of slope is then used as XY for an elevation of the plane 
and of point d (working to level 15*5), and from d\ d!i is di-awn 
perpendicular to the trace of the plane, and meeting it in i\ and 
t^.^ is deduced from i on dt^ drawn parallel to the '' scale of slope." 
Then c^ is joined to ^^7.5 to give the line of contact of cone and plane. 
These are the details of the proceeding described in par. 2. (See 
Problem CCLXIX.) 

Next, ed is taken as ground line, and elevations of cc2, of the base 
plane, and of c^, the line of contact, are made ; but as the height of i 
would be so great if taken at 60, the whole has been supposed to be 
lowered 32 units. This was done to enable the lines to be included 
in the plate. Hence D is taken at (60 - 32) units high, ^ at 4 - 32, 
or - 28 units below, and f at 47*5 - 32, or 15*5 units. Then cY is 
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an elevation of the contact line, and a' is that of its intersection with 
the base plane from which 8^,^ is obtained upon ct produced. The 
length of the radius of the base is (Ta, which is measured from D to 
p' and q\ and thence the elliptical projection of the base of the cone 
is determined. 



EXERCISES. 

1. Draw an isosceles triangle, the base 2^ and the eqoal sides 3*5"; index the 
apex as 30, and the comers of the base as 10 and 17. Determine the true shape 
of the figure, of which this is the projection. 

2. Taking the data of the previous question, draw a line through either comer 
to meet the opposite side at a right angle. 

3. Taking the data of the first question, determine the projection of the circle 
containing the three angular points. 

4. Draw an irregular quadrilateral figure, no side less than 2*5" long, and 
index the comers as 5, 12, 20, and 17 units. Determine the sphere passing 
through the four points. 

5. Draw the scale of slope of a plane where two horizontals, '6" apart, are 
indexed 30 and 40. In this plane place two lines meeting at level 27, and 
inclined 27*^ and 50** respectively. Then determine the angle between these lines. 

6. Taking the same data as in Plate LXXIX., fig. 1, assume the given line 
to be the axis of a cylinder touching the sphere. Determine the projections. 

7. Draw the indexed plans of three unequal circles at different levels, and 
determine a tangent plane to them,, passing over all three. 

8. Draw an equilateral triangle of 3" side, and index the comers at 7, 12, and 
18. With these points as centres, describe circles of 1*5", 1", and *6" radius 
respectively. Consider the circles as plans of spheres, and determine the centre 
of a fourth sphere of *75" radius, resting upon and touching the three given o^es. 

9. Assume two planes by their scales of slope, and draw a line through any 
point parallel to both planes. 

10. Determine a tangent plane to the cone and sphere in Plate LXXIX., 
fig. 1, not passing through the contact point of the two surfaces. ^ 

12. Draw a square of 2" side, and index three of its angular points as 6, 20, 
13. Then determine the index of the fourth comer (all being in one plane), and 
also the plan of a point 3" from each of the four. 

12. Taking the sphere and line in Plate LXXIX. as data, determine the plan 
of the tetrahedron which circumscribes the sphere, and has one edge paralld to 
the given line. 
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13. Referring to figure 193, find the shortest line which, passing through e^ 
shall meet the planes Y and Z, and be bisected in that point. 

14 Draw a straight line 3'' long, and index its extremities at 5 and 27. Con- 
sider this as the axis of a sphere, and determine the plan of the great cirde 
whose plane is perpendicular to the line. 

15. Show by their scales of slope two planes inclined 47** and 60% and per- 
pendicular to each other. 

16. Draw two straight lines, ah and cd^ each 4*5" long, bisecting each other 
at right angles. Figure them as follows : — a = 6, & = 26, c = 10, (2 = 60. Consider 
the two lines to be the axes of two cones in contact, and having their apices at 
a and c, the base diameter of the lower one to be 3*5". Determine the plans of 
both, and of the point of contact. 
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